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			“An analog computer is a thing of beauty and a joy forever.” 
		

		
			1 
		

		
			1 John H. McLeod, Suzette McLeod, “The Simulation Council Newsletter”, in Instruments and Automation, Vol. 31, March 1958, p. 488. 
		

	
		
			1 Introduction 
		

		
			1.1 Outline 
		

		
			A book on analog computing and analog computers? You might ask: Isn’t that 60 years late? No, it isn’t – although the beautiful analog computers of the past are long since history and only few have been preserved in museum collections, the idea of analog computing is still a marvel of elegance and the following chapters will show that it has a bright and fruitful future. 
		

		
			The intention of this book is twofold: It gives a comprehensive description of the history and technology of classic analog computing but also shows the particular strengths of the analog computation paradigm, which, combined with current state of the art digital circuitry, will find applications in areas such as low power computing, high performance computing and maybe most importantly in artificial intelligence (AI ) and many other fields. 
		

		
			The following chapters first introduce the notion of analog computing before describing the early development of analog computers starting with mechanical analog computers like the Antikythera mechanism, which was built around 100 B.C., and ending with the first analog electronic analog computers developed by Helmut Hoelzer in Germany and George A. Philbrick in the United States. 
		

		
			Next, the basic elements of a typical analog computer are described followed by two chapters showing the anatomy of typical analog computers, ranging from classic systems to more recent implementations, and showing examples of some systems. 
		

		
			The next chapter gives an introduction to analog computer programming 
		

		
			2 
		

		
			followed by a number of practical programming examples ranging from the solution of simple differential equations to the simulation of more complex and non-linear systems. 
		

		
			Hybrid computers (analog computers coupled with stored-program digital computers) are covered in the next chapter. This is followed by a treatment of Digital Differential Analysers (digital implementations of analog computers), a chapter on stochastic computing, and a chapter on the simulation of analog com-puters on classic stored-program digital computers. 
		

		
			The next chapter covers a plethora of classic and current applications of analog computing. 
		

		
			1 The notion of an analog electronic analog computer may look like a pleonasm, which it is not, as the following section will show. 
		

		
			2 A much more in-depth treatment of analog and hybrid computer programming can be found in [Ulmann 2020/1]. 
		

		
			https://doi.org/10.1515/9783110787740-001 
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			1 Introduction 
		

		
			The last chapter of this book covers the decline of analog computing in the 
		

		
			late 1970s/early 1980s and the potentially bright future of analog computing in the 21 century. 
		

		
			1.2 The notion of analog computing 
		

		
			First of all it should be noted that the common distinction between digital and analog computers, based on the way values are represented, is not correct. It is often said that digital computers differ from analog computers by their way of representing numbers as sequences of bits (binary digits), while electronic analog computers work with continuous voltages or currents to represent variables. This erroneous view has even found its way into some encyclopedias. 
		

		
			Apart from the fact that even voltages or currents are not really continuous – eventually an operation like integration boils down to charging a capacitor with discrete electron charges – some analog computers have used a bit-wise value representation and have been implemented using purely digital elements. 
		

		
			If the type of values used in a computation – discrete versus continuous – is not the distinguishing feature, what else could be used to differentiate between digital and analog computers? It turns out that the difference is to be found in the structure of these two classes of machines: In our modern sense of the word, a digital computer’s constituent elements have a fixed structure and it solves problems by executing a sequence (or sequences) of instructions that implement an algorithm. These instructions are read from some kind of memory, thus, a better term for this kind of computing machine would be stored-program digital computer since this describes both features of such a machine: Its ability to execute instructions fetched from a memory subsystem and working with numbers that 
		

		
			are represented as streams of digits. 
		

		
			3 
		

		
			An analog computer on the other hand is based on a completely different paradigm: Its internal structure is not fixed – in fact, a problem is solved on such a machine by changing its structure in a suitable way to generate a model, 
		

		
			an analog of the problem. 
		

		
			4 
		

		
			This analog is then used to analyse or simulate the 
		

		
			problem to be solved. 
		

		
			5 
		

		
			Thus, the structure of an analog computer that has been set up to tackle a specific problem represents the problem itself while a stored-program digital 
		

		
			3 Today these numbers are normally represented by binary digits, bits for short. 
		

		
			4 [Tse et al. 1964, p. 333] characterized these analogs or analogies as follows: “ The term ‘analogy’ is defined to mean similarity of relation without identity. ” 
		

		
			5 The path from analogy-making to modelling of a problem is treated comprehensivly by [Care 2008]. 
		

	
		
			1.2 The notion of analog computing 
		

		
			3 
		

		
		
		
			Fig. 1.1. Comparison of the basic structure of stored-program digital computers and analog com-puters (see [Truitt et al. 1960, p. 1-40] and [Truitt et al. 1960, p. 1-41]) 
		

		
			computer keeps its structure and only its controlling program changes. This is summarized by Charlesworth as follows: 
		

		
			“An analogue computer is a piece of equipment whose component parts can be ar-ranged to satisfy a given set of equations, usually simultaneous ordinary differential equa-tions.” 
		

		
			Similarly [Berkeley et al. 1956, p. 75] states that 
		

		
			“[a]nalog computers, as the name is intended to imply, compute by means of setups that are analog of the problems to be solved. ” 
		

		
			Figure 1.1 shows this basic difference in architecture and operation between digital and analog computers. 
		

		
			Consequently, it is perfectly possible to build digital analog computers and this has been done in several ways. In fact such machines may play a substantial role in the future when high precision is of the utmost importance and energy efficiency is a secondary consideration. 
		

		
			Employing the techniques of building models, analogs of problems to be solved or analysed, which have been developed through more than 50 years in the context of our current digital technology, can and will lead to systems with exceptional computational power as well as low power consumption. 
		

		
			6 See [Charlesworth et al. 1974, p. xi]. 
		

		
			7 Cf. sections 10 and 13.15.8. 
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			1 Introduction 
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			Table 1.1. Types of computing machines based on an analog/digital electronic implementation with control based on either a stored-program concept or the implementation of an analog. 
		

		
			Table 1.1 shows the four basic possible combinations of analog/digital imple-mentation technology and stored-program control vs. setting up an analog. Of these combinations only three are of practical interest: 
		

		
			1. The modern stored-program digital computer, 
		

		
			2. the traditional analog electronic analog computer, which will be called an analog computer for simplicity in the following text, and, finally, 
		

		
			3. the Digital Differential Analyser, which will be described in more detail in 
		

		
			chapter 10. 
		

		
			9 
		

		
			1.3 Direct and indirect analogies 
		

		
			When talking about analogies, it is necessary to distinguish between direct and indirect analogies. These two terms describe two extremes of abstraction levels in building analogies. 
		

		
			In the strict sense of the word direct analogies are models that are based on the same physical principles as the underlying problem to be solved just with a different scaling regarding size or time of a simulation. Well-known examples of such direct analogies are the determination of minimal surfaces using soap 
		

		
			films, 
		

		
			10 
		

		
			the evaluation of tensile structures as they are used for roof structures 
		

		
			8 DDA for short. 
		

		
			9 It will be shown that DDAs are more capable machines than traditional analog computers since they can deal well with the highly important class of partial differential equations, which analog computers can do only with considerable difficulty and often only by means of discretisation. 
		

		
			10 See [Bild der Wissenschaft 1970] for examples. 
		

	
		
			1.3 Direct and indirect analogies 
		

		
			5 
		

		
			like the one built for the Olympic stadium in Munich, wind tunnel models for the evaluation of aerodynamic properties of aircraft and rockets and many more. Other direct analogs employed electrolytic tanks. These are reservoirs filled with an electrolytic liquid with embedded electrodes to generate a desired potential distribution within the liquid. Using a two- or three-dimensional sensor carriage, much like an xy -plotter, the potential at any given coordinate within the tank can be determined. Such electrolytic tanks were widely used to solve problems in nuclear engineering, etc. 
		

		
			Over time the notion of direct analog analogies was also applied to computers consisting of networks of passive electronic components such as resistors, capaci-tors and inductors. [Paschkis et al. 1968, p. 5] defines a direct analog computer as being 
		

		
			“based on the identity of the equations describing two or more systems and carrying out measurements on that system which appears most convenient for that purpose [. . . ] In the direct analog, there is a one-to-one relationship between the (passive) components and the physical properties of the several parts of the prime system. ” 
		

		
			Due to their very nature such direct analogs are not very versatile and were often 
		

		
			built and employed for a highly specific purpose. 
		

		
			12 
		

		
			Figure 1.2 shows a wonderful 
		

		
			example for a direct analogy, a string-weight model used by Antoni Gaudí 
		

		
			13 
		

		
			during the design and construction of the the Colónia Güell church. This model was built in 1908 at a scale of 1:10 with the weights scaled down by a factor of 
		

		
			10 
		

		
			−4 
		

		
			. Such models are hanging down and simulate the pressure forces acting on 
		

		
			pillars and columns by corresponding tensile forces through the maze of strings 
		

		
			with their attached weights. 
		

		
			14 
		

		
			In contrast, indirect analogies exhibit a much higher degree of abstraction and are thus much more versatile. The – mostly analog electronic – analog computers used for setting up indirect analogies are truly universal machines and cover a wide range of possible applications. This higher level of abstraction makes the programming of this class of machines quite challenging since their setup does not 
		

		
			11 The roof structure of the Olympic stadium in Munich was modelled to a large extent using curtain net lace as well as soap bubbles for determining the structure of single roof tiles. 12 More detailed information about this basic class of analogs can be found in [Jackson 1960, pp. 319 ff.], [Paschkis et al. 1968], [Master et al. 1955], [Larrowe 1955] and [Karplus 1958]. 
		

		
			13 06/25/1852–06/10/1926 
		

		
			14 See [Krämer 1989] for more details on this particular model. This approach was by no means new even in Gaudí’s time. See [Havil 2019, pp. 173 ff.] for a mathematical and historic perspective. 
		

		
			15 One of the earliest publications on the use of electronic analogs to simulate mechanical and acoustical systems was [Olson 1943]. 
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			1 Introduction 
		

		
		
			Fig. 1.2. Scale model for the Colonia Güell church 
		

		
			bear any direct resemblance of the problem to be solved. Therefore a thorough mathematical description of the basic problem is required as a precondition for programming an indirect analog computer, as in the case of our modern stored-program digital computers. 
		

		
			Nevertheless, the level of abstraction required for the successful application of analog computers is still relatively small compared with the algorithmic approach of stored-program digital computers. Last but not least, analog computers, be they direct or indirect, are models. 
		

		
			Due to the fact that analog computers work by acting as a model for a given problem that is represented by direct or indirect means, the amount of circuitry necessary for a simulation is determined by the complexity of the underlying problem. 
		

		
			Accordingly, analog computers are not capable of the trade off between time to solution on the one hand and complexity of the underlying problem on the other that is characteristic of stored-program digital computers. This is both a 
		

		
			16 Direct analogs can also be employed in cases where no complete mathematical description of the problem to be solved exists – this may be caused by a principle lack of understanding or by the sheer complexity of the underlying problem. So in some cases direct analogs may even be employed today with success. 
		

	
		
			1.3 Direct and indirect analogies 
		

		
			7 
		

		
			curse and a blessing: The curse being that an analog computer consisting of a given number of computing elements cannot solve a problem that requires more computing elements to be implemented. The blessing is that the time to solution on an analog computer is more or less constant and is not related to the size of the underlying problem. 
		

		
			Thus, large problems require large analog computers regardless of the ac-ceptable time to solution – some classic problem areas, especially those found in aerospace and applications in the chemical industry, required well over 1 000 computing elements resulting in substantial, if not giant, analog computers. 
		

		
			In addition to this, a stored-program computer can always exchange compute 
		

		
			time for precision – something an analog computer also cannot normally do. 
		

		
			17 
		

		
			The precision of an analog computer is given by its particular implementation and typically does not exceed about three to four decimal places for the variables involved in a computation. 
		

		
			17 This does not hold true for digital differential analysers, cf. section 10. 
		

	
		
			2 Mechanical analog computers 
		

		
			The earliest analog computers were mechanical in their very nature but were far from being simple. In fact many mechanical analog computers were successfully employed to tackle complex problems ranging from peaceful tide computations to war-time applications like bomb trajectories, fire control, etc. The following sections give a short overview of the era of mechanical analog computers without going too much into detail since mechanical analogs will serve just as a prelude to this book’s main theme of electronic analog computers. 
		

		
			2.1 Astrolabes 
		

		
			As early as about 150 B.C. the basics of astrolabes were developed. Such de-vices are basically inclinometers with some additional mechanics to model basic properties of spherical astronomy. Astrolabes are based on the apparent motion of celestial bodies, i. e., the observation that the paths described by stars in the sky are basically circles. Thus, the most common type of astrolabe is the plani-spheric astrolabe, developed in medieval times, which projects the firmament to the equatorial plane. 
		

		
			Using such an instrument it is possible to determine the position of some celestial bodies at a given time. As a navigational tool the planispheric astrolabe is far too imprecise. Nevertheless, it has been used to roughly located the stars for getting navigational fixes. Detailed information about astrolabes can be found in [Dodd 1969] and [J. E. Morrison 2007]. 
		

		
			2.2 The Antikythera mechanism 
		

		
			More than 120 years ago, in 1900, sponge divers found a lump of corroded gears in a Roman ship wreck, which carried treasures from Greece dating back to about 100 B. C. It turned out that these were the remains of one of the most complicated mechanical and mathematical devices ever. Due to its location near the Greek island Antikythera this impressive machine became known as the Antikythera mechanism. Figure 2.1 shows the main fragment of this early analog 
		

		
			computer in its current state of preservation. 
		

		
			1 
		

		
			1 Picture taken by Tilemahos Efthimiadis, protected by the Creative Commons Attribution 2.0 Generic license. 
		

		
			https://doi.org/10.1515/9783110787740-002 
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			Fig. 2.1. Main fragment of the Antikythera mechanism as displayed in the National Archaeological Museum, Athens, Greece 
		

		
			Intrigued by this find, Derek de Solla Price started investigating the inner 
		

		
			workings of this device and summarized his astonishing discoveries as follows: 
		

		
			3 
		

		
			“It is a bit frightening to know that just before the fall of their great civilization the ancient Greeks had come so close to our age, not only in their thought, but also in their scientific technology.” 
		

		
			It turned out that the Antikythera mechanism was ahead of its time by at least 1 000 years. It is of such high complexity that recent research using modern X-ray tomography techniques, etc. continues to deliver new insights. New capabilities and details were discovered as late as in 2021/2022. The device modelled the movements of several celestial bodies, even taking into account various anomalies, 
		

		
			2 01/22/1922–09/03/1983 
		

		
			3 See [Freeth 2008, p. 7]. 
		

		
			4 Cf. http://www.antikythera-mechanism.gr/. 
		

		
			5 See [Freeth et al. 2021] and [Freeth 2022]. 
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			which required differential gears and much more complicated epicyclic gearing. 
		

		
			7 
		

		
			This astonishing complexity of the Antikythera mechanism led Mike Edmunds to the following statement: 
		

		
			“Nothing as sophisticated and complex is known for another thousand years. This machine rewrites the history of technology. It is a witness to a revolution in human thought.” 
		

		
			This intricate mechanism allowed the calculation of sun and moon positions at given dates and phases of the moon as well as the prediction of solar and lunar eclipses. The implementation of these functions required more than 30 gears, 
		

		
			manufactured with extraordinary precision. 
		

		
			9 
		

		
			2.3 Slide rules 
		

		
			One of the most common, simplest and well-known analog computers is the slide 
		

		
			rule, 
		

		
			10 
		

		
			which comes in basically two configurations, linear, circular, and helical. 
		

		
			11 
		

		
			The basic idea of a slide rule is to reduce the problem of multiplication and division to that of addition and subtraction by employing logarithmically divided scales that may be displaced accordingly to each other in a lateral direction. The analog setup in this case is to mechanize the relation 
		

		
			log(ab) = log(a) + log(b) 
		

		
			by using two logarithmic scales. Following the development of the logarithm by John Napier and Henry Briggs, who introduced the base 10 for logarithms, it was William Oughtred, who described the principle of the slide rule in his seminal two publications The Circles of Proportion, and the Horizontall Instru-
		

		
			6 Prior to this discovery differential gears were thought to have been invented in medieval times. 
		

		
			7 See [Freeth 2008, p. 9]. 
		

		
			8 There are still arguments whether the mechanism also featured indicators for the display of planet positions. 
		

		
			9 A wealth of information about this device may be found in [ de Solla Price 1974], [Freeth 2008] and [McCarthy 2009]. 
		

		
			10 Also known as a slipstick. 
		

		
			11 Additional precision is achieved by this type of slide rule by wrapping extended scales along a helical path. The downside of this is that such slide rules typically feature only two scales. 
		

		
			12 1550–04/03/1617 
		

		
			13 February 1561–01/26/1630 
		

		
			14 03/05/1574–06/30/1660 
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			Fig. 2.2. Typical scale (probably 18 
		

		
			th 
		

		
			century) 
		

		
			ment and Two rulers of proportion. 
		

		
			15 
		

		
			An early scale is shown in figure 2.2. Working 
		

		
			with such a scale required a divider to transfer lengths from one of its engraved scales to another, a tedious and error-prone process that was greatly simplified by the introduction of a slider containing several scales, which led to the then ubiquitous slide rule. 
		

		
			Figure 2.3 shows one of the last, most complex and most versatile slide rules ever built, a Faber Castell 2/83N. Its three main parts are clearly visible: 
		

		
			– The body, which consists of the top and bottom stator or stock. The two stators are held together by two end braces or end brackets. 
		

		
			– The center slide, which can be moved laterally with respect to the body. – The cursor, which slides in grooves of the body. 
		

		
			While simple slide rules only feature a couple of scales, complex ones as the 2/83N have up to 30 and more scales, which implement functions far beyond multiplica-tion and division. Using these scales, trigonometric functions, exponentiation, 
		

		
			etc., can be evaluated. Until pocket calculators took over in the 1970s, 
		

		
			17 
		

		
			slide 
		

		
			rules were as widely used as they were centuries ago. The following quotation 
		

		
			from Josef Vojtěch Sedlá ček shows this quite strikingly: 
		

		
			19 
		

		
			15 A comprehensive history of the slide rule may be found in [ Cajori 1994] and [Jezierski 2000]. A great introduction to the application and use of slide rules is given in [Hume et al. 2005]. 
		

		
			16 If all scales are just on one side of the body, a slide rule is called simplex. If scales are found on both sides of the body, it is a duplex slide rule. In this case the cursor is also used to transfer partial results from one side of the body to the other. 
		

		
			17 Early pocket calculators such as the Hewlett Packard HP-35 or some models made by Texas Instruments like the SR-10, etc., were explicitly marketed as electronic slide rules. The fixed number format featured by early HP calculators that was often set to display only 2 or 4 decimal places also was a reverence for the slide rule. 
		

		
			18 02/24/1785–02/02/1836 
		

		
			19 Cf. [Jezierski 2000, p. 16]. 
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			13 
		

		
			body 
		

		
			cursor 
		

		
			center slide 
		

		
			Fig. 2.3. Faber Castell slide rule model 2/83N 
		

		
			“It is said that the use of the slide rule in England is so widespread that no tailor makes a pair of trousers without including a pocket just for carrying a ‘sliding rule’. During such a time, it is difficult to understand why the slide rule does not enjoy such well-deserved recognition in our own country. ” 
		

		
			Slide rules were essential tools for the scientific and technological progress of the last three centuries ranging from mathematics, civil engineering, commercial ap-plications, electronics, chemistry, life sciences, etc., up to applications in aerospace 
		

		
			technology. 
		

		
			20,21 
		

		
			Although they were rendered more or less obsolete by pocket calculators 50 years ago, there are still areas of application where slide rules are employed reg-ularly. For example, many aviators still use a flight computer like the E-6B, a special form of a circular slide rule, that allows the calculation of ground speed, i. e., the speed of an aircraft corrected for wind effects, and many other crucial 
		

		
			parameters. 
		

		
			22 
		

		
			Figure 2.4 shows a strange special purpose circular slide rule that was deployed in large amounts during the Cold War – a Nuclear Weapon Effects Computer, which allowed rough estimates of fatalities and damage should a nuclear air burst occur. 
		

		
			2.4 Planimeters 
		

		
			Planimeters are fascinating instruments. Their purpose, most aptly described by [Henrici 1894, p. 497], is the following: 
		

		
			20 In fact Buzz Aldrin (01/20/1930–) carried a Picket slide rule on the Apollo-11 mission, which was sold on September 20 , 2007 for $77,675. 
		

		
			21 [Kaufmann et al. 1955] describes some interesting electronic circuits, most of which requir-ing only passive components such as potentiometers and resistors, to implement an electronic slide rule. 
		

		
			22 Apart from the ease of use, such specialized slide rules have the advantage of not requiring any electrical power or the like for their operation. 
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			Fig. 2.4. Nuclear Weapon Effects Computer 
		

		
			“The object of a planimeter is to measure an area; it has, therefore, to solve a geometrical problem by mechanical means. ” 
		

		
			Measuring areas enclosed by some “good-natured” boundary curve is an impor-tant task in many branches of science as well as in commercial applications, reg-isters of real estate and many more. A typical early application was to analyse pressure/volume indicator diagrams as those written by recording steam engine 
		

		
			indicators, 
		

		
			24 
		

		
			which requires the determination of the area enclosed by a curve, 
		

		
			which is either plotted in a Cartesian or more often a polar coordinate system. A simple and direct method for performing this task is to cut out the area to be determined and weigh the resulting piece of paper yielding quite good results. Although this method is sometimes still used by chemistry students who regularly 
		

		
			23 See [Hütte 1926, pp. 380 f.]. 
		

		
			26 
		

		
			24 The first of these devices was invented by James Watt’s assistant John Southern around 1796 (cf. [Miller 2011]). 
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			15 
		

		
			have to determine integrals over curves generated by spectrometers and the like, it is not really suitable for everyday usage. 
		

		
			As early as 1814 J. M. Hermann, a Bavarian engineer, invented a planime-ter that was built, after improvement by Lämmle, in about 1817. Unfortunately, this instrument seems to have gone unnoticed by his contemporaries and had no obvious influence on subsequent developments. In 1824 an Italian profes-sor for mathematics, Tito Gonnella, invented a wheel-and-cone planimeter that used a friction-wheel integrator (see section 2.5.3) to perform the necessary integration. The first planimeter that was put into production was a device developed by a Swiss engineer named Johannes Oppikofer, who developed two wheel-and-cone planimeters in 1827 and 1836 and a planimeter based on a friction-wheel rolling on a disk in 1849. In fact, there is a plethora of different planimeter principles and implementation variants. 
		

		
			The most successful type of planimeter is the polar planimeter that was de-veloped in 1854 by the Swiss mathematician Jacob Amsler-Laffon. Figure 
		

		
			2.5 shows a typical polar planimeter, 
		

		
			33 
		

		
			which is of a much simpler construction 
		

		
			than most of the other instrument types. 
		

		
			34 
		

		
			The basis of operation for planimeters in general is Green’s theorem, which relates a double integral over a closed region, i. e., the area to be determined, 
		

		
			35 
		

		
			Thus, a planimeter is a 
		

		
			to a line integral over the boundary of this region. mechanization of 
		

		
		
		
			− 
		

		
			∂Q ∂P 
		

		
			∂x ∂y 
		

		
		
			dA = F dr. 
		

		
			Choosing P and Q in a way that the difference under the left integral equals one yields the area sought. Interestingly, it seems that the first explanation of the 
		

		
			operation of planimeters using Green’s formula wasn’t given until [Ascoli 1947]. 
		

		
			36 
		

		
			27 1785–1841 
		

		
			28 Cf. [Henrici 1894, p. 505]. 
		

		
			29 1794–1867 
		

		
			30 [Haeberlin et al.2011] describes this instrument. See also [Henrici 1894, p. 500]. 
		

		
			31 09/15/1782–04/21/1864 
		

		
			32 11/11/1823–01/03/1912 
		

		
			33 [Foote et al. 2007] shows how to build a simple polar planimeter. 
		

		
			34 One notable exception is the Prytz planimeter (also known due to its physical shape as a hatchet planimeter ) that was developed by the Danish mathematician and cavalry officer Holger Prytz (who published under the pseudonym “Z”) around 1875. His instrument has no moving parts whatsoever but is of very limited precision. A good description of the principle of operation of this instrument can be found in [Foote et al. 2007, pp. 82 ff.]. 
		

		
			35 Cf. [Asmar et al. 2018, pp. 177 ff]. 
		

		
			36 Explanations of the operation of planimeters with different chains of reasoning can be found in [Henrici 1894, pp. 179 ff.], [Meyer zur Capellen 1949], and [Leise 2007]. Some patents describing interesting planimeter designs are [Coffin 1882], [Snow 1930], etc. 
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			pole weight 
		

		
			pole arm 
		

		
			tracer arm 
		

		
			measuring 
		

		
			wheel 
		

		
			Fig. 2.5. Typical polar planimeter made by A. Ott, Bavaria, Germany 
		

		
			The main parts of a polar planimeter like the one shown in figure 2.5 are two arms connected with an elbow that is restricted to move on the circumference of a circle. The end of one arm, the pole arm, is fixed at a point called pole by means of a pole weight or a needle, while the end of the other arm, the tracer arm, can be moved freely by hand. This end is often formed as a needle or a magnifying lens to simplify tracing the boundary curve of the area to be measured. At the 
		

		
			elbow is the integrating or measuring wheel. 
		

		
			37 
		

		
			To measure the area of a circumscribed figure, the pole is fixed either outside or inside the figure, depending on its size. Then the measuring wheel with its vernier and the counting dial are reset with the needle or lens placed on the starting point of the boundary. Then the boundary line is followed manually in clockwise direction. After reaching the starting point again, the area can be read from the counting dial, the wheel and the vernier. If extended precision is necessary, the same procedure can be applied a second time while following the boundary line counterclockwise, which, of course, yields a result with the opposite sign, the complement. 
		

		
			37 This wheel is extremely delicate – its metal wheel tread should never be touched by hand since it is engraved with microscopic rills, which are vital for the overall precision of the instrument and are easily damaged or cluttered with dirt. 
		

		
			38 Typical errors caused by a wheel with an axis not being perfectly horizontal can thus be compensated to a certain degree. 
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			By setting the position of the elbow, which can normally be shifted along the tracer arm, various scaling values can be set, so areas can be measured in inches 
		

		
			as well as in centimeters without the necessity to explicitly convert units. 
		

		
			39 
		

		
			Determining large areas can be problematic since the counting dial can only represent one significant digit. Thus, as early as 1961 planimeters coupled with electronic counters were built. [Zuse Z80 1961] describes a linear planimeter that was coupled to an electronic counter capable of processing up to 250 000 impulses per second. The pickup from the measuring wheel was done photoelectrically thus allowing even better precision than traditional mechanical instruments. 
		

		
			[Lewin 1972] describes another development that was patented in 1972: Here the position of the tracer arm is sensed by two linear potentiometers generating voltages directly proportional to the current (x, y )-position of the tracer. These voltages in turn control an oscillator and some monostable devices. The integration process is then performed basically by a chain of decade counters. This scheme proved to be too complicated and costly for the market. Another quite recent development is described by [Light 1975]. Here the position of a tracer needle or the like is determined by conductive foils, which are placed under the chart 
		

		
			containing the curve to be integrated over. 
		

		
			41 
		

		
			As old as planimeters are, some companies still manufacture polar and linear 
		

		
			planimeters, which achieve accuracies of about 1 
		

		
			/ 00 . These instruments are still 
		

		
			used regularly for surveying and mapping, for determining the area of furs and fabric, etc. 
		

		
			2.5 Mechanical computing elements 
		

		
			All of the instruments shown in the preceding sections are specialized analog com-puters, capable only of solving just one distinct problem each. This is obviously caused by their fixed structure – a slide rule can only add lengths, so the only vari-ation possible is that of employing different scales to extend this basic operation to multiplication and division and many more. 
		

		
			In the same sense planimeters are specialized instruments for only determining areas. The following sections will now cover some basic mechanical computing 
		

		
			39 [Palm 2014] gives a thorough treatment of the planimeters and other integrators made by A. Ott. 
		

		
			40 These differ from polar planimeters in so far as the tracer arm is not free to rotate around the elbow connected to the pole arm but is guided in a strictly linear fashion, which is normally implemented by a two-wheel carriage that is dragged behind by the tracer arm while tracing the curve. 
		

		
			41 Although this instrument was not a financial success due to its complexity, its pickup mechanism anticipated the basic techniques used for today’s touch screens and the like. 
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			elements that can be used to build true – in the sense of their reconfigurability – analog computers, differential analysers . 
		

		
			Typically, mechanical analog computers represent values by rotations of shafts, which interconnect the various computing elements or by positions of linkages. As simple as most mechanical computing elements seem, they are quite powerful tools. Precisions up to 10 are possible given precise machining of the parts involved and clever scaling of the equations to be solved. In fact, mechanical analog computers even have one advantage over analog electronic analog computers: The former can integrate over every variable whilst the latter can only integrate over time, which then requires some ingenuity to solve partial differential equations and other problems. 
		

		
			2.5.1 Function generation 
		

		
			A common task in simulations is the generation of functions, which are either defined analytically or by measured values. Functions of a single variable are easily implemented using cams driven by a shaft, the angular position of which represents the input variable. A follower measuring the position of the cam’s surface yields the desired function value. The position of this pin can be translated into a rotational motion by a rack and pinion arrangement so this output value can be used as input for another element expecting an angular shaft position as its input value. 
		

		
			Another type of generator for a function of one variable is shown in figure 2.6. 
		

		
			This is a squaring cam, which is used to generate a square function f (x) = x 
		

		
			. If 
		

		
			dx1 
		

		
			denotes the element of rotation of the input shaft, the resulting movement of 
		

		
			the string wound around the cone is r 
		

		
			1 
		

		
			dx1 
		

		
			where r 
		

		
			1 
		

		
			denotes the average diameter 
		

		
			of the cone at the current position of the string. With r2 denoting the diameter of the drum, the drum rotation resulting from dx 1 is 
		

		
			dx2 
		

		
			= − 
		

		
			r 
		

		
			1 dx1 
		

		
			r2 
		

		
			. 
		

		
			r 
		

		
			1 
		

		
			is proportional to the angle of rotation x1 
		

		
			thus 
		

		
			dx2 
		

		
			= − 
		

		
			kx1 
		

		
			dx1 
		

		
			r 
		

		
			2 
		

		
			with k being a constant of proportionality. Integration finally yields 
		

		
			x2 
		

		
			= − 
		

		
			k 
		

		
			2r2 
		

		
			x 
		

		
			, 
		

		
			42 Information about mechanical computing elements can be found in [ Svoboda 1948], [Meyer zur Capellen 1949], [Willers 1943], and [Bureau of Ordnance 1940]. 
		

		
			43 This particular advantage of mechanical analog computers is also exhibited by digital ana-log computers, see chapter 10, which make these devices quite interesting for future computer architectures. 
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			Fig. 2.6. Squaring cam yielding x 
		

		
			2 
		

		
			= x (cf. [Svoboda 1948, p. 22]) 
		

		
			which is the desired square function. This mechanism does, of course, not work 
		

		
			down to x1 
		

		
			= 0 – if this is necessary, it may be combined with a differential gear 
		

		
			as described in section 2.5.2. 
		

		
			44 
		

		
			In many cases, functions of two variables are necessary – figures 2.7 and 2.8 
		

		
			show a barrel cam used to implement a function x3 
		

		
			= f (x 
		

		
			1 
		

		
			, x 
		

		
			2 
		

		
			). The value of 
		

		
			the input variable x1 
		

		
			controls the lateral displacement of the three-dimensional 
		

		
			barrel cam while the second input variable, x2 
		

		
			, controls the angular position of 
		

		
			the cam. The output value is sensed by a follower that gauges the cam’s surface. Other implementations feature a movable sensing pin carriage instead of a barrel cam that can be shifted laterally, which allows for a more compact design. 
		

		
			Barrel cams like this were often used in mechanical fire control systems but were also used in some cases in electronic analog computers since the generation of functions of two variables is a complicated task for such a machine. In this case 
		

		
			the input shafts for x1 
		

		
			and x2 
		

		
			are controlled by electronic servo mechanisms while 
		

		
			the output sensing pin is connected to a potentiometer, which delivers a voltage 
		

		
			proportional to the desired function value. 
		

		
			46 
		

		
			An important topic regarding cams and barrel cams is that their surface has to conform to several mechanical constraints to ensure that the sensing pin can follow the surface smoothly and that the pin can never block the cam in its movement due 
		

		
			44 Cf. [Svoboda 1948, p. 22]. 
		

		
			45 Three-dimensional cams like this have also been called camoids, cf. [Svoboda 1948, p. 23]. 46 See section 4.5.7. 
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			Fig. 2.7. Three-dimensional cam as a function 
		

		
			generator for a function of two variables f (x, y ) 
		

		
			(cf. [Svoboda 1948, p. 23]) 
		

		
		
			Fig. 2.8. The barrel cam – a practical implemen-
		

		
			tation of a function generator yielding f (x 
		

		
			1 
		

		
			, x 
		

		
			2 
		

		
			) 
		

		
			(cf. [Bureau of Ordnance 1940, p. 54]) 
		

		
		
			Fig. 2.9. Structure of a bevel-gear differential (cf. [Svoboda 1948, p. 6]) 
		

		
		
			Fig. 2.10. A differential gear from the dead reckoning computer PHI-4A-2 used in Starfighter jets 
		

		
			to steep slopes or grooves. This might sometimes conflict with the mathematical requirements of the computer setup. In such cases, functions may be generated by solving suitable differential equations, which normally requires many more additional computing elements than a straightforward barrel cam implementation. 
		

		
			2.5.2 Differential gears 
		

		
			A barrel cam function generator like this could, in principle, be used to add or subtract two variables but a simpler, cheaper and more precise mechanism to implement this basic operation exists in form of the bevel-gear differential shown 
		

		
			in figure 2.9. This device adds two shaft rotations x1 
		

		
			and x2 
		

		
			with some scaling 
		

		
			47 Such building blocks are also called additive or linear cells (cf. [Svoboda 1948, p. 6]). 
		

	
		
			2.5 Mechanical computing elements 
		

		
			21 
		

		
			parameters s1 
		

		
			and s2 
		

		
			, which result from the actual design of the differential, 
		

		
			yielding x3 
		

		
			= s1 
		

		
			x1 
		

		
			+ s2 
		

		
			x2 
		

		
			. 
		

		
			A practical example of such a differential gear is shown in figure 2.10. This 
		

		
			was used in the dead reckoning computer PHI-4A-2 of a Starfighter jet. 
		

		
			48 
		

		
			2.5.3 Integrators 
		

		
			In contrast to most other machines, integration is a fundamental as well as natural operation for an analog computer. Using mechanical computing elements, the operating principles of integration are remarkably simple. The first mechanical 
		

		
			integrators were developed in the early 19 
		

		
			th 
		

		
			century: In 1814 Johann Martin 
		

		
			Hermann developed an integrator consisting of a cone with a wheel rolling on its surface. The position of the wheel on the envelope of the cone represents the values of the function to be integrated while the rotation of the cone corresponds 
		

		
			to the variable of integration. 
		

		
			51 
		

		
			Basically an integrator mechanizes the calculation of integrals like 
		

		
			x3 
		

		
			= x1 
		

		
			dx2 
		

		
			where x2 
		

		
			is represented by the rotation of the integrator disk (or cone) while the 
		

		
			values of x1 
		

		
			control the position of the friction-wheel rolling on the disk surface. 
		

		
			Figure 2.11 shows the structure of such an integrator. 
		

		
			Obviously it is dx3 = kx1 dx1 where k = 1/r denotes the radius of the friction-wheel thus yielding 
		

		
			x3 
		

		
			= 
		

		
			x2 
		

		
			x20 
		

		
			1 
		

		
			r 
		

		
			x1 dx2 . 
		

		
			Figure 2.12 shows a friction-wheel integrator from the Oslo analyser, which was built from 1938–1942 – at its time one of the largest, most precise and most 
		

		
			48 The central element carrying the bevel gears is called spider block. 
		

		
			49 Far from being trivial is the implementation of integrators due to the necessary high precision in order to minimise the accumulation of errors within a simulation. 
		

		
			50 See [Petzold 1992, p. 26]. 
		

		
			51 A similar mechanism was developed later by Tito Gonnella and used as the basis for his planimeter. 
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			Fig. 2.11. A friction-wheel integrator (cf. [Svoboda 1948, p. 24]) 
		

		
			powerful differential analysers in the world. On the right hand side the rotating disk S and the friction-wheel h with its associated shaft are visible. The wheel position on the surface of the disk with respect to the disk center corresponds to F (x). 
		

		
			In 1876, James Thomson, the brother of William Thomson – later Lord Kelvin – developed an integrator that replaced the friction-wheel with a steel 
		

		
			sphere that runs in a movable cage (controlled by x1 
		

		
			). This sphere provides a 
		

		
			frictional connection between the rotating disk and a cylinder that acts as a pickup for the integration result x3 . Figure 2.13 shows a variation of this implementation – two stacked balls, instead of a single sphere, are guided in a movable cage. Such 
		

		
			integrators are known as double-ball integrators. 
		

		
			57 
		

		
			52 This particular machine featured twelve integrators of this type and was used until 1954, see section 2.8. 
		

		
			53 On the left side a torque amplifier and a frontlash unit can be seen. These are typical devices in a mechanical differential analyser but outside the scope of this book. Refer to [Willers 1943, pp. 236 ff.], [Robinson] or [Fifer 1961, p. 672] for more information about these units. 
		

		
			54 02/16/1822–05/08/1892 
		

		
			55 06/26/1824–12/17/1907 
		

		
			56 See [Thomson 1912, pp. 452 ff.]. 
		

		
			57 Such double-ball integrators were used well into the second half of the 20 century. This 
		

		
			was mainly due to their high precision – [Librascope 1957] mentions a repeatability of 10 
		

		
			−4 
		

		
			– quite remarkable for a mechanical device – as well as to their robustness. Accordingly, such integrators were used quite often in aerospace applications like dead reckoning computers, etc. 
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			Fig. 2.12. Integrator from the Oslo differential analyser, see section 2.8 ([ Willers 1943, p. 237]) 
		

		
			Based on this integrator developed by his brother, Lord Kelvin devised the idea of a machine suitable for solving differential equations. The basic concept was to start with the highest derivative in the differential equation to be solved and to generate all of the necessary lower derivatives by repeated integration. Using these derivatives, the highest derivative – that was the starting point for this procedure – can now be synthesized by combining the lower derivatives in an appropriate way. The discovery of this method is described in [ Thomson 1876] as follows: 
		

		
			“But then came a pleasing surprise. Compel agreement between the function fed into the double machine and that given out by it [ . . . ] The motion of each will thus be necessarily a solution of [the equation to be solved]. Thus I was led to the conclusion, which was unexpected; and it seems to me very remarkable that the general differential equation of the second order with variable coefficients may be rigorously, continuously, and in a single process solved by a machine. ” 
		

		
			Interestingly, Kelvin did not build a practical machine based on this insight, which is all the more puzzling since a (double) ball integrator can transfer sufficient torque to allow a small number of such devices to be chained. Trying to implement this scheme using friction-wheel integrators would have required torque amplifiers, as these integrators can only transmit tiny amounts of torque. Consequently, this brilliant idea of setting up an analog to represent differential equations fell into oblivion. This happened again 45 years later when Udo Knorr published a 
		

		
			58 This classical differential analyser technique , as [Korn et al. 1964, p. 1-5] puts it, is de-scribed in more detail in section 7.2. 
		

		
			59 04/20/1887–07/10/1960 
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			Fig. 2.13. Principle of operation of a double-ball integrator (see 
		

		
			[Svoboda 1948, p. 25]) 
		

		
		
			Fig. 2.14. Basic structure of a slide multiplier (cf. [Svoboda 1948, p. 12]) 
		

		
			similar idea in 1921. Knorr explicitly noted that coupled integrators can be 
		

		
			used to solve a large group of differential equations of high degree. 
		

		
			61 
		

		
			2.5.4 Multipliers 
		

		
			Multiplication is a quite difficult task for a mechanical analog computer. While multiplication with a constant can be easily performed with an appropriate gear mechanism or with a friction-wheel integrator where the position of the friction-wheel corresponds to the multiplier, the generalized operation where both input variables may vary is much more difficult to implement. 
		

		
			One common implementation is based on the product rule known from calcu-lus. From (uv ) = u v + uv it follows by integration that 
		

		
			uv = u dv + v du. (2.1) 
		

		
			Thus, the multiplication of two variables can be implemented using two intercon-
		

		
			nected integrators. 
		

		
			62 
		

		
			60 Cf. [Petzold 1992, p. 33]. 
		

		
			61 See [Walther et al. 1949, p. 200]. 
		

		
			62 This requires that the integrators are not restricted with respect to the variable of inte-gration. Only mechanical analog computers and DDAs (cf. section 10) fulfill this requirement. Analog electronic analog computers can only use time as the variable of integration, so this class of machines requires different multiplication schemes. 
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			Figure 2.14 shows the structure of a slide multiplier. It consists of two carriages sliding vertically and horizontally respectively and a lever that rotates around a center pin that is fixed to the enclosure. Both carriages and the lever are coupled with another pin that runs in grooves of these three elements. The input variables 
		

		
			are x1 
		

		
			, represented by the displacement of the rotating lever’s end, and x2 
		

		
			, which 
		

		
			corresponds to the horizontal displacement of the second slider. The multiplication result x3 = kx1 x2 where k denotes a scaling factor that depends on the dimensions of the multiplier, is then available as the vertical displacement of the first slider. 
		

		
			2.6 Harmonic synthesizers and analysers 
		

		
			Although Lord Kelvin did not attempt to build a true general purpose mechan-ical analog computer, he did build some quite complex special purpose analog computers to predict tides by means of harmonic synthesis. Even the earliest sailors had a genuine interest in tide prediction since accurate predictions lead to fewer lay days in harbours. A good description of the term tide is given by Kelvin 
		

		
			himself: 
		

		
			65 
		

		
			“The tides have something to do with motion of the sea. Rise and fall of the sea is 
		

		
			sometimes called a tide; but I see, in the Admiralty Chart of the Firth of Clyde, the whole space between Ailsa Craig and the Ayrshire coast marked ’very little tide here’. Now, we find there a good ten feet rise and fall, and yet we are authoritatively told there is very little tide. The truth is, the word ’tide’ as used by sailors at sea means horizontal motion of water; but when used by landsmen or sailors in port, it means vertical motion of the water.” 
		

		
			Tides are caused and influenced by the superposition of a number of effects that are, in fact, harmonic oscillations with different amplitudes, frequencies, and 
		

		
			phases. 
		

		
			66 
		

		
			The most important of these effects are the earth’s rotation around its 
		

		
			own axis, the rotation of the earth around the sun, the rotation of the moon around the earth, the precession of the moon’s perigee, the precession of the plane of the moon’s orbit, etc. 
		

		
			In 1872 Kelvin developed the first harmonic synthesizer, a specialized ana-log computer for generating harmonics and adding these together to generate a 
		

		
			63 For these machines the phrase “substitute brass for brain ” was coined (see [Zachary 1999, p. 49] and [Everyday Science and Mechanics 1932]). 
		

		
			64 Following the death of his first wife, Margaret Thomson nee Crum on June 17, 1870, his interest for seafaring increased and he bought a 126 ton schooner, the Lalla Rookh, which in turn sparked his interest in tide prediction. 
		

		
			65 See [Thomson 1882, Part I]. 
		

		
			66 These effects are called partial tides. 
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			Fig. 2.15. Principle of operation of Kelvin’s tide predictor (see [Thomson 1911]) 
		

		
		
			Fig. 2.16. A scotch yoke mechanism (cf. [Karplus et al. 1958, p. 242]) 
		

		
			tide prediction. This machine took ten partial tides into account. Its basic con-struction is shown in figure 2.15. Using this machine it took only four hours to compute the 1 400 tides that occur during a year for a given harbour. Performing 
		

		
			the same task manually took several months. 
		

		
			69 
		

		
			Generally speaking, a harmonic synthesizer like a tide predictor generates a 
		

		
			function f (x) based on a given set of harmonics: 
		

		
			70 
		

		
			f (x) = a0 + a1 sin(x + b1 ) + a2 sin(2x + b2 ) + · · · + an sin(nx + bn ) 
		

		
			The basic harmonic functions are traditionally generated using a scotch yoke mechanism as shown in figure 2.16. It consists of a boom that is mounted on a shaft so that it can rotate around this mounting point. The angular position of this shaft represents the input variable θ . The free end of the boom guides two carriages that are restricted to perform horizontal respectively vertical movements only. The movements of these carriages then represent the values r sin(θ ) and r cos(θ ) where r denotes the radius of the circle described by the free end of the rotating boom. 
		

		
			Since the values r cos(θ ) and r sin(θ ) are represented by linear displacements, harmonics generated this way cannot be added together using a differential gear. Instead, a steel band of constant length is used, as can be seen in figure 2.15. 
		

		
			67 Lord Kelvin’s machine is on display at the Science Museum, London. 
		

		
			68 Later machines generated even more partial tides. The United States Coast and Geodetic tide-predicting machine No. 2 that was completed in 1910 generated 37 harmonic terms. [Aude et al. 1936] describes a machine that took 62 harmonics into account (this machine was in operation in Hamburg, Germany, until 1968 and is now on display at the Deutsches Museum in Munich). 
		

		
			69 Cf. [Sauer]. 
		

		
			70 Cf. [Berkeley et al. 1956, pp. 135 ff.]. 
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			Fig. 2.17. Harmonic synthesizer for a fourth-degree equation (cf. [Karplus et al. 1958, p. 242]) 
		

		
			While Kelvin’s tide predictor only generated a single output function by the superposition of the various harmonics, later harmonic synthesizers often had a more generalized structure like that shown in figure 2.17. 
		

		
			This fourth degree harmonic synthesizer consists of four scotch yoke mech-anisms as shown in figure 2.16, each of which generates a sine/cosine-pair and is parameterized by four crank length settings r , r , r and r (this rather un-usual notation follows [ Karplus et al. 1958, p. 242]). Two continuous tapes are threaded through the system adding all sine- and all cosine-values and driving the 
		

		
			two coordinate inputs of a plotting mechanism. 
		

		
			71 
		

		
			Later developments include a device described in [ Redheffer 1953], which still used scotch yoke mechanisms but with an electronic pickup in form of po-tentiometers that sensed the positions of the sine/cosine carriages. The output 
		

		
			71 A similar device, the high precision Isograph, which contained 10 sine/cosine-units was built at the Bell Telephone Laboratories in 1937: “ In the Isograph, gears were fitted to the bearings with an accuracy of one ten-thousandth of an inch for play and concentricity. ” (see [Karplus et al. 1958, p. 243]). 
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			voltages of these potentiometers were then added by means of simple electronic networks and could directly be used to control an xy -plotter. 
		

		
			The inverse function of a harmonic synthesizer is performed by a harmonic 
		

		
			analyser. 
		

		
			72 
		

		
			These devices perform a Fourier analysis, i. e., they determine the 
		

		
			amplitudes and phases of the harmonics that comprise a given input signal. The first such harmonic analyser was developed in 1876 by Lord Kelvin. It con-sisted of five double-ball integrators and was demonstrated at the Royal Society, configured for a meteorological problem. 
		

		
			Its operation is based on the computation of integrals of the form 
		

		
		
			y cos 
		

		
		
			2π ωx 
		

		
			c 
		

		
		
			dy 
		

		
		
			y sin 
		

		
		
			2π ωx 
		

		
			c 
		

		
		
			dy 
		

		
		
			39·109 
		

		
			40·110 
		

		
			, 1 for work on 
		

		
			tides. 
		

		
			with ω ∈ {1, 2} (for meteorological applications) or ω ∈ 74 
		

		
			One of the most complex harmonic analysers was devised by Albert Abra-ham Michelson of Michelson-Morley experiment fame and Samuel Wes-
		

		
			ley Stratton. 
		

		
			76 
		

		
			This machine was capable of performing harmonic synthesis as 
		

		
			well as analysis with up to 20 harmonic terms – a remarkable feat. Due to its very clever principle of operation and implementation it weighed only 69 kg and could fit on a standard desk. This particular machine came back into the lime-light again in the early 2010s when Bill Hammack et al. published a video series 
		

		
			detailing on the operation of this device, which they had recently restored. 
		

		
			78 
		

		
			The determination of Fourier coefficients is also possible using only a planimeter. This startling technique is described in detail in [ Willers 1943, pp. 171 ff.]. Since this manual process is not only tedious but also time consuming and error-prone, semi-automatic harmonic analysers based on planimeters have been developed. Figure 2.18 shows a planimeter-based harmonic analyser that 
		

		
			was developed and produced by Mader-Ott. 
		

		
			79 
		

		
			72 See [Berkeley et al. 1956, pp. 132 ff.], [Willers 1943, pp. 168 ff.] and [McDonal 1956], which give a detailed description of a practical harmonic analyser. 
		

		
			73 See [Thomson 1878] and [Berkeley et al. 1956, p. 133]. 
		

		
			74 See [Thomson 1878]. 
		

		
			75 12/19/1852–05/09/931 
		

		
			76 07/18/1861–10/18/1931 
		

		
			77 See [Michelson et al. 1898]. 
		

		
			78 [Hammack et al. 2014] describes this remarkable machine in incredible detail. 
		

		
			79 See [Willers 1943, pp. 178 ff.]. Tatjana Joëlle van Vark has built outstanding mod-ern implementations of harmonic analysers and synthesizers (among other mathematical instruments) displaying an incredible degree of scientific craftsmanship, see http://www. tatjavanvark.nl. 
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			Fig. 2.18. Harmonic analyser made by Mader-Ott (cf. [Willers 1943, p. 180]) 
		

		
			Apart from obvious applications in fields like mechanical engineering where harmonic analysers were used regularly to analyse complex vibrations and the like, they also played an important role in resource and oil exploration where seismograms must be analysed to reveal the structure of earth’s interior. 
		

		
			2.7 Mechanical fire control systems 
		

		
			Another type of very complex and highly specialized analog computers are fire 
		

		
			control systems. These military systems perform the following tasks: 
		

		
			80 
		

		
			“Fire control equipment, that takes in indications of targets from optical or radar perception and using extensive calculating equipment puts out directions of bearing and elevation for aiming and time of firing for guns, according to a program that calculates motion of target, motion of the firing vehicle, properties of the air, etc. ” 
		

		
			Until the late 19 century fire control was a simple task given the relatively short ranges of typical gunnery. In previous centuries, firing broadsides was a common 
		

		
			80 See [Berkeley et al. 1956, p. 163]. 
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			mode of fighting in naval warfare. During the 19 century shell ranges grew from a few hundred meters up to six miles, which greatly complicated the task of aiming. Long range guns with ranges up to 17 miles were common at the end of 
		

		
			World War II 
		

		
			82 
		

		
			– the time of flight of such a shell was in the range of about one 
		

		
			minute – resulting in an aiming task so complex that it would have been impos-sible to hit a target reliably without the support of complex fire control systems, which were implemented as large mechanical analog computers. These machines were not only rugged but also extremely long-lived regarding their service life as [Bromley 1984, pp. 1 f.] puts it: 
		

		
			“Mechanical analog devices were first used for naval gunnery in World War I, were greatly developed for naval and anti-aircraft gunnery between the wars, were further de-veloped and extended to aircraft systems during World War II, and continued in service in refined versions into the 1970s. ” 
		

		
			Typical effects that have to be taken into account by a fire control system include: 
		

		
			Wind and current effects: Flight times of up to one minute and more make shells susceptible for forces exerted by side winds and the like. Current effects acting on torpedoes are equally, if not even more, complicated to model and predict, mainly due to the long run time of such a weapon. 
		

		
			Heading: Both opponents are normally not at rest but moving (in the case of aircraft very fast). 
		

		
			Environmental conditions: Barometric pressure, temperature, humidity, etc., all influence the path of a shell or torpedo. 
		

		
			Aiming point vs. sensor position: Especially in the case of torpedoes there is normally a mismatch between the position of the sonar system with respect to the periscope and the launching tubes on the side of the attacker and, in the case of sonar contact, the sound source and the desired aiming point on 
		

		
			the target vessel. 
		

		
			84 
		

		
			Signal run time: In case of sonar bearing analysis, the run time of the sound waves can often not be neglected regarding the ships’ positions. 
		

		
			81 The typical range of fire during the historic encounter between the USS Monitor and the CSS Virginia on March 9, 1862 was only about 100 meters (see [Clymer 1993, p. 21]). 
		

		
			82 See [Bromley 1984, p. 2]. 
		

		
			83 At the battle of Jutland in 1916, the hit rate was less than 5% even though both navies were using mechanical fire control systems. 
		

		
			84 Details of the German torpedo control system can be found in [ Rössler 2005, pp. 79 ff.], including a schematic diagram of a typical analog lead-lag computer. 
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			Fig. 2.19. TDC Mark-3 with front panels removed (see [Bureau of Ordnance 1944, p. 34]) 
		

		
			Figure 2.19 shows the Torpedo Data Computer Mark-3 developed by the Arma 
		

		
			Corporation 
		

		
			86 
		

		
			and gives an impression of the immense complexity of such mechan-
		

		
			ical analog fire control systems. This particular system is deservedly regarded as a masterpiece mechanical analog computer. The two interconnected racks have a width, height, and depth of 160 cm × 115 cm × 100 cm and weigh about 1.5 metric tonnes. The power consumption was quite impressive at 55.7 to 140 A at 115 V operating voltage. 
		

		
			A wealth of additional information about fire control systems can be found in [Berkeley et al. 1956], [Clymer 1993, pp. 286 ff.], [ Friedman 2008, pp. 16 ff.], [Gray et al. 1955], and [Admiralty 1943]. 
		

		
			85 TDC Mark-3 for short. 86 See [Clymer 1993, p. 28]. 
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			2.8 Differential analysers 
		

		
			A central figure in the development of the mechanical and electromechanical dif-
		

		
			ferential analyser was Vannevar Bush, 
		

		
			87 
		

		
			who developed a keen interest in analog 
		

		
			computing techniques in the early 20 century. He was not aware of the funda-mental works of James Thomson and Lord Kelvin and when he was informed about these previous developments in later years he still claimed the intellectual property on his inventions for himself, stating that “ [i]nventors are supposed to produce operative results ” based on the fact that none of his predecessors had 
		

		
			successfully built a working general purpose mechanical analog computer. 
		

		
			90 
		

		
			In 1925, triggered by the increasing computational requirements for solving power grid problems, Bush pursued the idea of a large-scale mechanical general purpose analog computer. Six years later, in 1931, this machine, the first true gen-eral purpose mechanical analog computer, was completed at the Massachusetts Institute of Technology . It was, in fact, a collection of individual computing elements like those described in the preceding sections. In addition to these com-ponents, special units like torque amplifiers, frontlash units and helical gearboxes had to be developed. The latter allowed the interconnection of the various com-puting elements on a central interconnect unit that housed all input and output shafts, which were called bus rods (18 in total). 
		

		
			Figure 2.20 shows this early differential analyser. To set up the machine to solve a particular problem, its computing elements had to be connected using these 
		

		
			bus rods, a lengthy process. Set up times of several days were not uncommon. 
		

		
			95 
		

		
			One eight hour day of operation was charged at US$ 400. 
		

		
			96 
		

		
			Much of the machine 
		

		
			operational time was devoted to work regarding the stability of long distance lines 
		

		
			87 03/11/1890–06/30/1974 
		

		
			88 As early as 1912 he submitted a patent describing a profile tracer that allowed to trace and plot a ground profile (see [Bush 1912]). This device contained two mechanical integrators in series that took the displacement of a pendulum mass as input thus yielding a profile trace by integrating twice over the acceleration of the mass. 
		

		
			89 Cf. [Dodd 1969, p. 5] and [Zachary 1999, p. 49]. 
		

		
			90 See [Zachary 1999, p. 51]. [Puchta 1996] gives a thorough overview of his early analog computers. 
		

		
			91 Its construction cost about US$ 25,000. 
		

		
			92 MIT for short. 
		

		
			93 See [Willers 1943, pp. 236 ff.], [Robinson], and [Fifer 1961, p. 672]. 
		

		
			94 More information about this particular machine can be found in [Meccano 1934/2], [Zachary 1999], and [Gleiser 1980]. A rather simple but still useful mechanical differential analyser is described in [Kasper 1955]. 
		

		
			95 See [Zachary 1999, p. 51]. 
		

		
			96 See [Macnee 1948, Sec. I]. 
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			Fig. 2.20. Vannevar Bush’s differential analyser (source: [Meccano 1934/2, p. 443]) 
		

		
			based on [Carson 1926]. As a computer it proved to be highly influential and successful. It inspired other researchers to build their own differential analysers such as those: 
		

		
			– A Meccano based differential analyser built by Douglas Hartree and 
		

		
			Arthur Porter at Manchester University in 1934, 
		

		
			101 
		

		
			– a similar Meccano based machine built by J. B. Bratt at Cambridge Uni-
		

		
			versity in 1935, 
		

		
			102 
		

		
			– the Oslo Analyser, which was built from 1938 to 1942 at Oslo University’s Institute of Theoretical Astrophysics under the auspices of Svein Rosse-land, who visited the MIT and knew about the MIT differential anal-
		

		
			yser, 
		

		
			105 
		

		
			97 See [Owens 1986, p. 67]. 
		

		
			98 It was soon called thinking device, mechanical brain or even man-made brain by the awed press (see [Zachary 1999, p. 51]). 
		

		
			99 03/27/1897–02/12/1958 
		

		
			100 See [Robinson 2008] for an oral history of Arthur Porter. 
		

		
			101 See [Meccano 1934] and [Meccano 1934/2]. 
		

		
			102 This machine is now part of the collection of the Museum of Transport and Tech-nology, Auckland, New Zealand: http://www.motat.org.nz/explore/objects/differential-analyser (retrieved 11/30/2012). 
		

		
			103 Cf. [Holst 1982] and [Holst 1996]. 
		

		
			104 03/18/1894–01/19/1985 
		

		
			105 A bit of trivia: When Germany occupied Norway during World War II, Rosseland re-moved the integrator wheels from the machine and buried them safely packaged behind the institute to make sure that his differential analyser would not support Germany’s war efforts. 
		

	
		
			34 
		

		
			2 Mechanical analog computers 
		

		
			– a differential analyser with six integrators that was built and completed in 
		

		
			1938 in Russia, 
		

		
			106 
		

		
			– the Integrieranlage IPM-Ott that was built in Germany (start of develop-ment in 1938), 
		

		
			– the giant Rockefeller Differential Analyser devised by Vannevar Bush and installed at MIT’s Center for Analysis in 1942, weighing about 100 tons, 
		

		
			and being by far the most complex on this list of machines, 
		

		
			109 
		

		
			– a differential analyser built by General Electric at a cost of $125,000 between 
		

		
			1945 and 1947, which was in use at the University of California Los Angeles, 
		

		
			110 
		

		
			– and finally a mechanical differential analyser with only three integrators, which was built as late as 1959 at the Institut für Angewandte Mathematik und Mechanik, Friedrich-Schiller University Jena (Germany), under the leadership 
		

		
			of Ernst Weinel. 
		

		
			111 
		

		
			As an example a simple differential analyser setup is shown in figure 2.21. The differential analyser is used to integrate over a function y = f (x), which is provided as a plot on the input table shown on the upper left. The integral over f (x) 
		

		
			is to be determined between the limits x1 
		

		
			and x2 
		

		
			. The motor drives three shafts 
		

		
			of the differential analyser: Two shafts control the x-direction movements of the cross-hairs of the input and the pen of the output table (upper right) while the third shaft drives the integrator disk, whose rotation and thus time is the variable of integration. 
		

		
			In the simplest case a human operator would now track the curve on the input table by turning the crank accordingly to keep the curve in the cross-hairs of the input table’s magnifier lens. This in turn changes the displacement of the friction-wheel of the integrator in a way that the angular displacement of w represents 
		

		
			x = 
		

		
			x2 
		

		
			x1 
		

		
			f (x) dx. 
		

		
			The shaft coupled to the friction-wheel of the integrator finally drives the y -input of the output table effectively plotting the desired integral of f (x). 
		

		
			106 See [Eterman 1960, pp. 39 ff.]. 
		

		
			107 See [Walther et al. 1949]. 
		

		
			108 The Rockefeller Foundation initially funded this machine in 1935. 
		

		
			109 See [Owens 1986] for details on that particular machine. 
		

		
			110 See [N. N. 1978]. A noteworthy study performed on this machine is described in [Guibert et al. 1949]. 
		

		
			111 This machine was primarily intended to be used in education, see [ Krause 2006]. 112 The problem of determining the area under a curve is, in fact, so simple and could be solved by employing a planimeter (see section 2.4) so that such a setup would never have been found in a practical differential analyser installation. 
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			Fig. 2.21. A simple differential analyser setup for integration (cf. [Karplus et al. 1958, p. 190], [Soroka 1962, p. 8-10]) 
		

		
			Even today mechanical differential analysers are still fascinating devices. Fig-ure 2.22 shows a modern implementation of such an analog computer using Mec-cano parts, which was developed and built by Tim Robinson in the early 2000s. 
		

		
			Apart from their slow overall operation due to the mechanical nature of the computing elements, the main problem of these differential analysers were the ex-cessive setup times due to the direct mechanical interconnections between the vari-ous computing units. Figure 2.23 shows the schematic representation of Bush’s dif-
		

		
			ferential analyser configured for the Vallarta-Lemaitre cosmic ray problem, 
		

		
			113 
		

		
			which ran for a total of 30 days of computer time. A setup like this could easily require several days to complete and check out – unacceptable for an agile environment and way too expensive for commercially viable applications of this technology. 
		

		
			Accordingly, electromechanical differential analysers were conceived, which used intricate rotational sensors and servo mechanisms to render the direct me-chanical interconnects obsolete while still using mechanical computing elements. 
		

		
			113 See [Lemaitre et al. 1936] and [Lemaitre et al. 1936/2]. 
		

		
			114 See [Soni et al. 2017, p. 30]. 
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			Fig. 2.22. Tim Robinson’s Meccano differential analyser (reprinted with permission of Tim Robin-son) 
		

		
		
			Fig. 2.23. Setup of the Bush differential analyser for the Vallarta-Lemaitre cosmic ray problem (see [Owens 1986, p. 77]) 
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			The first such machine was the Rockefeller differential analyser , which Van-
		

		
			nevar Bush had planned as a follow up to his first differential analyser. 
		

		
			115 
		

		
			Apart from more computing elements and increased precision, special empha-sis was put on the capability to “switch rapidly from one problem to another in the manner of the automatic telephone exchange ”. At its heart was a crossbar switch like those found in automatic telephone exchanges of that era. Instead of rearranging rotating rods or changing the wiring on a patch panel, the machine could be configured for a specific problem just by devising a “configuration bit-stream” for the crossbar as it would be called today. This configuration data was 
		

		
			read into the machine by a paper tape reader. 
		

		
			117 
		

		
			Of special importance were the rotational sensors required for transforming the rotational outputs of the various computing elements into corresponding voltages. These are described by [Berkeley et al. 1956, p. 116] as follows: 
		

		
			“[G]reat ingenuity and pains have been devoted to making it a precision mechanism. In particular, the take-off of wheel rotation is effected by an electrostatic angle indicator. This imposes virtually no load at all on the turning of the wheel [ . . . ] ” 
		

		
			The signals generated by these take-offs were then fed into servo circuits that drove motors, which were assigned to the various input shafts of the individual units. The interconnection between these inputs and the servo outputs was ac-complished by the aforementioned crossbar switch, which allowed problems to be set up quickly and thus eliminated the main drawback of its predecessor machines. In addition to this, the summers had remotely controllable gear boxes for every single input shaft. Thus, even the change of coefficients could be performed from a central control panel. Figure 2.24 shows this 100 ton behemoth differen-tial analyser, which has been aptly described as “ the most important computer in existence in the United States at the end of the war ” due to its work on war related computational problems. 
		

		
			In the following years a number of these electromechanical differential analy-sers were built around the world. The Minden system is probably the last example of an electromechanical differential analyser but was not as advanced as Bush’s 
		

		
			115 Another such electromechanical differential analyser was built in Germany from 1939 to 1945. This particular machine contained four integrators, six function tables with optical sampling and two multipliers. This machine was used successfully and commercially well into the late 1950s. More information can be found in [Walther et al. 1949]. 
		

		
			116 See [Owens 1986, p. 78]. This capability will be of central importance for highly inte-grated analog computers for the 21 century – see chapter 14.1. 
		

		
			117 Details on this machine can be found in [Bush et al. 1945, pp. 275 ff.]. 
		

		
			118 See [Berkeley et al. 1956, p. 117]. 
		

		
			119 See https://www.computerhistory.org/revolution/analog-computers/3/143, retrieved 02/02/2022. 
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			Fig. 2.24. The Rockefeller differential analyser (see [ Bush et al. 1945, p. 312]) 
		

		
			last machine. In 1948 the German company Schoppe & Faeser started the devel-opment of a system that was named Minden after the German city in Westphalia where development took place. Of this machine three machines were eventually built and sold. The last system contained twelve integrators, 20 summers, and ten function tables. The computing elements had a precision of 0.01%. Figure 2.25 shows a dual integrator unit of a Minden system while figure 2.26 gives an 
		

		
			overview of a typical Minden installation. 
		

		
			121 
		

		
			Despite their advantages over purely mechanical differential analysers, these electromechanical systems could not compete with the emerging analog electronic analog computers, which offered much greater speed, flexibility and ease of con-struction and maintenance. The last attempt to build a competitive electrome-chanical differential analyser was undertaken by Hans F. Bückner, who de-
		

		
			120 These function tables were based on input tables and allowed to trace a curve given an x coordinate as input yielding the y value of the curve at this particular point. 
		

		
			121 This last and largest Minden system was used by the German company Siemens-Schuckert until 1971 (see [Petzold 1992, p. 53]). Most parts of the machine are now part of the collection of the Deutsches Museum in Munich. 
		

		
			122 11/22/1912–? 
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			Fig. 2.25. Dual integrator of the Minden system (see [Rationalisierungskuratorium 1957, p. 51]) 
		

		
			veloped the Integromat in 1949. This system was built by Schoppe & Faeser and was still based on mechanical computing elements that were interconnected electromechanically. The rationale behind this development was that traditional electromechanical differential analysers were too complicated and thus too expen-sive to manufacture due to the high precision of their computing elements while for some applications this precision was not necessarily a requirement. 
		

		
			Accordingly, the Integromat used mechanical computing elements that were digital regarding the way in which values were represented. These integrators were called step integrators and were based on sets of fine toothed gears, which were interconnected by differential gears. The functions to be integrated controlled the 
		

		
			123 See [Bückner 1950] and [Bückner 1953]. 
		

		
			124 Stufenintegrator in German. 
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			Fig. 2.26. Differential analyser Minden (see [Rationalisierungskuratorium 1957, p. 51]) 
		

		
			gear ratios selected while the variable of integration drove the input shaft of 
		

		
			this multi-gear device. 
		

		
			126 
		

		
			These integrators had the advantage of relatively simple construction and high reliability but their precision turned out to be inadequate. Even a simple problem, the solution of the differential equation y ¨ = −y , which is often called circle test since it yields a sine/cosine signal pair that can be used to draw a circle on a two-
		

		
			coordinate output device, showed an error of about 0.5% after only one period. 
		

		
			127 
		

		
			Research on damped oscillations showed errors in the range of 4.5% after only five periods – unacceptable for real applications. 
		

		
			Another problem was the inherently slow speed of these step integrators, which was worsened by the need to use very small step widths in order to minimise errors. Times of up to 45 minutes for the simulation of a single damped oscillator’s oscillation were not uncommon. Accordingly, this machine turned out to be a dead-end although it was used well into the 1950s. 
		

		
			125 Thus, only discrete values could be used. 
		

		
			126 All input shafts were driven by forerunners of today’s stepper motors. 
		

		
			127 Here and in the following a dot over a variable denotes its derivative with respect to time. Accordingly, two dots represent the second derivative and so on. 
		

		
			128 See [Eggers 1954]. 
		

	
		
			3 The first electronic analog computers 
		

		
			It is difficult to write about the “first” electronic analog computers because there is no such thing as the single first machine. In fact, the 1930s and 1940s were ripe for the idea of building a differential analyser based on analog electronic compo-nents. Consequently, the following sections focus on five largely independent early developments, namely the works of Helmut Hoelzer, the early developments by George A. Philbrick, the birth of electronic fire control systems, MIT’s first electronic differential analyser, and finally the Caltech analog computer. These distinct lines of development form the foundation for nearly all of the analog 
		

		
			computer developments in subsequent decades. 
		

		
			1 
		

		
			3.1 Helmut Hoelzer 
		

		
			In 1935 Helmut Hoelzer, a student of electrical engineering at Darmstadt Uni-versity in Germany, realized that mathematical operations such as integration or differentiation could be implemented quite easily using electronic circuits. Being an avid glider pilot, he knew that there was no device available in the aerospace industry to indicate the true ground speed of an aircraft and comprehended that by measuring the acceleration of an aircraft and integrating over the electric sig-nal from the accelerometer a signal proportional to the velocity should be easily 
		

		
			obtained. 
		

		
			3 
		

		
			Unfortunately, his ideas were neglected for a rather long time – especially by mathematicians who were resistant to the general idea of “computing” with arcane electronic devices instead of solving complex problems by pure thought. It was not until the development of the A4 rocket that he could eventually explore and implement his ideas, which resulted in the Mischgerät – the world’s first fully electronic onboard computer for controlling a ballistic missile. Eventually, these 
		

		
			1 In 1938 Hans Kleinwächter (1915–10/26/1997) proposed an electronic analog computer based on special cathode ray tubes, see [Kleinwächter 1938]. Unfortunately this early foray into electronic analog computing seems never to have been pursued further. 
		

		
			2 02/27/1912–08/19/1996 
		

		
			3 See [Hoelzer 1992, p. 4]: “[Es gab] in der ganzen Fliegerei nicht ein einziges Gerät [ . . . ], welches die absolute Geschwindigkeit eines Flugzeuges [ . . . ] gegenüber der Erde messen kann. Aha, dachte ich, das ist ja ganz einfach, man nimmt die Beschleunigung, die man ja messen kann, integriert sie und – voilà! – hier ist die Geschwindigkeit. ” 
		

		
			4 See [Lange 2006], [Reisig 1999], and [Dungan 2005] for detailed information about the A4 rocket. The abbreviation “A4”, short for “aggregate 4”, denoted the rockets used during the extremely tedious and long development process, while the actual weapon system became known as the “V2”, German for “Vergeltungswaffe 2”, “vengeance weapon 2”. 
		

		
			https://doi.org/10.1515/9783110787740-003 
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			developments led to Hoelzer ’s development of a general purpose electronic analog computer, which was brought to the United States after World War II and used well into the 1950s during the development of rockets like the Redstone. 
		

		
			3.1.1 The “Mischgerät” 
		

		
			When World War II broke out, Hoelzer was working as an engineer for the renowned German company Telefunken, developing radio transmission systems. One evening he was approached by Wernher von Braun and two of his friends, Hermann Steuding and Ernst Steinhoff, who led the department of Ori-
		

		
			entierung, Steuerung und Bordinstrumentierung 
		

		
			8 
		

		
			in Peenemünde, where the A4 
		

		
			rocket was under development. They asked him to come to Peenemünde and help designing a radio guidance system for this new ballistic missile. 
		

		
			Hoelzer started working on the proposed radio guidance system shortly 
		

		
			thereafter. 
		

		
			9 
		

		
			A particular problem that aroused his interest was the need to com-
		

		
			pute derivatives and integrals in flight – something completely unheard of before. Based on his ideas from his time at university he decided to use a capacitor as the central element for a circuit capable of differentiation and integration. 
		

		
			The current i(t) charging a capacitor is generally described by 
		

		
			i(t) = C v ˙ (t) 
		

		
			where C denotes the capacity and v (t) is the voltage across the capacitor plates at time t. This can also be written as 
		

		
			v (t) = 
		

		
			1 
		

		
			C 
		

		
		
			i(t) dt, 
		

		
			so both operations, differentiation and integration, can be implemented using a capacitor. A simple, yet in many cases sufficient approximation is implemented by a simple passive RC circuit. In the case of differentiation the current flowing through the capacitor can be measured as voltage drop across a sufficiently small 
		

		
			5 After the war Telefunken played a major role in the development of analog computers in the European market. 
		

		
			6 03/23/1912–06/16/1977 
		

		
			7 02/11/1908–12/02/1987 
		

		
			8 German for guidance, steering, and onboard instrumentation. 
		

		
			9 See [Tomayko 1985, p. 230]. One of the resulting radio guidance systems was named Hawaii I and was built by Telefunken (see [Lange 2006, pp. 163 ff.]). 
		

		
			10 A dot over a variable denotes its derivative with respect to time. 
		

		
			11 I. e., there is no active element such as an operational amplifier in the circuit. 
		

		
			12 A circuit consisting of a resistor and a capacitor. 
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			resistor, in the case of integration the voltage across the capacitor’s plates can be used directly as an approximation for the time integral of some varying input voltage. 
		

		
			As simple as this idea looks from today’s perspective, its realization was far from easy in the 1940s due to the fact that it requires DC coupled amplifiers because the signals to be amplified and processed further are mainly DC voltages. An ideal DC amplifier would yield an output voltage of 0 Volts if its input voltage is 0 Volts, regardless of its gain, which should be as high as possible. Due to unavoidable imbalances, aging of components, temperature effects, etc., this is not true for a real-world DC coupled amplifier in which the individual amplifier stages are coupled directly. Accordingly, a small error voltage occurring in an early amplifier stage will be propagated and amplified by the following stages, resulting in a non-zero output signal even for an input signal of 0 V. 
		

		
			This precludes the application of such an amplifier for an integrator circuit, since the capacitor would integrate this offset signal, which would not only inval-idate the computation but eventually saturate the integrator. 
		

		
			To solve this inherent problem Hoelzer decided to use an AC coupled ampli-fier instead. This idea solved the drift problem as AC coupled amplifiers employ amplification stages, which are not coupled galvanically but by means of capaci-tors, which effectively block any DC (drift) voltage. Although this characteristic of AC coupled amplifiers is very desirable, it also makes this kind of amplifier unsuitable for the use with DC (or very low frequency) voltage signals as they occur in the control circuitry of a missile. 
		

		
			So Helmut Hoelzer faced the problem of converting an input DC voltage to an AC voltage suitable for feeding an AC coupled amplifier and rectifying the output voltage again to get the desired DC signal. Transforming DC signals into AC voltage was done by means of a ring modulator, whose structure is shown in figure 3.1. This circuit was described first in the early 1930s and was used widely in radio applications. Remarkably, most of the earliest ring modulators used a very early form of solid state diodes, which were called Sirutor in Germany. 
		

		
			These devices were developed in 1934 and used a small stack of copper(I) oxide 
		

		
			16 
		

		
			pills within a little tube with electrodes attached to its ends. Figure 3.2 shows a typical Sirutor like those employed by Helmut Hoelzer for his ring modulators. 
		

		
			13 The name stems from the fact that the central four diodes are often arranged in a ring-like structure. 
		

		
			14 See [Aschoff 1938] and [Chance et al. 1949, p. 379]. 
		

		
			15 Short for Siemens-Rundfunk-Detektor . 
		

		
			16 Cu 
		

		
			2 
		

		
			O 
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			Fig. 3.1. Ring modulator circuit used in the Mischgerät (see [Hudson et al. 1945, p. 13]) 
		

		
		
			Fig. 3.2. Sirutor (scale in centimeters) 
		

		
			In 1940 the first usable radio guidance system for the A4 rocket was devel-oped and Hoelzer turned his interest to the development of a gyro based sta-
		

		
			bilisation and guidance system. Like earlier developments by Robert Goddard 
		

		
			18 
		

		
			the A4 used movable vanes in the rockets engine exhaust, exhaust rudders, as well as air rudders to control the flight path of the rocket. The exhaust rudders were the most effective means of control but could only work during the powered ascent 
		

		
			phase. After re-entry into earth’s atmosphere the air rudders became effective. 
		

		
			19 
		

		
			This system turned out to be difficult to control due to the sheer size of the A4 and the resulting moment of inertia. The control system had to take this into account to avoid wild oscillations, which would result in the destruction of the rocket during flight. Figure 3.3 illustrates this problem: The upper half shows the buildup of oscillations in the case of a simple control system unable to take the moment of inertia into account. The lower half shows the desired behaviour of the controller – the oscillation is quickly damped out, which requires more than just a linear controller, it requires the ability to take a derivative term into account. 
		

		
			At first, the company Kreiselgeräte GmbH attempted to develop a gyro based controller, which showed the undesirable behaviour shown in the top half of figure 3.3. This first implementation did not take any derivatives of the signals gener-ated by the gyro platform into account. Another approach, using bank-and-turn indicators in addition to the main gyro, turned out to be too complex and too costly. After several unsuccessful attempts to build a working control system for the A4, Von Braun approached Helmut Hoelzer as he was aware of the fact 
		

		
			17 See [Tomayko 1985, p. 230]. 
		

		
			18 10/05/1881–08/10/1945 
		

		
			19 [Bate et al. 1971] give a thorough description of guidance and control of ballistic missiles in general. 
		

		
			20 In today’s parlance this would be a P-controller, using only a proportional feedback path. 
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			Fig. 3.3. Control problem of the A4-rocket ([N. N. 1945, fig. 82]) 
		

		
			that Hoelzer’s radio guidance system also needed derivatives and time integrals of sensor output voltages, which were generated using RC combinations instead of costly additional instruments. This turned out to be a viable approach – while the initially proposed bank-and-turn indicators initially cost about US$ 7 000, the simple circuit developed by Hoelzer only cost about US$ 2.50 and worked very well even under the severe stresses encountered during the flight of the rocket. 
		

		
			The idea of employing a differentiating circuit to derive rate of change signals from sources such as a gyro system was completely novel at that time and industry representatives were sceptical to say the least. Hoelzer encountered substantial hostility from the companies involved in the development work for the A4. Only the obvious success of his control scheme eventually convinced the management. The resulting control system was dubbed Mischgerät, which can be translated as mixing unit, a camouflage term invented to disguise the real purpose of this first fully electronic onboard computer. 
		

		
			Figure 3.4 shows the main parts of the A4 guidance and control system. At the top of the rocket, directly below the war head, is a compartment containing the gyro system, an optional radio receiver/transmitter, and the all important Mischgerät, which controls the servo motors that operate the exhaust and air rudders at the lower end of the rocket. 
		

		
			21 See [Tomayko 1985, p. 232]. 
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			Fig. 3.4. Main elements of the A4 control sys-tem ([N. N. 1945, fig. 83]) 
		

		
		
			Fig. 3.5. Structure of the basic RC combination used in the Mischgerät (see [Hudson et al. 1945, p. 13]) 
		

		
			A more detailed schematic of the control system is shown in figure 3.6. 
		

		
			22 
		

		
			Shown on top of the picture is the main bus of the rocket supplying all subsys-tems with 27 Volts DC. Using two motor-generator units, denoted by Umf. I and 
		

		
			Umf. II, 
		

		
			23 
		

		
			this supply voltage is converted into the voltages required for the gyro 
		

		
			motors and the Mischgerät. The two gyros, Richtgeber D and Richtgeber EA are connected to the Mischgerät, which is shown in the middle of the figure. Using RC combinations denoted by RC Glied the input signals are differentiated, which 
		

		
			effectively implements a PD controller. 
		

		
			24 
		

		
			The resulting output signals are used to 
		

		
			drive the servo motors controlling the rudders. Figure 3.5 shows the structure of the basic RC combination used in the Mischgerät. 
		

		
			22 A much more in-depth treatment of the Mischgerät from the British perspective can be found in [Hudson et al. 1945]. Hoelzer, too, wrote in great detail about this device in the second (secret) part of this Ph. D. thesis (see [Hoelzer 1946/2]). 
		

		
			23 Short for Umformer, German for a motor-generator unit. 
		

		
			24 Using simple RC circuits directly to generate derivatives and integrations yields quite imprecise results. Since the gyro based control scheme for the A4 rocket only required linear terms and first and second derivatives, this was not a problem as long as the controller itself was operating in a stable way. More precise computing circuits as used in general purpose analog computers would have been too costly, too large and too complicated for the intended use of the rocket. 
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			Fig. 3.6. Simplified schematic of the A4 control system (see [N. N. 1945, fig. 80]) 
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			Fig. 3.7. The installed Mischgerät ([Trenkle 1982, p. 134]) 
		

		
			Figure 3.7 is a photograph of the control system’s compartment in an A4 rocket. The Mischgerät itself is denoted by MG, BB, and ZB are the main bat-tery and a supplemental battery, while U II is the second motor-generator unit powering the gyros, which are installed in one of the other quadrants of this com-partment on top of the rocket. 
		

		
			The Mischgerät itself is shown in figure 3.8 – its small size and rugged design are as obvious as they are remarkable. It is built on a base plate holding five plug-in modules, two at the bottom and three at the top. The empty space on the bottom right contains the connectors to the various rocket subsystems. 
		

		
			This device was described by [Tomayko 2000, p. 15] as the “first fully elec-tronic active control system ” and it had great influence on further developments as this quotation from [Bilstein 2003, p. 243] shows: 
		

		
			“Further work by other Peenemünde veterans and an analog guidance computer de-vised with American researchers at the Redstone Arsenal culminated in the ST-80, the stabilised platform, inertial guidance system installed in the Army’s 1954 Redstone mis-sile [ . . . ] The ST-80 of the Redstone evolved into Jupiter’s ST-90 (1957) [ . . . ] ” 
		

		
			3.1.2 Hoelzer’s analog computer 
		

		
			In parallel with his work on the Mischgerät and initially unnoticed by his supervi-sor, Helmut Hoelzer started development of a fully electronic general purpose 
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			Fig. 3.8. The Mischgerät (photo: Adri de Keijzer, reprinted with permission) 
		

		
			analog computer in 1941. This machine was also based on his idea of using RC combinations to perform integration and differentiation. He was confronted again with many objections and the prejudice by other people. Hermann Steuding 
		

		
			once commented about Hoelzer’s ideas: 
		

		
			25 
		

		
			“Young man, when I compute something, the results will be correct and I do not need a machine to verify it. By the way, machines cannot do this. ” 
		

		
			He was even forced by his supervisor to stop fiddling around with this electronic 
		

		
			contraption and concentrate on his real work, as he remembers vividly: 
		

		
			26 
		

		
			“My boss came to the laboratory where he saw the electronic contraption. He said: ‘Hoelzer, stop playing with this toy and do your work! I gave the only answer possible under these circumstances: ‘Yes, sir!’ Next morning, nothing was left in the lab – the computer had been moved to a small, windowless room. [ . . . ] Nevertheless, it seemed 
		

		
			25 See [Tomayko 1985, p. 234]. 
		

		
			26 See [Hoelzer 1992, pp. 13 f.]. 
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			important to me to develop a system that could aid the development of rocket control 
		

		
			systems significantly. [ . . . ] When it finally worked, everything was forgiven. ” 
		

		
			27 
		

		
			Further development on the analog computer continued in secret. After its com-pletion it not only proved to be a valuable tool, but moreover it played a central role in the A4 development process. Without this analog computer, many prob-lems, especially in the area of guidance and control of a ballistic missile like the A4, could not have been solved, at least not in time. In a short span of time many departments in Peenemünde used this machine actively to solve a variety of problems – even the word analog used to denote the setup of an analogon be-came part of engineer’s terminology. The influence of this computer cannot be overestimated as [Neufeld 2007, p. 133] makes clear. He describes this computer as “a fundamental innovation that really made a mass-produced guidance system possible ”. 
		

		
			Since this analog computer was intended to be a research instrument it had to be more precise than the simple RC combinations used in the Mischgerät for integration and differentiation. Hoelzer therefore used a controlled current source to charge the capacitor in the case of integration while a controlled voltage source was necessary for the differentiator. Both sources were implemented using AC 
		

		
			coupled amplifiers like those being used in the Mischgerät. 
		

		
			29 
		

		
			Figure 3.9 shows the basic schematic of the differentiator developed by Hoelzer for his analog computer. The input values for this computing element are AC voltages that are coupled inductively into the computing element and are amplified by a triode based input stage. A synchronous demodulator in the anode circuit of this tube rectifies the amplified input AC signal. The resulting DC signal is then used to charge the capacitor C while the charging current representing the derivative to be determined, causes a small voltage across resistor r . This voltage 
		

		
			27 “Mein Chef kam ins Labor, sah [den] elektronische[n] Drahtverhau und sagte nur: „Hoelzer, hören Sie doch endlich auf mit dieser elektrischen Spielerei und kümmern Sie sich um Ihre Aufgabe. Ab morgen ist das alles weg, verstanden?“ Ich sagte das einzige, was man in solcher Situation sagen konnte: „Jawohl, Herr Doktor. “ Am nächsten Morgen war alles weg und zwar war es jetzt in einem kleinen Raum ohne Fenster [ . . . ] Aber mir schien es auch wichtig, ein Gerät zu schaffen, welches, wie man damals dachte, in der Hauptsache für die Entwicklung von Raketensteuerungen von nicht zu überbietender Wichtigkeit war. [ . . . ] Als alles funktionierte, wurde mir dann vergeben.” 
		

		
			28 See [Petzold 1992, p. 57]. 
		

		
			29 In 1949 Edwin A. Goldberg applied for a patent that described a practical scheme of eliminating the drift effects in DC amplifiers. It was this invention that made the cumbersome AC coupled amplifier approach with the ring modulators, etc., superfluous and the subsequent rapid development of analog computers possible (see section 4.1.2). 
		

		
			30 The symbols in the schematic differ from those used today and are those used in Hoelzer’s dissertation. 
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			Fig. 3.9. Schematic of Hoelzer’s differentiator circuit (cf. [Hoelzer 1946, fig. I, 13]) 
		

		
			is then converted back into an AC voltage by a ring modulator, the output of which driving the grid of the output amplifier stage that in turn feeds several output transformers connected in series. 
		

		
			Apart from this demodulation and modulation scheme there are three note-worthy aspects in this circuit: 
		

		
			1. One of the outputs is used to generate a feedback signal, the amplitude of which can be set with the potentiometer shown in the upper right corner of figure 3.9. 
		

		
			2. The modulator and demodulator are both driven by a common carrier signal. 
		

		
			3. Finally, the differentiator employs a simple low pass filter consisting of R 
		

		
			gl 
		

		
			and Cgl 
		

		
			31 
		

		
			in order to suppress excessive noise. 
		

		
			32 
		

		
			The integrator circuit differs from the differentiator circuit only in a few respects: 
		

		
			The low pass filter consisting of R 
		

		
			gl 
		

		
			and Cgl 
		

		
			can be omitted since the operation of 
		

		
			integration itself acts as a low pass filter. In addition to that, the output stage is fed directly with the modulated voltage across the capacitor plates, so the resistor r is also no longer required. Figure 3.10 shows the basic schematic of the integrator used in Hoelzer’s analog computer. 
		

		
			31 The abbreviation gl denotes glätten, German for smoothing. 
		

		
			32 Differentiators are nowadays normally avoided in electronic analog computers since they naturally tend to increase the noise of a signal excessively. Hoelzer alleviated this problem by the inclusion of this low pass filter. 
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			Fig. 3.10. Schematic of Hoelzer’s integrator circuit (cf. [Hoelzer 1946, fig. I, 11]) 
		

		
			The analog computer also contained additional computing elements such as 
		

		
			multipliers, dividers, and square root function generators. 
		

		
			33 
		

		
			Especially interesting is a servo circuit suggested by Hoelzer to implement division and other operations, since this device is a direct forerunner of the later servo function generators and multipliers described in sections 4.5.1 and 4.6.1. Figure 3.11 shows the basic structure of this computing device. It essentially forms a bridge circuit with a servo motor driving two potentiometers R1 and Rout as its 
		

		
			central element. R 
		

		
			1 
		

		
			, the fixed resistor R 
		

		
			2 
		

		
			, and the two input transformers form the 
		

		
			actual bridge circuit. Every imbalance of this bridge will yield an error voltage that is amplified by the Amplifier A, which in turn drives the servo motor canceling out the imbalance by readjusting R1 according to the current input. 
		

		
			Since R 
		

		
			1 
		

		
			and R 
		

		
			out 
		

		
			are driven in tandem this self-adjusting bridge yields 
		

		
			y = 
		

		
			e1 (t) e2 (t) 
		

		
			out 
		

		
			, which needs an auxiliary supply voltage 
		

		
			eaux 
		

		
			at the output of the voltage divider R . 
		

		
			However, this divider circuit was not implemented during war time since the necessary servo motor could not be obtained. Instead Hoelzer implemented a divider based on the solution of the differential equation 
		

		
			1 
		

		
			A 
		

		
			y ˙ + ax = b 
		

		
			33 Explicit summers were not necessary since the modulated signals used to transmit values from one unit to another could simply be fed into the multiple transformer coupled inputs of the computing elements. These series connected transformers (see figs. 3.9 and 3.10) then implicitly performed the summing operation. 
		

	
		
			3.1 Helmut Hoelzer 
		

		
			53 
		

		
			eaux 
		

		
			❜ 
		

		
			❜ 
		

		
			❜ 
		

		
			❜ 
		

		
			❜ 
		

		
			❜ 
		

		
			❜ 
		

		
			❜ 
		

		
			✖✕ 
		

		
			✗✔ 
		

		
			❛ ❜ ❜ ❛ ❛ 
		

		
			❜ ❜ 
		

		
			y = 
		

		
			e1 
		

		
			(t) 
		

		
			e2 
		

		
			(t) 
		

		
			e1 
		

		
			e2 
		

		
			R2 
		

		
			A R1 Rout 
		

		
			Fig. 3.11. Simplified schematic of Hoelzer’s self-adjusting bridge (cf. [Hoelzer 1946, fig. II, 11]) 
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			Fig. 3.12. An improved integrator circuit (cf. [ Hoelzer 1946, fig. II, 11]) 
		

		
			where A denotes the gain of the amplifier used in the setup. A should be as high as possible to minimise errors. The multiplication ax was implemented by two ring modulators connected in series. 
		

		
			Figure 3.12 shows an improved integrator circuit that also was proposed by Hoelzer. The novel idea here is to simplify the integrator by using only a single AC coupled amplifier instead of two such stages. Since the integration capacitor needs a DC current to be charged, Hoelzer’s idea was to place the capacitor at one end of a ring modulator while the other side of the ring modulator was used to close a feedback loop over the amplifier. This idea anticipated the basic integrator design that would dominate analog electronic analog computers for the following decades. 
		

		
			Unfortunately, this circuit was also not realized during World War II since integrators based on the original design (figure 3.10) had already been built and worked reliably and satisfactorily. 
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			Fig. 3.13. Solution of a differential equation of fourth degree y + a y + by ¨ + cy ˙ + dy = f (t) with a feedback circuit employing four differentiators (cf. [ Hoelzer 1946, fig. II, 2]) 
		

		
			Hoelzer gives a good example how this first analog computer was pro-grammed in his 1946 dissertation where he outlines three different approaches for solving the following differential equation of fourth degree: 
		

		
			.... ... 
		

		
			y + a y + by ¨ + cy ˙ + dy = f (t) (3.1) 
		

		
			Figure 3.13 shows a straightforward approach using four differentiating ele-
		

		
			... .... 
		

		
			ments in series to derive y ˙ , y ¨ , y and y from y . The required y is generated by adding these derivatives (multiplied by proper coefficients) and an input function f (t). 
		

		
			As straightforward as this solution is, it has a severe drawback: The differen-tiator chain will increase noise in the variables used, despite the low pass filters employed in each differentiator. Being aware of this fact Hoelzer proposed a second approach using four integrators, which is shown in figure 3.14. This setup is the same as any later analog computer programmer would have proposed it. In fact, this computer setup results from the application of the Kelvin feedback technique, which Hoelzer probably wasn’t aware of. 
		

		
			Unfortunately, this solution was not without problems, either. It solved the inherent noise problem of the purely differentiator based approach but introduced yet another problem due to the non-ideal characteristics of the computing ele-ments, namely the capacitors: Every integrator introduced some amount of drift due to leakage in its integration capacitor. Thus, this circuit was also suboptimal in solving equation (3.1). 
		

		
			To alleviate these problems Hoelzer suggested a third setup shown in figure 3.15. This approach is a combination of the integrator or differentiator based 
		

		
			34 See [Hoelzer 1946]. 
		

		
			35 See section 7.2. 
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			Fig. 3.14. Solution of a differential equation of fourth degree y + a y + by ¨ + cy ˙ + dy = f (t) with a feedback circuit employing four integrators (cf. [ Hoelzer 1946, fig. II, 1]) 
		

		
			✘ ✘ 
		

		
			✚ 
		

		
			❳ ❳ 
		

		
			❩ 
		

		
			1 
		

		
			a 
		

		
			c 
		

		
			d 
		

		
			f (t) 
		

		
			Output 
		

		
			y ¨ | 
		

		
			t=0 
		

		
			y ˙ | 
		

		
			t=0 
		

		
			y | 
		

		
			t=0 
		

		
			... 
		

		
			y | 
		

		
			t=0 
		

		
			.... 
		

		
			y | 
		

		
			t=0 
		

		
			by ¨ 
		

		
			1 
		

		
			b 
		

		
			= y ¨ 
		

		
			y ¨ −→ y ˙ 
		

		
			y ˙ −→ y 
		

		
			dt ... 
		

		
			y ¨ −→ y 
		

		
			... dt .... 
		

		
			y − → y 
		

		
			.... ... 
		

		
			Fig. 3.15. Solution of a differential equation of fourth degree y + a y + by ¨ + cy ˙ + dy = f (t) with a feedback circuit employing two differentiators and two integrators (cf. [Hoelzer 1946, fig. II, 3]) 
		

		
			setups and uses two differentiators as well as two integrators thus minimizing the 
		

		
			negative effects of each type of computing element. 
		

		
			36 
		

		
			Figure 3.16 shows the analog rocket motion simulation computer as it was built in the first half of the 1940s. The three top frames contain various comput-ing elements such as integrators, differentiators, a model transmitter, and meters for the various angles, flight time, etc. Below is an electromechanical function generator based on multiple cams mounted on a central shaft driven by a motor which made variable coefficient simulations possible. The bottom compartment contains the power supplies and a motor-generator unit producing the carrier fre-quency signal for the modulators and demodulators. However, this machine was 
		

		
			36 Later analog computers avoided differentiators wherever possible, but this required some substantial technological advances, most notably very high gain drift stabilised DC amplifiers and high precision computing capacitors. 
		

		
			37 See [Hosenthien et al. 1962] for a detailed description of this particular system as well as its successors. 
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			3 The first electronic analog computers 
		

		
			Fig. 3.16. Hoelzer’s analog computer for rocket motion simulation as it was found after World War II (source: NASA, Marshall Space Flight Center) 
		

		
			not a true general purpose analog computer as its computing elements could not be connected freely. Instead it featured a fixed internal structure optimised for its task of simulation rocket motion. 
		

		
			Two of these analog computers were finally built, one of which was taken to the United States where it was used until about 1955. It was used for vari-ous early rocket development projects such as the Hermes rocket. Based on this machine an improved version was developed under von Braun in 1950 that was 
		

		
			38 In 1993 Helmut Hoelzer started building a replica of this first analog computer, which was completed in 1995. This machine is now part of the collection of the Deutsches Tech-nikmuseum Berlin. 
		

		
			39 This is the machine shown in figure 3.16. 
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			used for about ten years and proved to be a valuable tool in the development of the Redstone and Jupiter rockets as well as for the design of the first satellite of the United States, Explorer I. 
		

		
			3.2 George A. Philbrick’s Polyphemus 
		

		
			In 1938 George A. Philbrick, 
		

		
			41 
		

		
			who worked for Foxboro, 
		

		
			42 
		

		
			wrote a proposal 
		

		
			describing a novel simulator for process control systems. The main goals of the 
		

		
			development were stated as follows: 
		

		
			44 
		

		
			“We attempt to describe a method for the rapid and easy solution of problems which arise in connection with the technical study of process control. Also included is an electri-cally operated unit capable of disclosing the behaviour of controlled systems as influenced by their various physical characteristics. ” 
		

		
			Philbrick started with simple analogies like a capacitor modeling a tank, a resis-tor representing a valve restricting the flow of a medium, etc. Figure 3.17 shows an example used by Philbrick in 1938. Depicted are three tanks T1 , T2 , and T3 connected by pipes P1 and P2 , which contain valves V1 and V2 . These series 
		

		
			connected tanks can be filled via P 
		

		
			in 
		

		
			and drained by P 
		

		
			out 
		

		
			. The latter pipe also 
		

		
			contains a valve V 
		

		
			out 
		

		
			. 
		

		
			At first, he proposed to model this three tank system by means of passive electronic components, with resistors representing the valves and capacitors representing the tanks as shown in figure 3.18. 
		

		
			Of course more complex simulations would require some kind of amplifier so Philbrick was faced with pretty much the same problem as Hoelzer in Germany: No such devices existed in the late 1930s and state of the art DC amplifiers showed excessive drift, making precise simulations impossible. Consequently, Philbrick decided to use AC amplifiers in some of his simulators as did Hoelzer but omitted the modulator and synchronous demodulator circuits since his simulator was intended to be used in a mode of operation now known as repetitive opera-
		

		
			40 See [Tomayko 2000, p. 236]. 
		

		
			41 01/05/1913–12/01/1974 
		

		
			42 Founded as Industrial Instrument Company in 1908, Foxboro (now owned by Schneider Electric) still is one of the leading brands of industrial control and measurement systems. 43 The term simulator is defined by [Holst 1982, p. 144] as follows: “A simulator is a fixed (to a large degree) structure embodying one unique model. [ . . . ] A simulator’s purpose is specific: to provide the accurate realization of its model for various parameters, stimuli, and operator interactions of interest to its users.” 
		

		
			44 Cf. [Holst 1982, p. 143]. 
		

		
			45 Cf. [Holst 1982, p. 149]. 
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			Fig. 3.17. Three interconnected tanks (cf. [Holst 1982, p. 146]) 
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			Fig. 3.18. Simulation circuit for the three interconnected tanks of figure 3.17 (cf. [Holst 1982, p. 146]) 
		

		
			tion. In this mode a simulation is run automatically over and over again in quick succession which makes it possible to display the solution of the problem as a flicker-free graph on an oscilloscope. Changing the settings of the potentiome-ters representing coefficients of the system being simulated causes this graph to change immediately, making this an incredibly powerful tool for investigating the behaviour of dynamic systems. 
		

		
			Based on these ideas Philbrick set out to develop a process simulator that was eventually called Polyphemus due to its appearance, with a single oscilloscope mounted in the top section of a 19-inch rack holding the simulator’s components. With some imagination this setup looked a bit like Polyphemus, the Cyclops of the Odyssey. 
		

		
			Although the basic structure of this simulator was fixed, it could be adapted to different simulation tasks, within limits, by means of a removable cardboard front plate. This plate contained a schematic diagram showing the structure of the process to be simulated and annotations for the various control elements of the simulator like potentiometers, etc. Figure 3.19 shows Polyphemus with a faceplate representing a system consisting of two liquid baths with stirrers and steam and cold water inlets. Other face plates depicting pneumatic controllers, etc., were also available. 
		

		
			46 Cf. [Holst 1982, p. 152]. 
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			Fig. 3.19. George A. Philbrick’s Polyphemus (see [ Philbrick 1948, p. 108]) 
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			3 The first electronic analog computers 
		

		
			Fig. 3.20. Seven-stage amplifier from George A. Philbrick’s laboratory notebook, March 11, 1940 (see [Holst 1982, p. 154]) 
		

		
			Although Polyphemus was intended as a tool for basic research it turned out to be much more versatile and useful. Eventually, it was mainly used as a training simulator and as an aid for sales people that could easily be used to demonstrate the behaviour of a proposed process controller to prospective customers. In 
		

		
			retrospective Polyphemus has been described as follows: 
		

		
			48 
		

		
			“In those days, an electronic analog machine was a pioneering venture. The Kelvin-Bush differential analysers were mechanical, expensive, and very large. Appropriate elec-tronic techniques, if they existed, were not available. Nevertheless, it was evident that only this medium offered the required flexibility and speed, not to mention economy. ” 
		

		
			This world’s first all electronic process simulator is now part of the collection of the Smithsonian Institution – its successor, featuring two oscilloscopes and thus no 
		

		
			longer looking like a Cyclops, was in active use at Foxboro well into the 1980s. 
		

		
			49 
		

		
			To get an impression of the complexity of the circuits developed by George A. Philbrick for his numerous process simulators, figure 3.20 shows the schematic diagram of a seven stage circuit that models a process controller – particularly noteworthy are the two diodes for implementing non-linear responses as well as the DC coupled subcircuits. 
		

		
			In 1946 George A. Philbrick founded a company named GAP/R, short for George A. Philbrick Researches, that developed and sold products ranging from operational amplifiers to fully fledged analog computers and simulators. These 
		

		
			47 See [Holst 1982, pp. 153 f.]. 
		

		
			48 See [GAP/R Evolution]. 
		

		
			49 Cf. [Holst 1982, pp. 155 f.]. 
		

		
			50 See section 4.1. 
		

	
		
			3.3 Electronic fire control systems 
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			owed much to his early experiences with Polyphemus and its successors. One of the most famous products of his company was the first commercially available operational amplifier, the K2-W, which shaped a whole industry. In 1966 GAP/R merged with Teledyne to form Teledyne-Philbrick. 
		

		
			3.3 Electronic fire control systems 
		

		
			The decline of mechanical fire control systems like those described in section 2.7 had already started before the advent of World War II. This was not due to insufficient accuracy or precision or even slow response times – in fact, the military feared that in the case of a war the sheer complexity of these machines would prevent their production in sufficient quantities. The main obstacles were that the necessary parts and resources would be short in supply in such a situation and the necessary highly skilled craftsmen would not be available due to other war effort demands. To make things even worse the rapid development of radar systems also rendered the classic fire control systems obsolete since they could not be directly coupled with radar stations. 
		

		
			In 1940 David B. Parkinson, who worked for the Bell Telephone Laborato-ries (BTL ), and his coworkers were developing an automatic level recorder, a kind of a strip-chart recorder employing a logarithmic scale. To drive the recorder’s pen a servo mechanism based on a feedback scheme was necessary and this in-spired Parkinson to think about using this technique for the automatic control 
		

		
			of azimuth and elevation of a gun. 
		

		
			53 
		

		
			His supervisor, Clarence A. Lovell, was 
		

		
			enthusiastic about this idea and together they started a thorough investigation of 
		

		
			the necessary technology and mathematics. 
		

		
			54 
		

		
			It was decided to use DC voltages to represent the various variables in a fire control calculation. Coordinates of the target and the gun were represented in a three-dimensional Cartesian coordinate system requiring computer circuits for implementing trigonometric functions, summing, differentiation, etc. Target speed components would be generated by electronic differentiation of the position signals. Parkinson summarized the main features of the proposed fire control 
		

		
			computer as follows: 
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			51 See section 4.1. 
		

		
			52 See [Clymer 1993, p. 30]. 
		

		
			53 In [222, p. 135] Parkinson describes a lucid dream that led him to this development. See also [Zorpette 1989]. 
		

		
			54 It is remarkable that “[n]either Parkinson nor Lovell had any experience in fire control; they did not even know of the existence of mechanical gun directors ” as [222, p. 137] states. 55 See [Mindell 1995, p. 73]. 
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			Fig. 3.21. Basic fire control task 
		

		
			“It required (1) a means of solving equations electrically (potentiometers), (2) a means of deriving rate for prediction (an electrical differentiator), and (3) a means of moving the guns in response to firing solutions. ” 
		

		
			The patent application 
		

		
			56 
		

		
			states this explicitly: 
		

		
			“An important form of the invention is a device which, when supplied with electrical voltages proportional to two sides of a triangle, will set itself to indicate an angle of the triangle and to produce a voltage proportional to the other side of the triangle. Another form of the invention is a device which, when supplied with voltages proportional to the rectangular coordinates of a point, will set itself to indicate the polar coordinates of the point.” 
		

		
			The basic problem of aiming a gun is shown in figure 3.21. The instantaneous Cartesian coordinates of a target T , provided by the tracking radar, with respect to the position D of the gun are given as x, y , and z . Based on these, the gun’s azimuth and elevation angles α and ε have to be computed, taking into account the future predicted position of the target and the ballistic characteristics of the shell. 
		

		
			Figure 3.22 shows the structure of a trigonometric function generator devel-oped by Lovell, Parkinson, and Weber, which was used in their electronic fire control computer. The motor on the far left is running with constant speed and drives two bevel gears 3 and 4, which rotate in clockwise and counterclockwise direction respectively. Two electromagnetic clutches, 5 and 6, can be activated by a control signal thus controlling, which gear will be coupled to the vertical shaft, which in turn drives the two potentiometers shown at the top left of the figure. 
		

		
			56 See [Lovell et al. 1946]. 
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			Fig. 3.22. Sine/cosine generator used in the T-10 fire control computer ([ Lovell et al. 1946, fig. 1/2]) 
		

		
			The control signals for these two clutches were generated by the comparator circuit shown in the box denoted by 7. This circuit can generate three different control signal combinations: Upper clutch, lower clutch or no clutch at all will be engaged. These states are controlled by the input signal connected to the appropriately biased grid of the triode labelled 70. 
		

		
			It should be noted that the lower of the two potentiometers shown is a linear potentiometer yielding a voltage varying linearly with the angular position of its wiper when connected as a voltage divider, while the upper potentiometer is of a special type, wound to deliver a voltage corresponding to the desired trigonometric function of the wiper angle. 
		

		
			The combination of this circuit with an amplifier finally yields a servo system that can be used to automatically compute sin(α), etc., given an angle α. This forced Lovell, Parkinson, and Weber to develop an amplifier circuit as shown 
		

		
			in figure 3.23, which is a precursor of later operational amplifiers. 
		

		
			57 
		

		
			This amplifier acts as an inverting summer 
		

		
			58 
		

		
			with two inputs connected to the 
		

		
			resistors 95 and 96 and a feedback resistor 94. Using this amplifier and the device shown in figure 3.22, a servo system can now be implemented by connecting the output of this summer to the input of the comparator controlling the two clutches. The inputs of the summer are connected to the output of the linear potentiometer 
		

		
			57 See section 4.1. 
		

		
			58 See section 4.2. 
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			3 The first electronic analog computers 
		

		
		
			Fig. 3.23. Operational amplifier used in the T-10 fire control computer ([Lovell et al. 1946, fig. 5]) 
		

		
			and a circuit yielding α. Whenever α deviates from the angular position of the potentiometers’ wiper the summer will generate a positive or negative output signal thus forcing the comparator to engage either the upper or the lower clutch to minimise the error between the wipers’ position and the value α. 
		

		
			Lovell, Parkinson, and Weber realized that the computing elements they proposed were not limited to fire control but could be used to solve a variety of problems as the following quote from [Mindell 1995, p. 74] shows: 
		

		
			“A digression from the principal subject is made to comment that the use of servo mechanisms to solve simultaneous systems of equations is feasible and, in a large number of cases, practicable. This fact may lead to the application of this type of mechanism to the solution of many types of problems dissociated from the one in question. ” 
		

		
			The actual circuit developed for the implementation of a coordinate transforma-tion relies on the observation that 
		

		
			x = h cos(α) (3.2) y = h sin(α) (3.3) 
		

		
			given the triangle x, y , h in figure 3.21. (3.2) and (3.3) can be expanded to 
		

		
			x sin(α) = h cos(α) sin(α) 
		

		
			y cos(α) = h sin(α) cos(α) 
		

		
			yielding x sin(α) − y cos(α) = 0, which is used to control the basic servo circuit of the coordinate resolver shown in figure 3.24. 
		

		
			This circuit has two inputs x and y , which are connected to two specially wound potentiometers 12 and 18 with four connections each. The two polarity re-
		

		
			versing repeater devices are in fact summers with only one input each and gain 1. 
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			59 These could also be called inverters. 
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			Fig. 3.24. Coordinate resolver used in the T-10 fire control computer ([ Lovell et al. 1946, fig. 4]) 
		

		
			Both potentiometers are connected to −x, ground (representing the value 0), x, 0 and −y , 0, y , 0 respectively. Each potentiometer has two wipers mounted at an angle of π/2 driven by a common shaft that can be connected to one of the two bevel gears driven by a motor by means of the two clutches denoted by 5 and 6. 
		

		
			The potentiometers are wound in such a way that their resistance represents sin(φ) and cos(φ) with φ denoting the wiper angle (due to the two wipers mounted at a relative angle of π/s with respect to each other, both functions are gener-ated simultaneously using only one such potentiometer). Thus, the wipers 14 and 22 yield x sin(α) and x cos(α) while the lower potentiometer generates −y cos(α) and y sin(α) at its wipers 19 and 21 respectively. The summing repeater 15 now computes the value 
		

		
			c = x sin(α) − y cos(α), (3.4) 
		

		
			which is used to control the comparator 7 driving the two clutches, thus closing the servo loop. As long as c equals zero, both clutches are disengaged. As soon as c deviates from zero, one of the clutches will be activated, thus connecting the central shaft driving the two potentiometers to the motor, which will in turn minimise the error term c until it reaches zero again. Thus, the angular position of the wipers is α, which can be used to control the gun’s azimuth. 
		

	
		
			66 
		

		
			3 The first electronic analog computers 
		

		
			The second summing repeater, 62, computes h = x cos(α) + y sin(α), which is 
		

		
			the horizontal range to the target. Using this value and z as inputs for a second, identical circuit, eventually yields h and the elevation angle ε represented by its potentiometer shaft position. It was even suggested to make the motors driving these two sub-circuits strong enough so that they could actually drive the gun directly to point it to the target T . 
		

		
			The resulting fire control computer T-10 consisted of four such servo circuits as well as 30 summing amplifiers and five power supplies. Since the voltages repre-senting the Cartesian coordinates of the target with respect to the gun’s location often changed quite slowly, the amplifiers had to be DC coupled amplifiers – thus introducing unavoidable drift effects into the calculations. Assuming that ampli-fier 15 of figure 3.24 exhibits a drift error voltage e this would cause the servo circuit to try making 
		

		
			c = x sin(α) − y cos(α) + e 
		

		
			zero instead of the term (3.4). This, in turn, results in non-negligible errors re-garding α, ε, h and h . Accordingly, the T-10 computer featured additional inputs to its summing amplifiers, which were connected to potentiometers. These had to be adjusted manually to minimise the drift voltage e of each amplifier. In addition to that problem, the T-10 relied on the computation of derivatives thus introduc-ing additional noise into the control signals used to drive the servo circuits. This required the implementation of complex filter networks, further complicating its circuitry. 
		

		
			Despite of these shortcomings, the T-10, which was eventually produced under the designation M-9 and coupled directly to a SCR-584 radar system, proved to be greatly superior to the earlier mechanical fire control computers. Due to its easier manufacturing, it was decided on February 12, 1942 to stop all developments of mechanical fire control systems and to concentrate on all electronic devices in the 
		

		
			future. The hopes were high regarding the M-9: 
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			“The M-9 Director, electrically operated, is, we feel in Ordnance, one of the greatest advances in the art of fire control made during this war, and we anticipate from the M-9 Director very great things as the war goes on. ” 
		

		
			These hopes were not in vain as it turned out – the M-9 was deployed in large numbers to Great Britain to shoot down V1 German flying bombs. Initially 10 to 34 percent of the incoming flying bombs could be downed automatically and 
		

		
			sometimes even higher rates were achieved: 
		

		
			63 
		

		
			60 See [Higgins et al. 1982, p. 225]. 
		

		
			61 See [222, pp. X f.]. 
		

		
			62 Eventually more than 3000 M-9 gun directors were built and deployed. 63 Cf. [222, p. 148]. 
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			“In a single week in August, the Germans launched 91 V1’s from the Antwerp area, and heavy guns controlled by M-9’s destroyed 89 of them. ” 
		

		
			Using the M-9, coupled with the use of proximity fuses, brought the number of shells required to hit an enemy aircraft down from many thousand to a mere 100. 
		

		
			Hitting an incoming V1 flying bomb required about 200 shells. 
		

		
			64 
		

		
			Later developments such as the experimental fire control computer T-15 took many more parameters and effects into account, such as drift of the shell dur-ing flight, windage correction, muzzle velocity, air density, etc. The T-15 per-formed all computations in polar coordinates thus eliminating the coordinate sys-
		

		
			tem transformations otherwise necessary. 
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			The technologies developed for these fire control computers formed the basis for following developments like a trainer for aerial gunners that already used continuously operating servo systems in contrast to the controlled clutches of the T-10. Even more complex was the Flight Training Apparatus developed in 1948 
		

		
			by Dehmel, 
		

		
			68 
		

		
			which implemented the basic operation of integration by means of 
		

		
			a servo system controlling a potentiometer, the angular wiper position of which corresponds to the integral of the function applied to the servo circuit, etc. 
		

		
			3.4 MIT 
		

		
			In the fall of 1945 A. B. Macnee set out to develop an all electronic analog 
		

		
			computer at the MIT because 
		

		
			69 
		

		
			“[ . . . ] it was felt that there was considerable need for a differential analyser of some-what different characteristics from any then in existence or under development. There appeared to be the need for a machine having the following characteristics: (a) moderate accuracy, of perhaps 1 to 10 per cent, (b) much lower cost than existing differential anal-ysers, (c) the ability to handle every type of ordinary differential equation, (d) high speed of operation, (e) above all, extreme flexibility in order to permit the rapid investigation of wide ranges of equation parameters and initial conditions. ” 
		

		
			64 See [Zorpette 1989]. 
		

		
			65 [Boghosian et al. 1950] gives an impression of the complexity of these fire control com-puters. 
		

		
			66 Another system that performed all calculations in Cartesian coordinates is described in [Bedford et al. 1952]. 
		

		
			67 See [Dehmel 1949]. 
		

		
			68 See [Dehmel 1954]. 
		

		
			69 See [Macnee 1948, p. 1]. 
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			3 The first electronic analog computers 
		

		
			These goals summarize the main advantages of an all electronic approach to build-ing analog computers. The high-speed operation mentioned is a very important feature since it allows the behaviour of systems modelled on the analog computer to be explored in a highly interactive way and often even faster than real-time. The operator can change the parameters of a simulation and immediately see the effects these changes have on the system. 
		

		
			This particular system developed by Macnee consisted of integrators, sum-
		

		
			mers, a high-speed function generator, 
		

		
			71 
		

		
			and a high-speed multiplier. 
		

		
			72 
		

		
			One of 
		

		
			the novel ideas employed in this computer was that it ran in a repetitive mode of operation with a repetition rate of 60 Hz between individual computer runs, thus allowing a flicker-free picture to be displayed on an oscilloscope. Apart from the fact that this greatly facilitated interactive operation where an operator can change various parameters of a simulation, it had the additional benefit that AC coupled amplifiers could be used in the computer since even constant values would continuously reset 60 times a second due to the repetitive operation. Thus, it was possible to completely avoid using DC coupled amplifiers with their inevitable drift. 
		

		
			As an example of the capabilities of this early machine, figure 3.25 shows a 
		

		
			particular solution for the Mathieu equation 
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			I + ω 
		

		
			2 
		

		
			0 
		

		
			(1 + ε cos(ω 
		

		
			m 
		

		
			t)) = 0 (3.5) 
		

		
			obtained by this electronic analog computer. The three curves shown on the os-cilloscope’s display are I , −I and I . 
		

		
			No other technology in the 1940s would have allowed the solution of such an equation in only 1/60 of a second. Machines like this MIT analog computer made it crystal clear that the days of mechanical and electromechanical analog computers were gone and the future belonged to high-speed electronic devices. These machines were destined to become crucial elements for the technological progress of the 1950s to the late 1970s. 
		

		
			3.5 The Caltech Computer 
		

		
			Compared with the machines described so far, the Caltech (short for California Institute of Technology ) analog computer was a behemoth – it weight 15 tons 
		

		
			70 Even not too low compared to our modern day stored-program digital computers in many cases. 
		

		
			71 This function generator was based on optical feedback as described in section 4.5.3. 
		

		
			72 See section 4.6.2. 
		

		
			73 See section 8.9. 
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			Fig. 3.25. A particular solution of the Mathieu equation (3.5) obtained with Macnee’s all elec-tronic analog computer, 1948 
		

		
			and occupied a considerable amount of floor space in its final incarnation. This machine was the first development task of the Caltech Analysis Laboratory , which was established in 1946. The computer was initially developed by Gilbert D. 
		

		
			McCann 
		

		
			74 
		

		
			and Harry E. Criner and was put into active service as early as 
		

		
			1947 in a partially completed state. Even in this early stage of development the system was successfully applied to solve problems for the Jet Propulsion Laboratory (JPL ), the military, and various aerospace companies. 
		

		
			The Caltech Computer differed substantially in its structure from the ma-chines described previously as it used mainly passive electronic components, such as resistors, inductors, capacitors, and transformers instead of more ab-stract computing elements based on operational amplifiers as proposed and used by Hoelzer, Philbrick, and Macnee. The system was aptly named a Direct Analogy Electrical Analog Computer and resembled more of an intricate electric Tinkertoy kit than an abstract mathematical machine. Figure 3.26 shows about half of the computing and control elements of the completed system. A noteworthy device is the forcing function generator visible in the lower left of the picture. It consists of a motor driven axle on which machined disks are mounted, which move the sliders of potentiometers thus generating arbitrary functions, which could be fed into an analog computer setup to explore the behaviour of forced systems. 
		

		
			Figure 3.27 shows a typical setup of the Caltech analog computer. The rhom-bus shape represents a function generator, the rectangular box below is a multi-
		

		
			74 McCann shifted his research from computers to nervous systems, visual perception, and other biological topics. 
		

		
			75 See [Caltech 1949]. A wealth of information on the application of such passive analog computers can be found in [Paschkis et al. 1968] and [Volynskii et al. 1965]. 
		

		
			76 There were two types of function generators employed in this analog computer: a diode function generator as described in section 4.5.5 and photoformers (see section 4.5.3) denoted by a rhombus sign. 
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			Fig. 3.26. The Caltech analog computer 
		

		
			plier (with implicit sign inversion as denoted by the −M ), while the small box on the bottom is a summer. The circular component on the left denotes the forcing function generator, which produces a time-dependent forcing function as an input to the computer setup. This setup solves the differential equation 
		

		
			F (x) = k1 
		

		
			d y 
		

		
			dx 
		

		
			+ f (y ) 
		

		
			dy 
		

		
			dx 
		

		
			+ k2 
		

		
			y (3.6) 
		

		
			by implementing its electric equivalent 
		

		
			E0 (t) = Lq ¨ + 
		

		
			AMR 
		

		
			C 
		

		
			q 
		

		
			f1 (q )q ˙ + . (3.7) G 
		

		
			It was also possible to solve partial differential equations on the Caltech analog computer by discretising space (or time) along one or more axes resulting in a finite difference mesh-like network of (mostly) passive components. Due to the limited number of such passive computing components these discretisations were pretty coarse but nevertheless useful for a variety of problems. Figure 3.28 shows a typical setup of this machine for a partial differential equation. The system was successfully applied to 4 order partial differential equations as well as to systems of simultaneous partial differential equations. 
		

		
			It is interesting to note that the high degree of interactivity typical of analog computers was put into use and mentioned as early as in 1949. [McCann 1949, p. 507] notes: 
		

		
			“Since circuit element settings and inserted mesh currents can be changed rapidly, iterative methods of solution can be set up in a very short time ” 
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			Fig. 3.27. Setup of equation (3.6) transformed into (3.7) on the Caltech analog computer (see [McCann 1949, p. 505]) 
		

		
		
			Fig. 3.28. Setup of the Caltech analog com-puter for solving the finite difference equiv-alent of a partial differential equation (see [McCann 1949, p. 507]) 
		

		
			The wealth of applications of this remarkable analog computer is described in [McCann 1949] and [McCann et al. 1949]. Among these were servomechanisms and automatic control systems, missile, and autopilot related problems, the anal-ysis of mechanical vibrations, the solution of linear and non-linear ordinary differ-ential equations, partial differential equations describing the behaviour of elastic beams and plates, and many more. 
		

		
			Richard H. MacNeal especially remembers the work on beams as follows: 
		

		
			77 
		

		
			“[. . . ] MacCann [. . . ] along with Harry E. Criner, had worked out how to model beams with electric analog computers, using transformers as a primary agent. For vi-brations, you would use inductors for stiffness and capacitors for mass. [. . . ] In those days, aircraft were analyzed as beams. There was one beam for the fuselage, one beam for the left wing [. . . ] One of the most serious problems in aircraft structural analysis is the flutter problem, which is the instability issue. We got to the point where we could do that fairly well.” 
		

		
			Following this brief description of a few of the earliest electronic analog computers the following chapter will now focus on the basic computing elements employed in analog electronic analog computers past, present, and future alike. 
		

		
			77 See [MacNeal 2002, pp. 5 ff.] 
		

	
		
			4 Basic computing elements 
		

		
			The following chapters give an overview of the most important computing el-ements found in a typical electronic analog computer. Some functions, such as multiplication, can be implemented in very different ways. Although often only one implementation variant prevails, other approaches will be also presented to show the wide range of possible implementations. 
		

		
			An analog computer typically relies on voltages for representing and transmit-ting values between the various computing elements, which constitute a computer setup for a particular problem. These voltages can only take on values within a cer-tain interval. For most vacuum tube based analog computers this interval ranges from −100 V to +100 V while most (but not all) transistorised analog computers and later machines used values in the range of −10 . . . 10 V. To simplify things it is common to think of variables occurring in an analog computer setup to be in the interval [−1, 1] regardless of the actual voltages used in a particular ma-chine. The bounds of this interval are called machine units and correspond to the actual minimum and maximum voltages for any given machine. Thus, a variable represented by +50 V on a ±100 V machine is said to have the value 0.5. The same value would describe a variable represented by 5 V on a ±10 V transistorised system. All calculations are thus with respect to these machine units of ±1 and never with respect to the actual range of voltages used by a particular analog computer. 
		

		
			All computing elements described in the following sections will work on nor-malized values in the range of ±1 machine unit. 
		

		
			4.1 Operational amplifiers 
		

		
			The central element of every electronic analog computer is the operational ampli-fier, which forms the heart of most computing circuits such as summers, integra-tors, etc. This central role of the operational amplifier led to the following remark by [Truitt et al. 1960, p. 2-58]: “ The Operational Amplifier is the King of Analog Computing Components ”. It was clear from the beginning of the development of 
		

		
			1 Most classic analog computers use voltages except machines made by Applied Dynamics, which used currents. Modern implementations of analog computers on integrated circuits will mainly use currents to represent values. 
		

		
			2 These two voltage ranges are not the only ones to be found in actual machines – some tube based circuits work with values in the range of ±50 V and some transistorised analog computers even allow values between +100 and −100 V while others work with voltages ranging from −5 V to +5 V. 
		

		
			https://doi.org/10.1515/9783110787740-004 
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			electronic analog computers that high gain amplifiers capable of working on DC voltages with negligible error voltages caused by drift effects and the like were re-quired for usable general purpose machines. Hoelzer, Philbrick, MacNee and all of the other pioneers were plagued by the deficiencies of their respective am-plifiers. Hoelzer overcame these problems by resorting to AC coupled amplifiers operating on modulated AC signals, which required modulator and demodulator circuits, while MacNee solved this problem by building a machine that computed at such high speed that he could use drift free AC amplifiers in his machine. 
		

		
			It was not until 1949 that a practical drift correction technique was devel-oped by Edwin A. Goldberg. This made the implementation of high precision operational amplifiers with extremely high gain and very low drift possible, which 
		

		
			led to a revolution in the development of analog electronic analog computers. 
		

		
			4 
		

		
			The term operational amplifier was coined by John Ragazzini in 1947 and 
		

		
			defined as follows: 
		

		
			6 
		

		
			“As an amplifier so connected can perform the mathematical operations of arithmetic and calculus on the voltages applied to its input, it is hereafter termed an ‘Operational Amplifier’.” 
		

		
			Figure 4.1 shows the symbol used today to denote an operational amplifier in a schematic. Typically such an amplifier has two inputs, one inverting and one non-inverting, and one output that represents the amplified difference between the values applied to the inputs. In most analog computers, the non-inverting input is not available for use in a computer setup and is either connected to ground – rep-resenting the value zero – or used for drift compensation. Thus, differing from the standard symbol used in today’s electronics – an open operational amplifier, i. e., an amplifier that has no elements connecting its output to its input, is normally denoted by the symbol shown in figure 4.2 in an analog computer setup diagram. This computing element always inverts the sign of its input signal. 
		

		
			In the early 20 
		

		
			th 
		

		
			century amplifiers were normally operated in a rather 
		

		
			straightforward mode of operation since they did not use any kind of feedback to stabilise their behaviour. Thus, these amplifiers were quite unstable and difficult to use since even the slightest changes regarding their components resulted in massively different behaviour of the overall amplifier. Then, in 1927, Harold 
		

		
			3 See section 4.1.2. 
		

		
			4 A comprehensive account of the history of operational amplifiers can be found in [Jung 2006], which is very worthwhile to read. 
		

		
			5 1912–11/22/1988 
		

		
			6 See [Ragazzini et al. 1947]. It should be noted that the developments on which this paper is based were mostly done by Loebe Julie, (12/10/1920–06/07/2015) who was working under the auspices of George A. Philbrick at Bell Labs (cf. [Jung 2006, p. 779]). 
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			Fig. 4.1. Symbol of an operational amplifier 
		

		
			e1 
		

		
			eo 
		

		
			Fig. 4.2. Symbol of an open or uncommitted amplifier 
		

		
			Stephen Black invented the negative-feedback amplifier that should become one of the most influential basic circuits in electronics. He was elected as a member of the “Electrical Engineering Hall of Fame” for his seminal work on amplifiers (see [Britain 2011]). The idea of negative-feedback was so novel and unusual that it took nine years from Black’s patent application to its issuance 
		

		
			(see [Jung 2006, p. 767]). 
		

		
			9 
		

		
			At the time, Black was working for the Bell telephone laboratories and his negative-feedback scheme that is taken as granted today allowed the Bell telephone system to successfully implement carrier telephony, which was until then hampered by the poor stability and high distortion of existing amplifiers without negative feedback; these were prone to errors caused by varying supply voltages, aging of circuit elements (especially the tubes), etc. 
		

		
			Figure 4.3 shows the basic concept of Black’s invention: An amplifier consist-ing of an odd number of inverting stages (resulting in an inverting amplifier) is fed with two signals that are applied to its inverting input: The desired signal E itself, which is connected via a series resistor C and a feedback signal originating from the output of the amplifier. This signal is connected to the input of the amplifier be means of a feedback resistor f . Figure 4.4 shows this principle using today’s standard symbols. 
		

		
			The idea of feeding back some amount of the output signal of an inverting amplifier to its input allows to trade gain for stability as the following consideration shows: With A denoting the gain of the amplifier and eSJ representing the voltage at the summing junction at its inverting input, as in figure 4.4, its output voltage is 
		

		
			eo 
		

		
			= −Ae 
		

		
			SJ 
		

		
			7 04/14/1898–12/11/1983 
		

		
			8 A detailed account of Black’s work is given in [Kline 1993] and [Mindell 2000]. 
		

		
			9 It should be noted that Black was not the only developer working on negative-feedback schemes – others included Paul Voigt, 12/09/1901–02/09/1981, (in memoriam [Klipsch 1981]), Alan Blumlein, 06/29/1903–06/07/1942, and Bernardus Dominicus Hu-bertus Tellegen, 06/24/1900–08/30/1990 (cf. [Jung 2006, p. 767]). 
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			Fig. 4.3. The basic principle of negative-feedback according to [Black 1937] 
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			Fig. 4.4. Operational amplifier with negative feedback 
		

		
			yielding 
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			. (4.1) 
		

		
			The currents at the summing junction are 
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			(input current through R 
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			(feedback current through Rf ), and 
		

		
			i– ≈ 10 A (current flowing in the inverting input) . 
		

		
			Applying Kirchhoff’s law yields 
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			Since i– 
		

		
			is negligibly small, a few nA at most, equation (4.2) can be rearranged 
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			Rearranging this equation yields 
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			10 1 nanoampére = 10 A. 
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			Dividing by R 
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			and A and rearranging finally yields 
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			Since the gain A is usually very large – some amplifiers used in analog com-
		

		
			puters reached values up to A = 10 
		

		
			8 
		

		
			and even A = 10 
		

		
			9 
		

		
			– and since the ratio 
		

		
			R 
		

		
			f 
		

		
			/R 
		

		
			i 
		

		
			is normally quite small, rarely exceeding 10, equation (4.3) can be further 
		

		
			simplified to 
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			Ri 
		

		
			ei 
		

		
			, (4.4) 
		

		
			so the behaviour of a high gain amplifier with negligible input current at its inverting input is completely determined by the circuit elements in the feedback loop and at its input. 
		

		
			4.1.1 Early operational amplifiers 
		

		
			This section focuses on some early and influential operational amplifiers designs. Historic references that might be of interest in this context are [ Gray 1948] and [Chance et al. 1947]. 
		

		
			An early dual channel operational amplifier is depicted in figures 4.5 and 4.6. This amplifier was used in the ground based analog guidance computer of a Nike surface to air missile system. The first version of this missile system was deployed from 1954 on well into the early 1960s. This amplifier still shows its roots, which can be traced back to the M-9 fire control computer. In fact, the amplifiers used for Nike were identical to those used in the M-33 fire control computer, a successor 
		

		
			of the M-9. 
		

		
			12 
		

		
			The schematic diagram for a single channel of this operational amplifier is shown in figure 4.7. It features a now classic differential input stage consisting of both halves of a dual triode. The interstage-coupling is done via the common cathode resistor R1. The non-inverting input is explicitly used as an offset input for (automatic) drift compensation in this application. The following stages are no longer differential and consist of a pentode section and a simple triode output stage for a total of three amplification stages. Thus, the overall amplifier is an inverting amplifier. 
		

		
			Since the output stage is not of the push-pull type, an external pull-up resistor is necessary. This resistor would be connected between the output triode’s anode 
		

		
			11 See section 13.15.8. 
		

		
			12 The schematic of the M-9 operational amplifier can be found in [Jung 2006, p. 781]. 
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			Fig. 4.5. Top view of a typical dual operational amplifier used in the Nike computer 
		

		
		
			Fig. 4.6. Bottom view of the same amplifier 
		

		
			Fig. 4.7. Operational amplifier used in the Nike computer 
		

		
			and the +320 V supply. All in all this amplifier needed five different supply voltages of −320 V, ±250 V, −200 V and +75 V and has an output voltage range of ±100 V, although the full range can only be maintained up to about 100 Hz, which is not that impressive but is more than enough to steer a surface to air missile. 
		

		
			A far simpler yet commercially very successful operational amplifier is shown on the left hand side of figure 4.8: The famous K2-W amplifier developed by GAP/R, the company George A. Philbrick founded after his early process simulator work at Foxboro. The K2-W amplifier only requires two supply volt-ages of ±300 V and has an open-loop gain of about 15,000 with an output voltage 
		

		
			13 See [Pease 2003]. 
		

		
			14 As [Pease 2003] notes, this is not the first “modern” operational amplifier – there were ear-lier developments, but none could match the K2-W in terms of practicability and commercial success. 
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			Fig. 4.8. K2-W and K2-X operational amplifiers (GAP/R) 
		

		
			range of ±50 V at a maximum output load of 1 mA. Rise time is about 2 µs, the input impedance is roughly 100 MΩ resulting in an input current of only about 
		

		
			10 nA. 
		

		
			15 
		

		
			Figure 4.9 shows the schematic of this pluggable operational amplifier. It is based on two 12AX7 dual triodes and had its market debut in 1953. The first 12AX7 acts as differential input stage with a common cathode resistor. . This input stage is followed by a single triode inverter and a cathode follower driving the output, which is tied by three paralleled pull-down resistors to the negative supply voltage. An interesting detail is the Neon light bulb in series with a 680 kΩ 
		

		
			resistor. This circuit acts as a level shifter. 
		

		
			17 
		

		
			15 Not bad for an operational amplifier – even from today’s perspective. 
		

		
			16 This configuration is called a long-tailed pair 
		

		
			17 Nowadays, a Zener diode would be used instead of a Neon tube. In early specimen of the K2-W the level shifter consisted of a thyrite device – today this would be called a varistor. These are made from silicon carbide and were not only used as level shifters in the early days of electronic analog computers but also as function generators in applications where precision was not of prime importance. Today such devices are commonly used as surge arrestors. 
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			Fig. 4.9. Schematic of the K2-W operational amplifier (cf. [GAP/R K2W]) 
		

		
			Figure 4.8 shows on the right an improved version of the K2-W, the K2-X operational amplifier. This Device has a significantly faster output signal rise 
		

		
			time than the K2-W and features an output voltage swing of ±100 V at 3 mA. 
		

		
			18 
		

		
			4.1.2 Drift stabilisation 
		

		
			All of these early DC coupled operational amplifiers were plagued by drift, i. e., small error signals that propagate through the various amplifier stages and show up with a reasonable amplitude at the output, causing significant errors in com-putations. Recalling figure 4.4 and taking into account that the input current even of early vacuum tube based operational amplifiers is negligibly small, it is clear 
		

		
			that the voltage eSJ 
		

		
			at the summing junction would be zero in the case of a theo-
		

		
			retically drift-free amplifier since the input current ii 
		

		
			flowing through R 
		

		
			i 
		

		
			and the 
		

		
			feedback current if through Rf cancel each other. 
		

		
			Any drift caused by intrinsic effects of the amplifier result in an output signal 
		

		
			different from 0 V even if ei 
		

		
			= 0. Thus, all drift effects in an amplifier can be 
		

		
			modelled by a drift voltage ed 
		

		
			acting on the summing junction of the amplifier 
		

		
			via a large input resistor. If one could inject a commensurate voltage with reverse sign at the non-inverting input of the amplifier, it would cancel out the drift error. 
		

		
			18 The schematic of the K2-X operational amplifier can be found in [ Russell 1962, p. 6-20]. 
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			Fig. 4.10. Drift stabilisation scheme according to Edwin A. Goldberg and Jules Lehmann (cf. [Goldberg et al. 1954]) 
		

		
			This is the basic idea Edwin A. Goldberg describes in his 1949 patent. 
		

		
			19 
		

		
			If one could measure the error voltage due to drift, ed at the summing junction and amplify it without introducing further errors with a drift-free amplifier, the resulting output signal could be used to cancel out the drift of the main amplifier. Figure 4.10 shows the setup proposed by Goldberg. 
		

		
			The DC amplifier shown in the upper half of the picture is the DC coupled main amplifier whose drift is to be eliminated. To achieve this, the error voltage at the input of this amplifier, the summing junction, is converted to an AC voltage by means of the electromechanical chopper relay in figure 4.10. 
		

		
			The output signal of this chopper is of rectangular shape swinging between 0 V and the error voltage ed picked up from the summing junction of the main amplifier. This AC voltage can now be amplified with next to no additional drift error by a separate AC coupled amplifier. The output signal of this amplifier is then rectified (typically by means of a synchronous demodulator driven by the same voltage feeding the chopper) yielding a DC signal that can then be used to 
		

		
			compensate for the drift of the main DC amplifier. 
		

		
			22 
		

		
			19 See [Goldberg et al. 1954]. 
		

		
			20 These relays are also called vibrators, especially when used in power supplies for battery powered mobile vacuum tube devices such as car radios, etc. 
		

		
			21 These choppers were typically driven by a 60 Hz or a 400 Hz signal resulting in a very characteristic audible hum emitted by such amplifiers. 
		

		
			22 The output voltage of the drift compensation stage is often also used to detect amplifier overload. If an amplifier is overloaded it cannot maintain the necessary feedback signal to keep the summing junction at ground potential, which is reflected by an excessively high output voltage from the AC amplifier, which can be easily detected. Such overloads may result from improper setup of the analog computer typically due to scaling errors regarding the underlying equations. Since an overloaded amplifier will yield an erroneous result, overload conditions are normally indicated visually or acoustically. Ideally a computation run is halted in case of an overload so that its cause can be determined by checking which amplifier went into overload. 
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			This ingenious scheme was quickly put into use in nearly all operational am-
		

		
			plifiers used for analog computers. Apart from the automatic drift compensation this chopper stabilisation had a second advantage: For low frequency input signals the gains of the main DC amplifier and the stabilising AC amplifiers essentially add up yielding a very high gain overall amplifier. As equation (4.3) shows, a high open loop gain is essential for keeping the errors of a circuit with a negative feed-back path low. The amplifier developed by Goldberg had an impressive overall 
		

		
			DC gain of 150, 000, 000 corresponding to roughly 163 dB. 
		

		
			24 
		

		
			Later developments 
		

		
			achieved even higher gains for low frequency input signals. 
		

		
			Electromechanical choppers were used well into the 1970s to stabilise precision operational amplifiers because they exhibit an extremely low resistance when the contacts are closed and nearly infinite resistance in the open state. This came at a price: Most of the commercially available devices had a short life-span. In addition to this, the contact pairs often acted as parasitic thermocouples thus introducing another error in the drift-compensation circuit. The second problem was finally overcome by using arcane metal compositions for the contact pairs, such as Pt/Rh. 
		

		
			Figure 4.11 shows a typical 400 Hz chopper made by the German manufacturer KACO for use in Telefunken analog computers. The 400 Hz excitation voltage is supplied through a top connector (not visible here) to minimise injection of noise into the amplifier circuit. The top half of the chopper contains the coil, which excites the middle contact to oscillate between the two contacts on the left and right at the bottom of the relay. The chopper system itself is suspended from a mounting frame by a rubber band, thus minimising vibration of the overall enclosure. 
		

		
			Some analog computers used a single AC coupled amplifier for drift stabil-isation of a large number of operational amplifiers by employing a round robin mode of operation. This reduced cost substantially as the complexity of a single operational amplifier was basically cut in half but required a motor driven rotary switch to connect the single stabilisation amplifier to each operational amplifier in sequence. The downside of this approach is that it sacrifices the extremely high gain of a typical chopper-stabilised amplifier. In addition to this, the recovery time from an overload condition is substantially increased. 
		

		
			An example for this technique can be found in the analog computer used in the ground based guidance system for Nike missiles. Here a rotating switch connected one AC coupled amplifier with its associated input chopper and output rectifier sequentially to a number of amplifiers. This required an additional capacitor at each of the operational amplifier inputs used for drift compensation to store the 
		

		
			23 Open loop gain is the gain exhibited by an amplifier without any external negative feedback path in place. 
		

		
			24 See [Jung 2006, p. 780]. 
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			Fig. 4.11. Typical electromechanical chopper 
		

		
			signal generated by the AC amplifier for duration of one revolution of the rotary switch. 
		

		
			Figure 4.12 shows a typical vacuum tube operational amplifier with chopper stabilisation. The chopper is the gray rectangle visible in the upper right part of the picture. This particular amplifier is used in a Solartron Minispace analog computer. 
		

		
			The schematic of the first fully transistorised chopper-stabilised operational amplifier developed at Telefunken in 1959 is shown in figure 4.13. Its main devel-opers were Hans Otto Goldmann and Günter Meyer-Brötz. 
		

		
			It is worthwhile to take a closer look at remarkable circuit. The main amplifier shown in the upper half of the schematic has two differential amplifier stages in series. The first stage, T1 and T2, is the input stage with the base of T1 – this is the inverting input of the operational amplifier – connected to the summing junction by C1. The two antiparallel diodes D1 and D2 limit the voltage at this point. It should be noted that this main amplifier is AC coupled to the summing junction, so a pure DC signal cannot pass. The base of T2 – the non-inverting input of the amplifier – is fed by the AC coupled amplifier shown in the lower half of the schematic. 
		

		
			T1 and T2 drive a second differential amplifier stage consisting of T3 and T4, which then feeds T5 and finally the differential output stage with the power transistors T6 and T7 (mounted on a heat sink). 
		

		
			The amplifier depicted in this schematic is wired as an inverter, i. e., a summer 
		

		
			with a single input. R 
		

		
			f 
		

		
			= 200k together with the high-pass T-filter consisting of 
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			Fig. 4.12. Chopper-stabilised operational amplifier (Solartron) 
		

		
			two 600 pF capacitors and a 100k resistor connected to ground is the feedback path while the 200k resistor connected to the summing junction is an input with weight 1. 
		

		
			The summing junction is also connected to the AC coupled amplifier shown in the lower half of figure 4.13 by means of the low-pass T-filter consisting of R1, R2, and C1 and the Airpax chopper. The chopper relay is driven by a 400 Hz square wave signal and repetitively shorts the output of the low-pass to ground thus creating an AC signal, which is filtered by another high-pass T-filter (C2, C3, R3). This signal is then amplified by the AC coupled amplifier built around the transistors T1, T2, T3, and T4. 
		

		
			The output AC signal at R17 is the rectified by the synchronous rectifier consisting of D3, R23, D4, and R24. This subcircuit is also driven by a 400 Hz square wave signal, which is in a fixed phase relationship to the chopper excitation voltage. A static drift correction voltage can be set by means of the potentiometer labelled “0 Punkt” (zero setting), which is added to the output signal of the AC coupled amplifier. The resulting signal is then fed to the non-inverting input of the main amplifier. 
		

		
			A signal entering this combination of two amplifiers thus takes two paths: Its DC and very low frequency parts are mainly amplified by the AC coupled amplifier and then enter the main amplifier through its non-inverting input while higher-frequency components are amplified by the DC coupled main amplifier only. Thus, 
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			for low frequency and DC signals the overall open loop gain is the product of the gains of both amplifiers. 
		

		
			The output of the AC coupled amplifier is also fed into the circuit consisting of T5, D5, T6 with their associated passive components. This controls the relay coil shown on the far right. In case of an overload, i. e., the summing junction can no longer be held at 0 V by the DC/AC amplifier combination, the relay will be activated and will signal the overload condition to the control circuits of the analog computer. 
		

		
			The production version of this amplifier (which differs only slightly from this schematic) is shown in figure 4.14. It was used for more than 10 years in the various fully transistorised Telefunken analog computers. The circuit card on the left side contains the DC coupled main amplifier with its two large germanium output transistors mounted on a cooling plate visible on the top. The card on the right is the drift stabilising AC coupled amplifier fed with the chopped error signal obtained from the summing junction of the main amplifier and provides the drift correction signal. Not shown is the chopper relay. The overall combined amplifier 
		

		
			has a DC gain of up to 10 for DC to low frequency signals. 
		

		
			25 
		

		
			Figure 4.15 shows the successor of this amplifier using an all electronic chopper thus greatly maximising MTBF and simplifying its overall construction. This amplifier was used in the Telefunken RA 770 precision analog computer and has a DC gain of 3 · 10 for low frequency input signals. The electronic chopper and synchronous rectifier is under the shielding shown in the right upper part of the picture. The output stage transistors with their heat sinks are visible in the lower 
		

		
			right part of the picture. 
		

		
			27 
		

		
			4.2 Summers 
		

		
			One of the most basic computing elements of an analog computer is the summer or summing amplifier, which is basically a direct consequence of equations (4.3) and (4.4). Figure 4.16 shows the simplified schematic of one of the earliest summing 
		

		
			amplifier developed by Karl Dale Swartzel 
		

		
			28 
		

		
			in 1941 at Bell Laboratories for 
		

		
			application in a fire control computer. 
		

		
			29 
		

		
			25 [Meyer-Brötz et al. 1966] contains a detailed description of a follow-up development of this amplifier based on Silicon transistors. 
		

		
			26 Mean Time between Failure 
		

		
			27 The single integrated circuit, a LM709 operational amplifier forms the AC coupled amplifier of this circuit. 
		

		
			28 06/19/1907–04/23/1998 
		

		
			29 Cf. [Jung 2006, pp. 777 f.]. 
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			Fig. 4.13. Schematic of the first chopper-stabilised transistorised operational amplifier developed at Telefunken in 1959 
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			Fig. 4.14. Early fully transistorised chopper-stabilised amplifier 
		

		
		
			Fig. 4.15. Late chopper-stabilised amplifier with all electronic chopper 
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			Fig. 4.16. Schematic of the “Summing Amplifier” developed by Karl D. Swartzel (cf. [Swartzel 1946]) 
		

		
			This particular amplifier has three inverting stages employing one triode in the input stage and two tetrodes for the remaining two stages, so the overall amplifier is of the inverting type making a negative feedback scheme as developed by Black possible. The summing junction at the grid of the triode input stage (4) is connected to four input resistors 1, 2, 3 and 18 as well as to the feedback resistor 16. Of these four inputs only three are used for signals to be processed while the fourth input is reserved for a manual drift compensation circuit consisting of a voltage source E and a potentiometer 17. This amplifier requires supply voltages of ±350 V, −135 V, +250 V and +75 V and has an overall gain of about 60,000. The various RC networks between the three amplifier stages stabilise the circuit. 
		

		
			Figure 4.17 shows an equivalent setup based on an operational amplifier. In 
		

		
			this case three inputs e1 
		

		
			, e2 
		

		
			and e3 
		

		
			and a connection to the summing junction 
		

		
			30 
		

		
			as well as an output connection are available. The simplified symbol for such a summer is shown in figure 4.18. 
		

		
			Given sufficient open loop gain A of the operational amplifier used, the opera-tion performed by this circuit is basically only determined by the passive elements at its input and in the feedback loop. 
		

		
			30 Many analog computers allow direct connections to the summing junction of the opera-tional amplifiers used in summers and integrators. Typical applications include (biased) diodes for amplitude limiting and little capacitors between the output of an amplifier and its sum-ming junction to suppress parasitic oscillations, which can occur in setups like square rooting, etc. 
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			Fig. 4.17. Schematic of a three-input summer 
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			Fig. 4.18. Symbol of a summer 
		

		
			Extending equation (4.4) by additional inputs yields 
		

		
			n 
		

		
		
			i=1 
		

		
			ei 
		

		
			Ri 
		

		
			= − 
		

		
			eo 
		

		
			Rf 
		

		
			(4.5) 
		

		
			for n inputs with input resistors R1 , . . . , Rn and a feedback resistor Rf . Introducing 
		

		
			weighting coefficients ai 
		

		
			= R 
		

		
			f 
		

		
			/R 
		

		
			i 
		

		
			for all inputs, the output voltage of this circuit 
		

		
			is 
		

		
			eo = − 
		

		
			n 
		

		
		
			i=1 
		

		
			ai ei . 
		

		
			Thus, a typical summing amplifier yields the negative of the sum of its weighted input voltages. Typical values for ai are 1 and 10 although in some 
		

		
			cases even weights 4 or 5 can be found. 
		

		
			32 
		

		
			If other weights are required in a com-
		

		
			putation, inputs can be paralleled or external resistors or potentiometers can be connected to the summing junction input. 
		

		
			Figure 4.19 shows a typical early summing amplifier – a model K3-A adding component made by GAP/R. This device computes the sum of four input voltages 
		

		
			e1 
		

		
			, e2 
		

		
			, e3 
		

		
			and e4 
		

		
			plus an adjustable constant value e0 
		

		
			that can be set manually 
		

		
			using the potentiometer in the top half of the device. It delivers two output signals with opposite signs satisfying ±ke0 + e1 + e2 + e3 + e4 with −1 ≤ k ≤ 1 and e ∈ {0, 5, 50} V. 
		

		
			4.3 Integrators 
		

		
			Replacing the feedback resistor R 
		

		
			f 
		

		
			in a summer circuit with a feedback capacitor 
		

		
			C yields a circuit capable of integration as shown in figure 4.20. The feedback 
		

		
			31 This is a source of confusion for most beginners in analog computer programming. 
		

		
			32 If an input’s weight differs from 1 it is written next to the input in the triangle of the simplified summer symbol shown in figure 4.18. If no weight is noted, the corresponding input is weighted with 1. 
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			Fig. 4.19. Model K3-A adding component (GAP/R), front and interior view 
		

		
			current if 
		

		
			flowing through the capacitor C is determined by if 
		

		
			= C e ˙ o 
		

		
			. Accordingly, 
		

		
			equation (4.5) can be changed to 
		

		
			n 
		

		
		
			i=1 
		

		
			ei 
		

		
			Ri 
		

		
			= −C e ˙ o 
		

		
			. (4.6) 
		

		
			Redefining the weighting coefficients as ai = 1/Ri C and solving (4.6) for eo yields 
		

		
			eo 
		

		
			= 
		

		
			t 
		

		
		
			0 
		

		
			n 
		

		
		
			i=1 
		

		
			ai ei dt + e(0) 
		

		
			where e(0) denotes the initial condition of the integrator. 
		

		
			Figure 4.21 shows the symbol used to denote an integrator in an analog com-puter setup diagram. Since such an integrator is obviously working with time being the free variable it needs some means to reset, or even better preset, the integrating capacitor C to an initial value. In addition to this, additional circuitry is necessary to start and stop the operation of the integrator. Figure 4.22 shows the simplified schematic of a more realistic integrator as it is used in a typical analog computer. 
		

		
			The central control elements are the two switches labelled IC, short for initial condition and OP, short for operate/halt. The integrator shown in this figure is 
		

		
			currently in its IC mode: The inputs e1 
		

		
			, e2 
		

		
			and e3 
		

		
			are grounded through the 
		

		
			operate/halt switch while the initial condition switch effectively turns the circuit 
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			Fig. 4.20. Basic structure of an integrator 
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			Fig. 4.21. Symbol of an integrator with three inputs e1 , e2 , e3 , and ini-tial condition input e(0) 
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			Fig. 4.22. More detailed schematic of an integrator showing the control switches h and c 
		

		
			Fig. 4.23. Integrator symbol showing control inputs S and R for IC and OP switches 
		

		
			into a simple summer with only one input e(0). The integration capacitor C is 
		

		
			switched in parallel with R 
		

		
			f 
		

		
			. Since the summing junction at the inverting input 
		

		
			of the operational amplifier is always maintained at 0 V, the capacitor will be charged to the voltage at the output of the amplifier. This, in turn, is determined 
		

		
			by the input signal at e(0) and the ratio R 
		

		
			f 
		

		
			/R 
		

		
			f 
		

		
			′ 
		

		
			, which is typically equal to 1. The 
		

		
			capacitor is thus pre-charged to the initial value −e(0). 
		

		
			33 
		

		
			To switch the integrator into the OP mode both switches change their state. 
		

		
			This grounds the connection between Rf′ 
		

		
			and R 
		

		
			f 
		

		
			effectively disabling the input 
		

		
			33 Some analog computers from the 1950s employed a simpler circuit allowing the integration capacitor to be discharged only prior to switching the integrator into OP mode. Some circuits used Neon tubes to short circuit the integration capacitors. Little Neon tubes were enclosed in a coil that could be energized by a RF signal, which in turn caused the tube to conduct. Since this does not provide any means to preset an integrator to e(0) this actual initial condition value had to be introduced later in the computer setup by a summer or the like. A schematic of a Philbrick K2-J integrator with a Neon reset tube triggered by an RF generator can be found in [Russell 1962, p. 6-24]. 
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			e(0) and connects the input resistors R 
		

		
			1 
		

		
			, R 
		

		
			2 
		

		
			and R 
		

		
			3 
		

		
			to the summing junction of 
		

		
			the amplifier. The circuit now performs an integration with respect to time as its free variable. 
		

		
			If the switch OP is reset the integrator enters halt mode. In this mode the last value of the integration will be stored. This mode is normally used to pause a computation to read out values of interest from the various elements of the current setup. 
		

		
			In most cases the control switches IC and OP of all integrators in an analog computer setup are controlled by a common set of signals. In some cases it is necessary to control individual integrators or groups of integrators. This makes it possible to solve equations with one group of integrators based on initial condi-tions generated by a second group. Another typical application for such a more sophisticated control setup is the use of integrators as analog memory cells. 
		

		
			If an integrator is to be operated under individual control the symbol shown in figure 4.23 is used, which shows the actual inputs controlling the switches IC and OP of the integrator. 
		

		
			A realistic integrator circuit is still more complex than the schematic shown in figure 4.22: High-speed integrators use electronic switches in place of the re-lay contacts shown here. In addition to this, most integrators feature more than one integration capacitor C thus allowing to select different ratios ai for their operation. Some machines offer as many as four or five different values for C (usually powers of ten). Typically, these are selected by shorting certain jacks of an integrator or from a central control panel. 
		

		
			Figure 4.24 shows a dual integrator made by Electronic Associates Inc., EAI for short. The chassis contains the passive elements for two integrators – the associated operational amplifiers are contained in a second drawer and are not shown here. Each integrator channel contains four capacitors implementing four different time-scale factors. 
		

		
			4.4 Coefficient potentiometers 
		

		
			The fixed input weights ai 
		

		
			of summers and integrators are not sufficient for rep-
		

		
			resenting general coefficients in a computer setup. This done using coefficient potentiometers. In the simplest case these are just potentiometers connected as 
		

		
			34 Due to small leakage currents in the capacitor and even the tiniest drift effects the output of the integrator will slowly change during halt mode. Accordingly, this mode should not be active for extended periods of time. 
		

		
			35 These are called time-scale factors, since they allow faster or slower operation of integrators with respect to integration time. 
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			Fig. 4.24. EAI dual integrator used in an EAI 580 analog computer 
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			Fig. 4.25. Coefficient potentiometers – basic implementation and representation 
		

		
			voltage dividers as shown in figure 4.25. In an analog computer program such a voltage divider is typically represented by a circle with one input and one out-
		

		
			put connection. 
		

		
			36 
		

		
			In some cases it is necessary to have a potentiometer with two 
		

		
			inputs, which is shown in the right half of the figure. 
		

		
			With α denoting the position of the potentiometer’s wiper, the overall resis-tance R is partitioned into an upper and a lower resistor Ru and Rl connected in 
		

		
			series: 
		

		
			37 
		

		
			R 
		

		
			u 
		

		
			= (1 − α)R 
		

		
			R 
		

		
			l 
		

		
			= αR 
		

		
			Without load applied to the wiper of the potentiometer the operation of such a coefficient potentiometer can be described by 
		

		
			eo 
		

		
			e1 
		

		
			= 
		

		
			Rl 
		

		
			R 
		

		
			. 
		

		
			36 Input and output of a coefficient potentiometer are not explicitly denoted in this repre-sentation form although they cannot be used interchangeably. In fact, connecting the output of a coefficient potentiometer to the output of a computing element can and most often will damage the potentiometer in a classic analog computer, so care should be taken. 
		

		
			37 A linear potentiometer is assumed here. 
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			In a traditional analog computer this is a hypothetical case since the following 
		

		
			computing elements normally act as a non-negligible load. A computing element connected to the wiper of a potentiometer acts as a resistive load Rload connected 
		

		
			in parallel to Rl . Thus, 
		

		
			Rl ∥ Rload = 
		

		
			Rl Rload Rl + Rload 
		

		
			. 
		

		
			The total resistance of the coefficient potentiometer with a load connected is 
		

		
			then 
		

		
			Rtotal = Ru + Rl ∥ Rload = Ru + 
		

		
			Rl Rload Rl + Rload 
		

		
			. 
		

		
			The loaded potentiometer can thus be described by 
		

		
			eo 
		

		
			e1 
		

		
			= 
		

		
			Rl ∥ Rload Rtotal 
		

		
			= 
		

		
			Rl Rload 
		

		
			Rl 
		

		
			+ Rload 
		

		
			R 
		

		
			u 
		

		
			+ 
		

		
			Rl Rload Rl + Rload 
		

		
			= 
		

		
			R 
		

		
			u 
		

		
			(R 
		

		
			l 
		

		
			Rl Rload + Rload ) + R 
		

		
			l 
		

		
			R 
		

		
			load 
		

		
			= 
		

		
			Rl 
		

		
			Ru Rl 
		

		
			Rload 
		

		
			+ Ru + Rl 
		

		
			= 
		

		
			αR 
		

		
			αR (1 − α)R 
		

		
			Rload 
		

		
			+ R 
		

		
			= 
		

		
			α (1 − α)α 
		

		
			R 
		

		
			R 
		

		
			load 
		

		
			+ 1 
		

		
			. (4.7) 
		

		
			Figure 4.26 shows the effect of potentiometer loading with respect to the value set by α. It is obvious that setting a potentiometer manually by just looking at the value displayed on its dial will not yield the desired value since the load exerted by the computing elements connected to the potentiometer has to be taken into 
		

		
			account. 
		

		
			39 
		

		
			To overcome this problem most analog computers have a special mode of op-eration, called potentiometer set (Pot Set ). In this mode, which can be selected from the central control panel of the computer, all integrators and summers have their input resistor networks grounded, so no actual computation takes place while every computing element exhibits its actual load to its signal sources – including the various coefficient potentiometers. To set a potentiometer to a precise value in this mode, small and simple systems offer a push button next to each poten-tiometer that will connect its input to +1 machine unit and connect a precision 
		

		
			38 Later and more modern implementations used buffer amplifiers for the coefficient poten-tiometers as shown below. 
		

		
			39 In some cases load-correction graphs were used to give the required offset of α for some typical loads. 
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			Fig. 4.26. Coefficient potentiometer with R 
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			load 
		

		
			= R/10 
		

		
			voltmeter – either a compensation voltmeter or a digital voltmeter – to its wiper when depressed. Turning the potentiometer’s, dial the desired coefficient value can now be set very precisely by means of the voltmeter. 
		

		
			When cheap integrated circuit operational amplifiers became available some analog computers employed simple buffer stages to decouple the coefficient poten-tiometers from the load of the following computing element, thus vastly simplifying the setup procedure. Figure 4.27 shows two typical buffering schemes: The cir-cuit on the left uses an operational amplifier as a simple non-inverting output buffer for the potentiometer R. 
		

		
			The circuit shown on the right in figure 4.27 is more versatile and is used for example in the EAI 2000 hybrid computer. In contrast to a simple voltage divider with buffer amplifier this circuit allows coefficient values to be set in the range −1 . . . 1 as the following consideration shows: If α is set to 0, the potentiometer’s wiper is at its grounded end, thus the non-inverting input of the operational am-
		

		
			40 A compensation voltmeter basically consists of a reference voltage source, i. e., a precision potentiometer connected as a voltage divider between ground and +1 machine unit, and a null voltmeter connected between the output of this voltage divider and an input connection. Ad-justing one of the inputs so that the null voltmeter is no longer deflected guarantees that there is no load acting on either the input source or the voltage divider generating the comparison voltage, thus values can be set very precisely with little effort. 
		

		
			41 In addition, an output buffer ensures that a potentiometer cannot be damaged by feeding a voltage into its output. 
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			Fig. 4.27. Buffered coefficient potentiometers 
		

		
			plifier is grounded and the amplifier acts as a simple inverting amplifier with gain 
		

		
			R 
		

		
			f 
		

		
			/R 
		

		
			i 
		

		
			. Typically R 
		

		
			f 
		

		
			= R 
		

		
			i 
		

		
			is chosen so that the overall gain is 1. Setting the poten-
		

		
			tiometer to α = 1 causes the wiper to be at the upper end of the potentiometer 
		

		
			thus connecting the non-inverting input of the amplifier with the input e1 
		

		
			. Since 
		

		
			the amplifier will maintain the voltage eSJ 
		

		
			at its inverting summing junction at 
		

		
			0 V, it follows that eo 
		

		
			= e1 
		

		
			. So this circuit can be described by 
		

		
			42 
		

		
			eo 
		

		
			e1 
		

		
			= 2α − 1. 
		

		
			Large installations often used servo driven potentiometers that could be set from a central control panel or automatically from an attached paper tape reader or even an attached stored-program computer, thus allowing rapid setup of coef-ficients. Figure 4.28 shows a typical servo potentiometer from an EAI 580 analog computer. The 10-turn wire wound potentiometer is visible on the left with the motor driving a reduction gear visible in the upper right half. The small circuit board below the motor holds the relay used to select the potentiometer for read-out. Later hybrid computers often replaced classic potentiometers by digitally 
		

		
			controlled attenuators. 
		

		
			44 
		

		
			Using only summers, integrators and coefficient potentiometers, an analog computer would be restricted to the solution of simple linear differential equations 
		

		
			of the form 
		

		
			n 
		

		
		
			i=0 
		

		
			ai 
		

		
			y = 0. 
		

		
			To overcome this restriction additional computing elements are required and these are described in the following sections. 
		

		
			42 Cf. [Bader 1985, pp. 76 f.]. 
		

		
			43 See section 9. 
		

		
			44 These are basically multiplying digital to analog converters (DAC ). 
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			Fig. 4.28. EAI servo potentiometer 
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			Fig. 4.29. Symbol of a function generator 
		

		
			4.5 Function generators 
		

		
			Another basic task is the generation of a general function f (x). Ideally such a function could be derived as solution of differential equation but in many cases functions are required, which are defined by values obtained from experiments or other sources. In these cases special computing elements called function generators are required. Generating arbitrary functions with purely analog electronic means is not a trivial task and often requires an large amount of circuitry. Even more difficult, at least in the common case, is the generation of functions like f (x, . . . ) of more than one variable by analog electronic means. The symbol for representing a function generator with a single input is shown in figure 4.29. 
		

		
			A plethora of different approaches to generate arbitrary functions have been developed over time. The following sections describe some of the more widely used or technologically more interesting implementations. 
		

		
			4.5.1 Servo function generators 
		

		
			The earliest function generators used by Lovell et al. in their fire control com-puter were based on a servo circuit controlling a motor driving at least two po-tentiometers mounted on a common shaft. One of these potentiometers is used to generate a feedback value for the servo circuit while the other(s) generate the function(s) desired depending on the angular position of their respective wipers. Figure 3.22 (section 3.3) shows such a setup used to generate trigonometric func-tions. 
		

		
			45 This was one of the problems, which led to the development of hybrid computers (see section 9). Using a stored-program digital computer coupled to an analog computer, the digital system can be used to generate functions by suitable algorithms or table lookups. 
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			Other implementations of servo based function generators use cams driven by 
		

		
			the servo controlled motor with a feeler pin riding on the cam’s surface driving an output potentiometer. Another interesting implementation of a cam potentiometer is described in [Loveman 1962]. 
		

		
			These techniques have the disadvantage that specially wound potentiometers are required and these are delicate instruments and difficult to manufacture. The same is true for machined precision cams. Consequently early tapped potentiome-ters were employed for function generation. These are based on standard 10-turn wire wound potentiometers that have been modified to feature multiple taps con-nected equidistantly to the resistive element. Using these taps, the potentiometer can be used as a linear interpolator between the voltages applied to its various taps. The taps’ positions correspond to the breakpoints while the voltage applied to the tap represents the desired function value at this particular breakpoint. Us-ing a servo system driving the potentiometer’s shaft according to an input value x such a setup yields a function f (x), which is the result of linear interpolation 
		

		
			between the values set at the taps. 
		

		
			46 
		

		
			4.5.2 Curve followers 
		

		
			Another servo-based function generator is the curve follower, which is basically a servo circuit fed by a pickup connected to a xy -plotter as shown in figure 4.30. 
		

		
			The basic idea is as simple as it is elegant: The function to be generated is painted or plotted on a sheet of paper with conductive ink. This graph is then placed onto the table of a modified xy -plotter that has a pickup coil mounted in place of the pen normally used. An external sine generator is then connected to the conductive trace of the function graph on the paper. A simple servo circuit now feeds the y -input of the plotter in such a way that the pickup coil will always be directly over the conducting function graph, while the x-input of the plotter is fed with the argument of the function to be generated. The y value used to drive the y -input of the curve follower now represents the desired value f (x). 
		

		
			Other curve followers used an optical pickup to follow the function graph instead of the conductive ink and inductive pickup setup. The basic principle of operation remains the same. 
		

		
			46 See [Loveman 1962, pp. 3-36 ff.] for more information about tapped potentiometers. 
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			Fig. 4.30. EAI curve follower 
		

		
			4.5.3 Photoformers 
		

		
			As elegant as these electromechanical function generation techniques are, their main disadvantage is that they cannot cope with rapidly varying function argu-ments x due to the relatively large moving masses. Fortunately the basic curve follower idea can be easily implemented using an all electronic approach like the one shown in figure 4.31. 
		

		
			The function to be generated is represented by an opaque mask placed in front of an oscilloscope tube. The input to the x-deflection plates of the display tube is fed by the function argument. Using a photomultiplier and a simple servo circuit a signal for driving the y -deflection plates is now generated so that the spot of light on the face of the display will always be placed at the boundary of the opaque 
		

		
			mask; this system effectively generates y = f (x). 
		

		
			47 
		

		
			47 Cf. [Macnee 1948, Sec. IIIE], [Haug 1960, p. A3] and [Korn 1962, pp. 3-68 ff.] for more detailed information. Even a Williams-tube like construction was once employed. This proved useful in repetitive operation of high-speed analog computers when the result of one run had to be used as the input for the next run, see [Haug 1960, p. A3]. 
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			Fig. 4.31. Optical function generator (cf. [Haug 1960, p. A3]) 
		

		
			4.5.4 Varistor function generators 
		

		
			A different approach to function generation is the application of varistors. A varistor is a current sensitive non-linear resistor implementing a basic function of 
		

		
			the form 
		

		
			49 
		

		
			eo 
		

		
			= ae 
		

		
			n 
		

		
			1 
		

		
			with n being determined during production. Typical values are n = 2 or n = 3. The precision of these varistors is quite good. [ Korn 1962, p. 3-75] quotes an accuracy of 0.4 V for the Quadratron, a varistor made by Douglas Aircraft Company . 
		

		
			Of course having square and cube functions does not give the flexibility of a photoformer but these varistor circuits were extremely cheap. This made it 
		

		
			possible to use these devices to generate functions by truncated power series. 
		

		
			51 
		

		
			4.5.5 Diode function generators 
		

		
			The availability of reliable and cheap germanium, and later silicon diodes gave rise to another technique of implementing function generators, the diode function generator or polygon function generator . The basic structure of such a circuit is shown in figure 4.32. 
		

		
			48 See [Korn 1962, pp. 3-73 ff.]. 
		

		
			49 Cf. [Korn 1962, p. 3-75]. 
		

		
			50 See [GAP/R 1959]. 
		

		
			51 Cf. [Korn et al. 1964, pp. 6-14 f.] for more details. 
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			Fig. 4.32. Principle of operation of a diode function generator 
		

		
			An ideal diode acts like a switch conducting current only in one direction but not in the reverse. So a simple ideal diode might be used to implement a function such as 
		

		
			f (x) = 
		

		
		
			ax if x > 0 0 otherwise 
		

		
			where the slope a can be set by a series resistor. If the voltage at which the diode starts conducting could be shifted arbitrarily a function could be generated by a piecewise linear approximation using several of these circuits. 
		

		
			The circuit shown in figure 4.32 is based on this idea: Each of the three diodes starts conducting at a voltage defined by the setting of its associated bias 
		

		
			potentiometer R 
		

		
			BP 
		

		
			i 
		

		
			, which effectively sets a breakpoint position. The voltages at 
		

		
			the cathode of each of these diodes are then summed by an operational amplifier 
		

		
			with variable input weights defined by the setting of R 
		

		
			SL 
		

		
			i 
		

		
			and the feedback resistor 
		

		
			Rf . RSLi defined the slope of the particular partial function. 
		

		
			Of course, a practical diode function generator features many more than just three of these biased diode circuits. A typical implementation of a function generator made by Telefunken is shown in figure 4.33. This particular example generates f (x) = x for values x ≥ 0 and was used in the various transistorised Telefunken analog computers. 
		

		
			A more versatile variable diode function generator, a VDFG, made by EAI is shown in figure 4.34. It features ten diode segments with coarse and fine control for the respective breakpoints and slopes. The possibility of defining the break-points had the advantage that the breakpoints could be set to match the function 
		

		
			52 More information can be found in [Korn 1962, pp. 3-66 ff.] and [Haug 1960, p. A4] for example. 
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			Fig. 4.33. f (x) = x for x ≥ 0 (Telefunken) 
		

		
			being generated as well as possible, thus minimising errors. On the other hand, it greatly complicated the overall manual setup procedure. Consequently, other manufacturers implemented diode function generators with 21 equally spaced fixed breakpoints with only the slopes of the individual partial functions to be set man-ually. 
		

		
			The last and maybe most remarkable successor of these diode function gener-ators is the AD639 integrated circuit, which implements the basic trigonometric 
		

		
			functions and their inverses with a high degree of precision. 
		

		
			53 
		

		
			4.5.6 Inverse functions 
		

		
			Many functions can be readily implemented by generating the inverse of another readily available function. Using a function generator in the negative feedback path of an operational amplifier circuit yields its inverse function. Figure 4.35 shows the basic setup required to generate an inverse function f (x) using a function generator f (y ) and an open amplifier. 
		

		
			53 See [Gilbert 1982] and [Analog Devices]. 
		

		
			54 At least as long as there is no change of sign and the feedback function is reasonably smooth – in most cases it is advisable to add a small capacitor, about several ten pF, between the output of the amplifier and its summing junction to stabilise the circuit. 
		

		
			55 An operational amplifier with no (implicit) feedback path is called open amplifier. 
		

	
		
			4.5 Function generators 
		

		
			103 
		

		
		
			Fig. 4.34. EAI function generator 
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			Fig. 4.35. Generating an inverse function using an open amplifier 
		

		
			4.5.7 Functions of two variables 
		

		
			Generating functions of more than one variable, the case with two variables being the most common, is difficult using only analog electronics. Some approaches to solve this problem involve the use of three-dimensional cams with appropriate servo motor circuits. Another technique is based vaguely on the curve follower idea: An xy -plotter with its pen replaced by a pickup stylus is controlled by its x- and y -inputs moving a pickup over a specially prepared conductive paper or plastic sheet. On this sheet equipotential contour lines are drawn with conductive ink. These lines are then each connected to adjustable voltage sources. The conductive sheet 
		

		
			56 Some basic information about this topic can be found in [ Korn 1962, pp. 3-78 ff.] and [Haug 1960, pp. A9 f.]. 
		

		
			57 Cf. figure 2.7. 
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			Fig. 4.36. Contour map function generator 
		

		
			then performs a two-dimensional linear interpolation between these equipotential lines. 
		

		
			A variation of that scheme is the electrolytic tank. In the simplest case it is just a rectangular bath filled with a conductive fluid. A pickup electrode is then moved through this trough by an xy -plotter. Using wires embedded in the bath, equipotential lines can be implemented as above. Even more complicated functions can be represented using a non-flat bottom plate. In some cases even a three-dimensional movement of the pickup electrode has been employed yielding functions of the form f (x, y, z ). 
		

		
			Similar to the mechanical barrel cam is the contour map function generator 
		

		
			shown in figure 4.36. 
		

		
			59 
		

		
			The function is represented by a three-dimensional “land-
		

		
			scape”, which is probed by a tip being moved in x- and y -direction as controlled by the two function arguments. The actual height of the tip touching the contour then corresponds to the desired function value f (x, y ). 
		

		
			Yet another possibility is to use a couple of function generators of one variable and feed a tapped potentiometer function generator with their respective outputs, thus linearly interpolating between the outputs of the individual function gener-ators. In cases where the response times achievable with these servo-based tech-niques is not sufficient, the use of an oscilloscope tube, a translucent mask, and a photomultiplier has been proposed. The main problem here is the manufacturing 
		

		
			58 See section 2.5.1. 
		

		
			59 See [Gallagher et al. 1957, p. 87]. 
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			of a precise translucent mask representing the function f (x, y ) by means of the extinction of light. 
		

		
			4.6 Multiplication 
		

		
			The seemingly trivial operation of multiplying two time varying variables is quite complicated to implement. Accordingly, a plethora of different approaches were 
		

		
			suggested and used in the past to build usable multipliers for analog computers. 
		

		
			60 
		

		
			Since multiplication can be seen as a function f (x, y ) = xy of two arguments, many of the ideas described in the preceding section can be used to implement this operation. 
		

		
			4.6.1 Servo multipliers 
		

		
			An obvious way to implement a multiplier is based on a servo function generator driving a number of linearly wound potentiometers mounted on a common motor driven shaft. The input variable to control the servo circuit is the multiplier x while the ends of the free potentiometers, i. e., those that are not needed for the 
		

		
			servo-feedback, are connected to the multiplicands +y 
		

		
			i 
		

		
			and −y 
		

		
			i 
		

		
			. If x and y 
		

		
			can take on values in the interval [−1, 1], the multiplier is said to be capable of four-quadrant operation. 
		

		
			Figure 4.37 shows a five channel servo multiplier made by Solartron: The left half of the device houses the power supply transformers. The power output transistors of the servo circuit driving the motor are mounted on the two large black heat sinks visible in the upper middle of the picture. 
		

		
			At the heart of the servo multiplier are the six precision potentiometers mounted on a common shaft, visible on the right of the picture. One of these potentiometers is used to generate the feedback signal for the servo circuit while the remaining five potentiometers are available for multiplication. Thus, with one input x, this servo multiplier can generate five products xy1 , xy2 , . . . , xy5 . 
		

		
			Apart from their mechanical complexity servo multipliers have the inherent drawback that the rate of change of the x is limited due to the inertias involved. If x changes too rapidly, the servo circuit will be unable to follow introducing errors 
		

		
			60 A comprehensive classification of analog multipliers can be found in [ Celinski et al. 1964]. 61 Typically, these potentiometers feature a grounded middle tap, thus enforcing that 0 · y is as close to the value zero as possible regardless of any unavoidable little non-linearities in the potentiometer itself. 
		

		
			62 Servo multipliers typically feature dedicated power supplies for the actual servo circuit to minimise noise coupling into the precision supplies of the analog computer. 
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			Fig. 4.37. Solartron servo multiplier 
		

		
			in the products. Nevertheless, in many applications this restriction turns out to be not a severe one – the advantage of generating a number of products based on a common multiplicator often outweighs it. Additionally, the rate of change of the yi is not limited. 
		

		
			4.6.2 Crossed-fields electron-beam multiplier 
		

		
			One of the first all electronic multiplication schemes is the crossed-fields electron-beam multiplier described by [Macnee 1948, Sec. IIIA]. The central element of this type of multiplier is an oscilloscope tube with its x- and y -deflection plates 
		

		
			and an additional deflection coil on the tube’s neck. 
		

		
			63 
		

		
			The x-deflection plate pair is controlled by the x-input voltage causing the 
		

		
			electron beam to move horizontally with a velocity |v 
		

		
			x 
		

		
			| ∼ x. The y input signal 
		

		
			drives a power amplifier, which in turn feeds the deflection coil wound around the neck of the tube. This coil generates a magnetic field B ∼ y thus deflecting the electron beam in the vertical direction by an amount xy . 
		

		
			The screen of the display tube is divided into an upper and lower half by an opaque mask. Using a photodetector a servo circuit like the one outlined in section 4.5.3 can now be setup. This circuit drives the y -deflection plates of the oscilloscope tube in such a way that the spot of light will always stay on the edge 
		

		
			63 Cf. [Haug 1960, pp. A6 f.]. 
		

		
			64 Alternatively, a shield dividing the tube screen into two equal halves with two photode-tectors has also been used successfully. 
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			Fig. 4.38. Structure of a hyperbolic field tube (cf. [Haug 1960, p. A7]) 
		

		
			of the opaque mask. Thus, the output voltage of the servo circuit is in proportion to xy . 
		

		
			4.6.3 Hyperbolic field multiplier 
		

		
			An even more arcane multiplication scheme based on a very special vacuum tube is the hyperbolic field multiplier, which was invented at the university Darmstadt by 
		

		
			Friedrich-Wilhelm Gundlach in the early 1950s as a high speed multiplier. 
		

		
			66 
		

		
			Figure 4.38 shows the structure of this hyperbolic field tube. It has three sets of deflection plates – from left to right these are a vertical deflection plate pair, four plates generating a hyperbolic electrostatic field, and another pair of deflection plates to deflect the electron beam horizontally. On the far right are two target plates connected to a difference amplifier. 
		

		
			The vertical deflection plates are driven by the multiplicator input x while the multiplicand y is fed in a crosswise fashion to the hyperbolic plates. The field created by these is proportional to y η ξ with η and ξ being the coordinates of a 
		

		
			coordinate system with its origin in the middle of these four deflection plates. 
		

		
			67 
		

		
			An electron beam, which has not been deflected by the vertical deflection plates, will cross the hyperbolic field undisturbed since η = ξ = 0. If the beam 
		

		
			65 02/02/1912–01/27/1994 
		

		
			66 See [Gundlach 1955], [Schmidt 1956] and [Klein 1965]. 
		

		
			67 See [Haug 1960, p. A7]. 
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			Fig. 4.39. Hyperbola tube 
		

		
			has been deflected due to x 
		

		
			= 0 experiences an additional deflection due to this 
		

		
			hyperbolic field resulting in a additional horizontal deflection proportional to xy . The electron beam now hits the target plates causing a tiny voltage, which is 
		

		
			amplified by the difference amplifier connected to these plates. The output voltage of this amplifier drives the horizontal deflection plates so that the electron beam will always be exactly in the middle of the two target plates, so this voltage will by xy . 
		

		
			This type of multiplier is capable of operation at high frequencies with respect to both input voltages x and y due to its purely electrostatic deflection system. [Haug 1960, p. A7] mentions a dynamic multiplication error of only about 1% at signal frequencies of 80 kHz – a remarkable value for its time. The complete schematic of a multiplier based on this special tube can be found in [ Dhen 1960, 
		

		
			p. 31]. Figure 4.39 shows the only known surviving hyperbolic field tube. 
		

		
			70 
		

		
			4.6.4 Other multiplication tubes 
		

		
			The 1950s saw several other vacuum tube based approaches to multiplication apart from the hyperbolic field tube. One of these devices was developed by Alexander Somervill. Figure 4.40 shows the principle of operation. An electron beam with square cross section is deflected by two sets of deflection plates in x and y direc-tion before hitting a target consisting of four square collector plates. The current 
		

		
			68 This tube is not too dissimilar to the crossed-fields electron-beam multiplier described before but without the external deflection coil, which has been replaced by the hyperbolic deflection plates. 
		

		
			69 This multiplier was part of a large analog computer, ELARD, developed and built at the Technical University of Darmstadt by Walter Dhen, see [Dhen 1959]. 
		

		
			70 This specimen is part of the Informatiksammlung of the Darmstadt University of Applied Sciences. 
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			Fig. 4.40. Electron beam multiplication tube (see [ Somerville, p. 145]) 
		

		
			depends on the position of the deflected 
		

		
			measured by each of the meters I1...4 electron beam. 
		

		
			If the beam is not deflected, i. e., x = y = 0, it hits the four plates P 
		

		
			1...4 
		

		
			in 
		

		
			a symmetrical way and the currents, taking the different signs of the plates into 
		

		
			account, cancel out. If, for example, x = y = 1, current will only flow through P 
		

		
			1 
		

		
			corresponding to the product xy = 1, etc. This basic idea can be further improved 
		

		
			by employing feedback circuitry to linearize the multiplier. 
		

		
			71 
		

		
			A similar device developed by E. J. Angelo in 1952 had a bandwidth of 70 kHz and a precision of about 2% of full-scale output. This device used an electron beam with a circular cross section and four square target plates. 
		

		
			4.6.5 Time division multipliers 
		

		
			Another approach to multiplication is the time division multiplier , which is a particular implementation of a larger family of modulation multipliers. 
		

		
			As described before, a servo multiplier is essentially just a voltage-controlled voltage divider using potentiometers to yield the desired product values. Voltage division can also be achieved by modulating a square wave signal. The amplitude 
		

		
			71 Unfortunately, Somerville was unable to perform dynamic tests due to a tube failure (see [Angelo 1952, p. 3]). 
		

		
			72 See [Korn et al. 1964, pp. 7-10 ff.]. Other terms for this device are mark-space multiplier or pulsed-attenuator multiplier . 
		

	
		
			110 
		

		
			4 Basic computing elements 
		

		
			of this signal is controlled by the y input, while x controls the duty cycle. x = ±1 corresponds to a signal being constantly at the value ±y while x = 0 would result in a duty cycle of 1 : 1. Generating the average of this square wave signal by means of an RC low-pass filter yields an output voltage of xy . 
		

		
			As in the case of the servo multiplier, this scheme can be readily extended to the computation of multiple products with a common multiplicator x. Accordingly, most time division multipliers contain one mark-space modulator circuit driving several amplitude modulators, which are controlled by individual inputs yi . 
		

		
			[Korn et al. 1954] describes the simple relay-based multiplier shown in figure 4.41. The variable x is fed with opposite signs to the circuit and one SPDT relay contact switches between +x and −x. This signal is fed to a ripple filter consisting 
		

		
			of two T-filters, yielding the desired output value xo = 
		

		
			xy 
		

		
			2z 
		

		
			. 
		

		
			At the heart of the circuit is an integrator consisting of a DC coupled amplifier with two inputs and a capacitor in its feedback path. The output of this integrator drives the relay. One of the integrator inputs is connected to the term y while the other input Ez is connected to +z and −z by means of a second SPDT relay contact. z is typically the machine unit of the computer. If y = 0 the relay will 
		

		
			toggle between +z and −z with a 50% duty cycle resulting in xo 
		

		
			= 0. When y 
		

		
			= 0 
		

		
			it biases the integratorm which will in turn result in a different duty cycle of the relay operation so that the integrator input value Ez will cancel out y yielding the 
		

		
			desired product value at xo 
		

		
			. 
		

		
			A setup like this has some drawbacks such as limited bandwidth, mainly de-termined by the maximum frequency at which the relay can operate reliably, and 
		

		
			limited life time due to wear of the relay contacts. 
		

		
			75 
		

		
			A variation of this idea is the 
		

		
			triangle-integration multiplier as described in [Hartmann et al. 1961]. 
		

		
			4.6.6 Logarithmic multipliers 
		

		
			An obvious implementation of a multiplier is based on adding logarithms to achieve a multiplication – the very same principle that slide rules depend on. Figure 4.42 shows the basic setup of a logarithmic multiplier , which uses three function gen-erators, two yielding the logarithm of an argument and one yielding the inverse logarithm. An interesting linear-to-logarithmic circuit based on standard vac-
		

		
			73 This is the ratio of the mark- and space-times of the signal. 
		

		
			74 An early and very detailed circuit description of such a time division multiplier can be found in [Lilamand 1956]. A modern implementation might use a switched capacitor building block as described in [Linear Technology, p. 9]. 
		

		
			75 Using modern integrated circuit analog switches very low cost multipliers can be imple-mented using this basic approach. 
		

		
			76 Cf. [Morrill 1962, pp. 3-41 f.]. 
		

	
		
			4.6 Multiplication 
		

		
			111 
		

		
		
			Fig. 4.41. Relay based time-division multiplier (see [ Korn et al. 1954, p. 980]) 
		

		
			x log() 
		

		
			y log() 
		

		
			−(log(x) + log(y )) 
		

		
			log 
		

		
			−1 
		

		
			() 
		

		
			xy 
		

		
			Fig. 4.42. Logarithmic multiplier 
		

		
			uum tubes, such as the dual triode 12AX7, can be found in [Howard et al. 1953] while [Savant et al. 1954] describes a practical multiplier based on this idea. 
		

		
			The main problem of this type of multiplier is the fact that the two variables x and y are restricted to positive values unless special precautions are taken, such as generating absolute values and restoring the sign of the multiplication result. 
		

		
			4.6.7 Quarter square multipliers 
		

		
			By far the most widely used classic multiplier circuit is the quarter square multi-plier. It is based on 
		

		
			xy = 
		

		
			(x + y ) − (x − y ) 
		

		
			4 
		

		
			, 
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			Fig. 4.43. Principle of operation of a quarter square multiplier (cf. [ Giloi et al. 1963, p. 92]) 
		

		
			which only requires the computation of two square functions, a difference and a division by 4, which can be easily done with a voltage divider or a suitable feedback resistor of the output amplifier. Figure 4.43 shows the basic circuitry of such a multiplier. 
		

		
			A particular requirement of this type of multiplier is that both variables, the multiplicator as well as the multiplicand, have to be supplied with both signs, which typically is not a problem in most analog computer setups due to the sign changing behaviour of summers and integrators. The main advantages of this multiplier are its high bandwidth as well as its relatively low price. The only 
		

		
			77 The function generator card shown in figure 4.33 is actually part of a quarter square multiplier. 
		

		
			78 An interesting variation of this multiplication technique has been used by Hitachi in the 505E analog computer. Its multipliers are based on 
		

		
			xy = 
		

		
			1 
		

		
			2 
		

		
		
			2 
		

		
			(x + y − 1) 2 
		

		
			− 
		

		
			2 
		

		
			(x − y − 1) 2 
		

		
		
			+ y, 
		

		
			see [Hitachi 505E, p. 16]. 
		

	
		
			4.6 Multiplication 
		

		
			113 
		

		
		
			Fig. 4.44. Quarter square multiplier based on two QK-329 beam-deflection tubes (see [Miller et al. 1955, p. 163]) 
		

		
			drawback is that there is no way to generate multiple products of a common multiplicator as in the case of servo and time division multipliers. 
		

		
			In the late 1940s Raytheon started development of special non-linear beam-deflection tubes for analog multiplication. The first of these tubes, the QK-256 used an electron beam with rectangular cross section that could be deflected before passing through a specially-shaped mask. Depending on the amount of deflection, the beam passing through this mask changed its cross section in a non-linear way. Based on this tube, the QK-329 was developed, which allowed the construction 
		

		
			of very high bandwidth – up to 80 Mhz – quarter square multipliers. 
		

		
			79 
		

		
			Figure 4.44 shows a typical quarter square multiplier based on two QK-329 tubes. The bandwidth of this setup is primarily limited by the operational am-plifiers used in the input and output stages and not by the beam-deflection tube implementing the square function. 
		

		
			Quadratrons, as described in section 4.5.4, were also used for low bandwidth 
		

		
			(up to about 400 Hz ) and low precision quarter square multipliers. 
		

		
			81 
		

		
			79 See [Dassow 2015], [Miller et al. 1954], and [Miller et al. 1955]. 
		

		
			80 [Celinski et al. 1964, p. 152] reports up to 5 kHz bandwidth for these multipliers. 
		

		
			81 [Gul ’ko 1961] describes an interesting multiplier circuit using such varistors with increased passband. 
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			4.6.8 Other multiplication schemes 
		

		
			Over the years many other multiplications schemes have been developed and im-plemented. There are dynamometer multipliers balancing the forces of multiple electromagnets against each other , strain-gauge multipliers balancing a strain-gauge with voice coils, heat-transfer multipliers, Hall effect multipliers, and 
		

		
			many more. 
		

		
			86 
		

		
			An interesting hybrid multiplier technique for analog computers using binary counters and very early digital-analog-converters is described in [ Goldberg 1951]. 
		

		
			In the late 1960s analog transconductance multipliers were developed. These are based on the effect that the gain of a transistor depends on its collector current, so that base and collector current can be multiplied by a differential transistor pair followed by a difference amplifier. 
		

		
			Modern analog multipliers are typically based on Gilbert cells developed by 
		

		
			Barrie Gilbert in the late 1960s. 
		

		
			89 
		

		
			4.7 Division and square root 
		

		
			Division and square root are normally implemented in a straightforward fash-ion using a multiplication circuit and an open amplifier to generate the inverse function of multiplication. Figure 4.45 shows how a division operation can be im-plemented using this technique by employing a multiplier in the feedback loop of an open amplifier. Connecting the y input of the multiplier also to the output of the amplifier sets up a square root function. 
		

		
			It should be noted that circuits using open amplifiers with active elements in the feedback path may tend to unstable operation i. e., oscillation. To stabilize such circuits it is common to connect a small capacitor in the range of several 10 pF between the summing junction and the output of the amplifier. 
		

		
			82 See [Morrill 1962, p. 3-40]. 
		

		
			83 Cf. [Morrill 1962, p. 3-41]. 
		

		
			84 See [Savet 1962]. 
		

		
			85 Cf. [Haug 1960, p. A7]. 
		

		
			86 [Edwards 1954] contains a comprehensive overview of various historic multiplication schemes used in analog computers. 
		

		
			87 See [Stata 1968]. 
		

		
			88 06/05/1937–01/30/2020 
		

		
			89 See [Analog Devices 2008]. [Morton 1966] describes a multiplier capable of operation up to 10 MHz, which is quite similar to a Gilbert cell mutliplier. 
		

		
			90 The multiplier is also often denoted with a “Π” instead of the “×” symbol. 
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			Fig. 4.45. Division as inverse function of multiplication Fig. 4.46. Symbol for a divider 4.8 Comparators 
		

		
			Some problems require a means of implementing step functions or to switch a variable from one value to another, etc. This is typically done using a comparator in conjunction with analog switches in an analog computer. Basically, a comparator is just an operational amplifier with biased diodes in its feedback loop thus limiting its output typically to two values such as +1 and −1. 
		

		
			Figure 4.47 shows the general principle of the operation of a comparator. At 
		

		
			its heart is an amplifier featuring typically two inputs with resistors R 
		

		
			1 
		

		
			and R 
		

		
			2 
		

		
			92 
		

		
			The feedback loop of this amplifier consists of two diodes biased by two voltage 
		

		
			sources eb1 
		

		
			and eb2 
		

		
			depicted by batteries in this schematic. 
		

		
			93 
		

		
			In the simplest case the output of the amplifier controls a relay. If the sum 
		

		
			of the two input signals e1 
		

		
			and e2 
		

		
			is greater than zero the output will be driven 
		

		
			to its lower limit, while the upper limit will be reached for a sum less than zero. Thus, a comparator can be used to compare the voltages of two (or more) signals. 
		

		
			Small early tabletop computers often did not provide dedicated comparators – the operational amplifiers were too precious to be committed to a specific function like this. Instead their patch panels often featured a couple of free diodes, which can be used to setup a comparator based on an open amplifier. Comparators directly driving a relay are often called relay comparators . 
		

		
			Larger and more complex analog computer typically contain a number of com-parators, which do not control a relay directly. Instead the comparators yield a 
		

		
			91 Cf. [Giloi et al. 1963, p. 80]. The summing junction is denoted by S . 
		

		
			92 Usually it is R 
		

		
			1 
		

		
			= R 
		

		
			2 
		

		
			. 
		

		
			93 Of course these bias sources are not actual batteries in a real implementation – they can be readily implemented by either using coefficient potentiometers introducing a bias voltage or the two diodes can be altogether replaced by Zener diodes. 
		

	
		
			116 
		

		
			4 Basic computing elements 
		

		
			e1 
		

		
			e2 
		

		
			eb 
		

		
			1 
		

		
			eb 
		

		
			2 
		

		
			R 
		

		
			1 
		

		
			R 
		

		
			2 
		

		
			S 
		

		
			Fig. 4.47. Principle of operation of a classic comparator 
		

		
			b 
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			❅ ❅ 
		

		
			Fig. 4.48. Symbol of a relay comparator Fig. 4.49. Symbol of a comparator 
		

		
			digital output signal, which can be used to control a relay driver or to signal certain events to a connected digital computer, etc. Such comparators are typi-cally called electronic comparators . Figures 4.48 and 4.49 show the symbols for a relay comparator and an electronic comparator yielding a logic output signal respectively. 
		

		
			4.9 Limiters 
		

		
			Limiters are used to limit the value of a variable. This is often necessary in sim-ulations of mechanical systems where moving parts can hit stops, etc. The basic circuit of a limiter is similar to that of the amplifier part in a relay comparator. By using appropriately biased diodes forming a feedback path of the operational amplifier, its output voltage can be limited by an upper and lower bound. Figure 
		

		
			4.50 shows the structure of a basic limiter. 
		

		
			94 
		

		
			94 Sometimes this simple circuit is insufficient since the slope of the limited portion of the signal is not zero. See [Giloi et al. 1963, pp. 207 ff.] and [Korn 1962, pp. 3-62 ff.] for imple-mentation variants yielding more precise results. 
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			Fig. 4.50. Simple limiter circuit 
		

		
			4.10 Resolvers 
		

		
			Resolvers are among the most complex individual computing elements in an analog computer. Typically only large systems contain resolvers as stand-alone units. The purpose of a resolver is the conversion of polar to rectangular coordinates and vice versa. In addition to this, a resolver can also yield the sine and cosine values of a given input angle. Resolvers also allow the rotation of coordinate systems, which is an especially useful operation in aerospace related problems. 
		

		
			One of the earliest resolvers described in literature is the device developed by Lovell et al. This device is a typical servo resolver – this type of resolver was used widely in aerospace applications where coordinate transformations are abundant and the rates of change of the variables to be transformed are normally sufficiently slow to be suitable for an electromechanical approach. Later analog computers also featured all electronic resolvers allowing high-speed operation. 
		

		
			Resolvers are quite complicated and there are too many implementation vari-
		

		
			ants to be described in detail here. 
		

		
			96 
		

		
			4.11 Time delay 
		

		
			Many problems require some form of time delay to model transport, diffusion effects, etc. An ideal time delay unit would act as shown in figure 4.51: An input 
		

		
			95 See chapter 3.3. 
		

		
			96 [Carlson et al. 1967, pp. 58 ff.], [Giloi et al. 1963, pp. 95 ff.], [Loveman 1962, pp. 3-2 ff.], [Morrill 1962, pp. 3-56 ff.], [Kley et al. 1966], and [Vogel 1977] contain details and implementation examples. 
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			Fig. 4.51. Behaviour of an ideal time delay 
		

		
			signal is delayed by a variable amount ∆t. Given an input signal y (t) the output 
		

		
			eo 
		

		
			(t) of the time delay unit is then eo 
		

		
			(t) = y (t − ∆t). 
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			There have been many different approaches to achieve a near ideal time delay for use in an analog computers. The most basic idea from today’s point of view is to digitize the input signal, store it in a digital memory system and read it out with the desired delay time ∆t. The digital values read from memory are then fed to a digital-analog converter , a DAC. Although this yields very good results and 
		

		
			is basically not affected by the form of the input signal, 
		

		
			98 
		

		
			this approach became 
		

		
			feasible only in the late 1970s with the advent of cheap random access memory integrated circuits (RAM ). Figure 4.52 shows a typical digital time delay unit made by EAI in the 1970s. 
		

		
			Earlier implementations were based on other technologies such as tape record-ing systems or capacitor storage systems. The latter are based on a wheel or drum housing a number of capacitors oriented radially and sharing a common con-nection at the axis with the other terminal of the individual capacitors connected to contacts on the surface of the drum or wheel. The segmented circumference of the rotating assembly (essentially a commutator) is electrically connected to two brushes: One for storing a value into a capacitor, the other for reading out values, which are then fed to an amplifier. The time delay ∆t is determined by the angular positions of the two brushes as well as the angular velocity of the capacitor wheel. 
		

		
			The main disadvantage of such systems is the very limited number of storage elements, effectively limiting the number of points where the function to be delayed is sampled. Yet another approach is based on the curve follower. The function to be delayed is plotted by a strip-chart recorder. The paper containing the plot is 
		

		
			97 During start-up time, t < ∆t, the output is usually zero. 
		

		
			98 Apart from questions regarding the sampling period and the resolution of the converters. 99 Cf. [Kennedy 1962, pp. 6-10 ff.]. 
		

		
			100 [Kennedy 1962, pp. 6-8 ff.]. 
		

		
			101 Cf. section 4.5.2. 
		

	
		
			4.11 Time delay 
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			Fig. 4.52. EAI time delay unit 
		

		
			then continuously fed into a one-dimensional curve follower, which in turn delivers 
		

		
			the delayed function. 
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			In cases where the substantial cost of a dedicated time delay system could not be justified, delay functions can be set up using Padé approximations (named after Henri Padé ) or a Stubbs-Single approximation . In Laplace-transform notation delays are characterized by the following general transfer function: 
		

		
			Y (s) 
		

		
			X (s) 
		

		
			= e 
		

		
			−T s 
		

		
			Figure 4.53 shows the implementation of a 4 -order Stubbs-Single approx-imation, which is based on the transfer function 
		

		
			S4 (s) = 
		

		
			1 
		

		
			2 
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			15 
		

		
			134 
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			1 + Ts + 
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			T s + 
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			. 
		

		
			These delay functions tend to become quite complicated with increasing expectations regarding the fidelity of the delay. Their setup is also quite time consuming due to the many coefficient potentiometers required. More details 
		

		
			102 See [Carlson et al. 1967, p. 225]. 
		

		
			103 12/17/1863–06/09/1953 
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			Fig. 4.53. 4 -order Stubbs-Single approximation for time delay 
		

		
			and examples regarding Padé and Stubbs-Single approximations can be found in [Kennedy 1962, pp. 6-5 ff.], [Carlson et al. 1967, pp. 225 ff.] and [Stubbs et al. 1954]. A comprehensive description of electronic time delays can be found in [Ulmann 2020/1, pp. 95–108]. 
		

		
			4.12 Random noise generators 
		

		
			Many real-world problems to be analysed by analog computers involve random processes. Accordingly, sources of random noise are sometimes required in an ana-log computer. Typical applications include the analysis of correlation functions and delay errors in signal networks, mechanical system analysis, the measurement of spectral densities, the study of optimisation processes by sequential random perturbations and many more. 
		

		
			Typical random sources employed in analog computers were based on physical systems exhibiting a random behaviour such as the decay of radioactive isotopes, resistor noise, or recombination noise on PN-junctions in bipolar semiconduc-tors. Often complex demodulation schemes and special function generators are 
		

		
			employed to yield the desired probability distribution of the random signal. 
		

		
			105 
		

		
			It is also possible and often advisable to use digital feedback shift registers and digital-analog-converters to produce random voltage signals of certain properties. 
		

		
			104 See [Rideout 1962, pp. 12-5 f.], [Korn et al. 1964], [Giloi et al. 1963, pp. 357 ff.], [Laning et al. 1956], and [Korn 1966] for application examples and programming techniques. 105 See [Korn 1962, pp. 81 ff.]. 
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			Fig. 4.54. Brush six channel recorder 
		

		
			4.13 Output devices 
		

		
			Since an analog electronic analog computer typically represents values by voltages or currents, typical classic output devices are strip-chart recorders as shown in figure 4.54, xy -plotters (see figure 4.30), and oscilloscopes. 
		

		
			In cases where a graphical output of some solution is not required digital voltmeters (DVM s) are used to display values variables in a simulation run with high precision. Large analog computers often feature a built-in digital voltmeter with an automatic selector. To get a snapshot of the current state of a computer run, all integrators are typically placed into halt mode first. Then the output value of every computing element of interest is read out by the digital voltmeter and displayed or printed in decimal form. Additionally, these values can be transmitted to an attached stored-program digital computer or can be stored on some digital medium. 
		

		
			Figure 4.55 shows the display of a typical precision digital voltmeter – in this case the precision DVM of a Telefunken RA 770 analog computer. The left half of the display shows the address of the computing element selected for readout. 
		

		
			106 This selector was often based on stepping relays in early analog computers, which were then replaced by readout relays located at every computing element. These readout relays could then connect the output of an individual computing element to a central readout bus, which is connected to the input of the central digital voltmeter. 
		

		
			107 This particular display is of the projective type, i. e., every place of the display contains up to ten incandescend bulbs. Between each bulb and the screen of that particular digit a stencil with some symbol or digit is placed. Powering one of these tiny light bulbs will then project the desired shape. 
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			Fig. 4.55. Readout of integrator I000 on a Telefunken RA 770 analog computer 
		

		
		
			Fig. 4.56. EAI 6200 digital voltmeter 
		

		
			In this case it is I000 denoting integrator number 000. The output value of this element is currently +0.9998. It should be noted that most of the digital voltmeters used in analog computers display their values scaled with respect to the machine unit of the system, so the above value corresponds to +9.998 V since the RA 770 is a ±10 V system. 
		

		
			A typical stand-alone digital voltmeter is shown in figure 4.56. This 3.5 digit instrument was built by Electronic Associates Inc. and was typically used in con-junction with small tabletop analog computers such as the TR-10 or TR-20. Its construction is quite remarkable as it consists of a frequency counter module and a DVM module. The instrument can be used as a frequency counter or as a digital voltmeter. In the latter mode the frequency counter becomes part of the DVM circuitry. 
		

		
			The following chapter will now focus on the anatomy of a typical classic medium sized analog electronic analog computer giving an impression of the ar-rangement of computing elements described in the preceding sections. 
		

	
		
			5 The anatomy of a classic analog computer 
		

		
			The system chosen for this section on the anatomy of classic analog computers is the medium sized EAI-580, built by Electronic Associates Inc. in the late 1960s and shown in figure 5.1. Although labelled as an “ANALOG/HYBRID COMPUTING SYSTEM” by EAI’s marketing department, it is just a basic analog computer with provision to interface it to a digital computer if required in which case suitable external analog to digital and digital to analog converters ( ADC s and DAC s) 
		

		
			must be added. 
		

		
			1 
		

		
			5.1 Analog patch panel 
		

		
			The most prominent feature of any medium or large classic analog computer is its central (analog) patch panel. It contains hundreds, or even thousands, of jacks, which connect to all inputs and outputs of the various computing elements of the system. A program is set up by means of patch cables, which are plugged into these jacks, to configure the computer to solve the problem. Patch cables for medium precision computers are typically simple unshielded cables with banana plugs on their ends. Precision analog computers often use shielded patch cables with special plugs and intricate shielded patch panels to achieve up to four decimal places of precision. 
		

		
			Since the process of patching an analog computer is quite time consuming, the patch panels of all but the smallest analog computers are exchangeable. Otherwise the times to switch from one program to another would be unreasonably high. 
		

		
			Figure 5.2 shows the analog patch panel of an EAI 580 analog computer. This panel is of the modular type, using insets, which represent the different computing elements. It contains four rows of computing elements each consisting of 15 inserts. Each of these has 2 columns and 12 rows of connectors. Such a computer typically contains the following types of computing elements: 
		

		
			– Dual operational amplifiers, usually paired with dual integrator circuits, 
		

		
			2 
		

		
			– quadruple amplifiers, 
		

		
			– x -function generators, which are used to setup quarter square multipliers, 
		

		
			1 See section 9. 
		

		
			2 In contrast to other systems, the EAI 580 requires the programmer to setup integrators by explicitly interconnecting operational amplifiers with dedicated integrator circuits. This approach has the distinct advantage of giving maximum freedom to the programmer. On the other hand, this approach breaks with the idea of a mathematical machine as some knowledge of the inner workings of the system is required in order to program it. 
		

		
			https://doi.org/10.1515/9783110787740-005 
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			Fig. 5.1. EAI 580 analog computer 
		

		
			– coefficient potentiometers, 
		

		
			– comparators with electronic analog switches, 
		

		
			– function generators, and 
		

		
			– trunk lines, etc. 
		

		
			5.2 Function generators 
		

		
			Located below the analog patch panel are two drawers, which each contain four diode function generators. Each of these function generators has ten diode seg-ments with adjustable breakpoint and slope. Figure 5.3 shows the extended lower drawer. 
		

		
			As noted before, there are two basic variants of diode function generators: With and without adjustable breakpoints. The former implementation has the advantage that the breakpoints for a function approximation can be clustered in regions where the function to be implemented is “interesting” (i. e., changes 
		

		
			3 A trunk line is a direct connection between a patch panel connector and a connector on the back of the machine where input/output-devices may be connected in a convenient way without further cluttering the analog patch panel. 
		

		
			4 Cf. figure 4.32. 
		

	
		
			5.3 Digital patch panel and controls 
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			Fig. 5.2. EAI 580 analog patch panel 
		

		
			rapidly in a certain region). This approach has the disadvantage of a tortuous setup procedure, as the breakpoints and slopes must be calculated and set manually. The second implementation variant, which is typically used in Telefunken analog computers, speeds up the setup considerably by omitting the variable breakpoints but this can sacrifice precision of the function approximation. It is mainly a matter of personal preference, which implementation is preferred. 
		

		
			5.3 Digital patch panel and controls 
		

		
			Located in the top half on the left of the EAI 580 is a small digital subsystem consisting of a tiny patch panel, two thumb wheel switches to preset digital coun-ters/dividers and a number of switches, which can be used to set or reset individual bits of these counters. These switches also display the current state of each associ-
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			5 The anatomy of a classic analog computer 
		

		
		
			Fig. 5.3. EAI 580 function generators 
		

		
			ated bit. The remaining switches control individual flip-flops and a timer. Figure 5.4 shows this subsystem. 
		

		
			The various digital elements (simple logic gates, inverters, counters, and di-viders) can be interconnected by means of patch cables plugged into the small removable digital patch panel. Although many applications of an analog com-puter do not require any digital elements at all, there are more complex tasks such as parameter optimisation, etc., which benefit greatly from the flexibility offered by a digital control system. A typical example is the simulation of an au-tomatic transmission for a car: The behaviour of the gears, the torque converter, etc., can be simulated readily by the analog part of the computer. The control of these transmission parts, the gear changing decisions under varying loads, etc., is then implemented using the digital part of the computer. 
		

		
			The inputs to these digital elements are typically clock signals generated by a central timing unit, outputs of comparators used in the analog setup, manual switches, etc. Normally, the digital outputs are used to control electronic switches 
		

	
		
			5.4 Readout 
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			Fig. 5.4. EAI 580 digital controls and patch panel 
		

		
			on the analog computer or to control the operation of individual integrators or groups of integrators. Some tasks such as parameter optimisation often require at least two groups of integrators, which operate in an alternating fashion: One integrator group is halted and delivers initial conditions for a second group, which will perform some computation based on these values. This second group is then halted and can be used to update the first integrator group, etc. Alternatively, the first integrator group can compute a new set of initial conditions while the second 
		

		
			group is still running. 
		

		
			6 
		

		
			5.4 Readout 
		

		
			Located below the digital control unit is the overload display and readout system on the left and manual coefficient potentiometers and switches associated with comparators and function relays on the right. Figure 5.5 shows these subsystems of the EAI 580 analog computer in detail. 
		

		
			The overload display on the upper left has one incandescent light bulb per amplifier in the system to display overload conditions. There are two basic types of overload that may occur in an operational amplifier, in both of which it will be unable to keep its output at the level required to satisfy the condition that the inverting summing junction of the amplifier must be maintained at 0 V. Taking a summer with two inputs e1 , e2 and associated weights a1 = a2 = 1 as an example, 
		

		
			5 Using such switches differing gear ratios can be selected in the automatic transmission example. 
		

		
			6 Some machines like the Telefunken RA 770 feature an intricate control and timing sys-tem that allows operating modes like this to be implemented without having to resort to individually patched digital control elements. 
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			Fig. 5.5. EAI 580 readout, overload display, manual potentiometers and manual switches 
		

		
			this error condition could result from the attempt to add two input voltages of +1 each. The output voltage of an amplifier cannot raise above or go below its positive and negative supply voltages. In this example the output, which should be −2, would be limited by the amplifier’s output range to a lower value such as −1.4. Consequently, the current flowing through the feedback resistor can no longer cancel the input currents at the summing junction. 
		

		
			A similar problem would result from too high a load current at the output of an amplifier, in which case it could not maintain the proper output voltage. Connecting the output of an amplifier to ground or to one of the reference volt-ages would result in such an overload condition, as would be feeding too many computing elements from a single operational amplifier’s output. 
		

		
			When chopper-stabilised amplifiers are used, the detection of such overload conditions is easy: In each case the inverting summing junction can no longer be maintained at 0 V. This will in turn yield an excessive error correction signal at the output of the stabilising amplifier, which can then be used to light the corresponding overload indicator for this amplifier. 
		

		
			Since an overload condition normally renders a computation useless, it will in most cases also place the analog computer into halt mode. The programmer can then check the program to determine and remedy the reason for the overload. 
		

	
		
			5.5 Control 
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			Below the overload indicator panel is the display of a precision digital volt-
		

		
			meter with four digits of resolution. This is used to read out program variables. 
		

		
			7 
		

		
			Digital voltmeters like this can often be connected to a printer and a selector unit, which allows automatic readout of a number of computing elements. 
		

		
			On the bottom left is an analog voltmeter, which can also be used to determine the value of program variables as well as for a quick checkout of the computer. By means of the rotary switch on its right the various power supply voltages can be checked easily. In addition to this, the voltmeter is used for manual balancing of 
		

		
			the operational amplifiers. 
		

		
			8 
		

		
			The right half of this panel contains a couple of switches connected to the comparators and function relays of the analog computer. Below these are ten manual ten-turn coefficient potentiometers, called attenuators on this machine. The machine has many more coefficient potentiometers, which are set by servo-controlled motors, as it proved impractical to make users manually set up to several hundred coefficient potentiometers. 
		

		
			5.5 Control 
		

		
			The unit on the lower left of the computer is the central control panel, which is used to control the overall operation of the computer and for setting the servo coefficient potentiometers. Figure 5.6 shows this control panel in detail. 
		

		
			Located on the far left are, from bottom to top, the power switches, four control switches to select the mode of operation of the analog computing elements and similar switches for the digital part. The available analog operating modes are (from left to right ): 
		

		
			PP: Short for Program Panel, this mode transfers the overall control of all inte-grators to the digital unit on the top left. 
		

		
			IC: Place all integrators into initial condition mode. 
		

		
			HD: All integrators are placed into halt mode. 
		

		
			OP: Switch all integrators into operate mode. 
		

		
			The logic mode switches are used to 
		

		
			7 Normally the computer is placed into halt mode for readout. 
		

		
			8 In some cases the drift of an amplifier is so excessive that the chopper stabilisation stage cannot compensate it completely. Consequently, each amplifier has a potentiometer for manual coarse zeroing. 
		

		
			9 The key labels have faded away due to the age and usage of the particular machine depicted. 
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			Fig. 5.6. EAI 580 control panel 
		

		
			– transfer the control of the digital elements to the digital patch panel (PP), – to clear (C), 
		

		
			– stop (S), 
		

		
			– and run (R) the digital circuit setup on the digital patch panel. 
		

		
			The switches labelled 10 , 10 , 10 and STP select the basic digital clock rate, one pulse per microsecond being the default cycle time, or place the digital subsystem into single step mode. The RMT switch places the digital unit into remote mode, which allows several EAI 580 systems to be coupled together or to couple an EAI 580 analog computer with a stored-program computer, basically forming a hybrid 
		

		
			computer. 
		

		
			10 
		

		
			The two switches labelled DIS and ENG are used to disengage and engage the large removable analog patch panel. Due to its many connections, it is locked into place by a motor driven mechanism, which is controlled by these two switches. 
		

		
			Above these two switches is a row of three buttons labelled SP, ST and RMT. These place the machine into the potentiometer-set mode (SP), a check mode called static test or into remote mode, which transfers the control of the analog portion to an external system such as a memory programmed computer. 
		

		
			Next to these are two switches, which are used to select the time base of the system. By default all integrators are set to a time-scale of 1 second, so that an input voltage corresponding to one machine unit will yield −1 at the output of the integrator after one second. Pressing the button labelled 2MS switches all integrators to a second set of integration capacitors with 1/500 of the capacity of 
		

		
			10 See section 9. 
		

		
			11 This mode is quite similar to the initial condition mode, but instead of initial conditions static check voltages can be applied to integrators allowing a check of a program without actually running it. 
		

	
		
			5.6 Performing a computation 
		

		
			131 
		

		
			the normal feedback capacitors, thus speeding up the computation by a factor of 500. 
		

		
			The two ten-turn potentiometers control timers for repetitive operation. In this mode a computation will be performed over and over again, cycling the integrators through their initial condition and operate modes automatically. The keys labelled .1, 1 and 10 set a global multiplcative factor for the timers controlling the repetitive operation of the system. 
		

		
			The next three columns of switches are labelled ADDRESS and allows the selection of any computing element of the analog section of the EAI 580 for readout or setup in the case of servo potentiometers. Each element has an element type and a two digit decimal address. The output value of an addressed element is displayed on the digital voltmeter, together with a one letter function code denoting the type 
		

		
			of the element. 
		

		
			12 
		

		
			The next block of switches is labelled RDAC and forms a simple, yet precise resistor-based analog-digital converter. Its main purpose is to set servo controlled coefficient potentiometers: First, using the ADDRESS switches, a potentiometer to be set is selected. In the next step the desired value is keyed into the RDAC keys and the SET key is pressed. This causes the servo motor of the selected potentiometer to position its wiper to the desired value. In some cases it is desirable to control a servo potentiometer manually, which can be done with the big lever on the far right. Turning it to the left will cause the servo motor of the selected potentiometer to decrease the coefficient’s value; turning it to the right increases its value. 
		

		
			5.6 Performing a computation 
		

		
			A computation on the EAI 580 analog computer is performed as follows: 
		

		
			1. The computer is switched on by pressing the ON button. 
		

		
			2. The programs prepared on the analog and digital panels have to be inserted onto the machine. While the digital patch panel is engaged and disengaged manually by means of a lever, the analog patch panel is unlocked or locked by pressing the DIS or ENG switch on the control panel. 
		

		
			3. The various servo driven coefficient potentiometers and the manually con-trolled attenuators must be set. 
		

		
			4. If required for this computation, the diode function generators must be set up manually. 
		

		
			12 “A” denotes an amplifier, “P” a potentiometer, etc. 
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			5. If required, initial conditions for the digital computing elements have to be set by pushing the switches associated with the counters, flip-flops, etc. 
		

		
			6. The time-scale is set if repetitive operation is desired. 
		

		
			7. The analog and digital subsystems of the analog computer can then be put into the required mode of operation. In the simplest case this will just involve setting the analog part of the machine into IC mode, followed by OP. 
		

	
		
			6 Some typical analog computers 
		

		
			So many companies made so many different models of analog computers that it is impossible to describe them in detail here. The following sections describe some typical analog computers. 
		

		
			6.1 Telefunken RA 1 
		

		
			In the early 1950s Dr. Ernst Kettel, an engineer working for Telefunken, a world-renowned manufacturer of radio transmitters, receivers, RADAR sets, etc., started thinking about building an analog computer to do research in his main field of interest – communications equipment. Eventually, this project transformed Telefunken into a leading analog computer manufacturer in Germany and Europe. It seems reasonable to assume that Dr. Kettel met Helmut Hoelzer during his work in Peenemünde, where he developed radio control and telemetry systems for the rocket development projects. He had probably seen Hoelzer’s general purpose analog computer in operation there, which would explain his general interest in this topic. 
		

		
			In 1953 actual work on this machine started with the help of Dr. Adolf Kley. The machine became known as the RA 1 and is shown in figure 6.1. 
		

		
			[Feilmeier 1974, p. 18] describes the RA 1 as a typical system of the heroic age of analog computing, which spanned from about 1945 until 1955. The machine is of a completely modular design. Three racks hold a variety of computing and support elements. The right hand rack contains the power supplies delivering the highly precise machine voltages of ±100 V, the main supply voltages of ±200 V, a bias voltage of −450 V, etc. 
		

		
			The rack on the left holds the following subsystems from top to bottom: 
		

		
			– A vacuum diode function generator with 21 fixed breakpoints and 21 precision potentiometers and switches to set the slope of the polygon, 
		

		
			1 In fact, many influential systems, such as the EAI 580, the EAI 680, the large systems EAI 7800 and EAI 8800, as well as many vendors like Beckman, COMCOR, Dornier, Simulators Inc., Goodyear, Solartron, etc., are not described. This should not imply that their machines are inferior to those described here. 
		

		
			2 RA 1 is the abbreviation for Rechner, Analog number one. “Rechner” is the German term for computer. Telefunken followed a simple scheme for naming its analog computers, which were all denoted by RA followed by a number. Later tabletop machines were labelled with an additional T to distinguish these from the larger systems. 
		

		
			https://doi.org/10.1515/9783110787740-006 
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			Fig. 6.1. The Telefunken RA 1 as it is currently preserved in a private collection 
		

		
			– four quarter square multipliers 
		

		
			3 
		

		
			, 
		

		
			– eight summers, 
		

		
			– an oscilloscope of rather interesting design with two display tubes, – a collection of limiters and the like, 
		

		
			– some free diodes, 
		

		
			4 
		

		
			, 
		

		
			– relays to set up comparator circuits, 
		

		
			3 Of these eight units, seven use dual diode vacuum tubes EAA 91 (equivalent to the 6AL5) for the square functions while one module is of a clearly experimental nature: This left most multiplier uses unlabelled germanium diodes instead of vacuum tubes. 
		

		
			4 Many analog computers contain free or uncommitted diodes, which are very useful to limit the output of computing elements, which can be used to implement functions such as absolute value, etc. 
		

	
		
			6.1 Telefunken RA 1 
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			– five coefficient potentiometers, 
		

		
			– a selectable integrator/summer/amplifier, 
		

		
			– and a summer. 
		

		
			The rack in the middle contains (top to bottom) 
		

		
			– a second diode function generator, 
		

		
			– four quarter square multipliers, 
		

		
			– eight switchable integrators/summers/amplifiers, 
		

		
			– 16 coefficient potentiometers, 
		

		
			– another eight switchable integrators/summers/amplifiers, 
		

		
			– eight coefficient potentiometers and 
		

		
			– a drawer containing the central timing and control module as well as six switchable integrators/summers/amplifiers. 
		

		
			It is quite obvious that the RA 1 was built as a piece of laboratory equipment and not as the prototype of a product to be sold to customers. All computing elements are interconnected with shielded patch cables but there is no central patch panel, there is no means to simplify setting up coefficient potentiometers, there is no built-in voltmeter, etc. 
		

		
			It must have come quite as a surprise for Telefunken that customers from industry who saw this machine during visits to the Telefunken laboratory in Ulm expressed their interest in buying such a machine. Forced by this unexpected customer demand, Telefunken agreed to build a batch of ten systems, which were slightly improved over the prototype RA 1. A very large configuration of this production model, named RA 463/2 is shown in figure 6.2. Figure 6.3 shows a 
		

		
			typical medium-scale installation. 
		

		
			7 
		

		
			A typical RA 463/2 system, consisting of only three racks with no operator console table, was priced at 158,000 DM in 1958 (see [Telefunken 1958]) corre-sponding to about 410,000 US$ today. Since the first batch of these machines was sold even before the computers were even built, additional systems were manu-factured – reluctantly at first – and thus Telefunken entered the analog computer business. 
		

		
			5 A contemporary description of this machine with potential application can be found in [Herschel 1957]. 
		

		
			6 See [Telefunken 1958]. 
		

		
			7 Sitting on the left is Prof. Dr. Otto Föllinger with Dr. Werner Ammon on the right. 
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			Fig. 6.2. A large Telefunken RA 463/2 analog computer installation (see [Ammon, p. 1]) 
		

		
			6.2 GAP/R analog computers 
		

		
			The analog computer pioneer George A. Philbrick and founder of GAP/R (George A. Philbrick Researches ) not only brought operational amplifiers into widespread commercial use in 1952 but also built and sold highly modular elec-
		

		
			tronic analog computers. 
		

		
			8 
		

		
			These computers are built from “black boxes”, which implemented various computing functions such as the K3-A adding component shown in figure 4.19 in section 4.2. These modules typically employed a number of operational ampli-
		

		
			fiers such as the K2-W 
		

		
			9 
		

		
			as well as the necessary passive elements to implement a 
		

		
			certain function. These components were grouped into linear devices such as the K3-A adding component, the K3-C coefficient component, integrators, differentia-
		

		
			8 A short history of these developments in the years from 1938 to 1957 can be found in [Coulter ]. 
		

		
			9 See section 4.1.1. 
		

	
		
			6.2 GAP/R analog computers 
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			Fig. 6.3. Another Telefunken RA 463/2 analog computer 
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			6 Some typical analog computers 
		

		
		
			Fig. 6.4. Typical GAP/R analog computer setup from 1957 
		

		
			tors, etc. Non-linear components included limiters, backlash, multipliers, square functions, square root, etc. 
		

		
			These systems were primarily intended for high-speed, repetitive operation. 
		

		
			10 
		

		
			A remarkable feature was the Electronic Graph Paper, which basically displayed a grid on an oscilloscope, thus giving “instantaneous and automatic calibration of 
		

		
			both voltage and time on the oscilloscope screen itself ”. 
		

		
			11 
		

		
			Figure 6.4 shows a typical GAP/R analog computer installation from 1957. The large oscilloscope display in the middle is part of the electronic graph paper capability. The overall construction is highly modular and flexible. 
		

		
			6.3 EAI 231R 
		

		
			The Electronic Associates EAI 231R analog computer is one of the machines that became archetypal for analog computers during the 1960s. It was introduced in 
		

		
			10 See [GAP/R EAC, p. 3]. 
		

		
			11 See [GAP/R EAC, p. 3]. 
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			Fig. 6.5. EAI 231R analog computer 
		

		
			1959 and already had a long ancestry, which made this system far superior to the Telefunken RA 1 and its production model RA 463/2 with respect to its overall layout, the available computing elements, and their precision. The 231R and its predecessors were part of the PACE (short for Precision Analog Computing Equip-ment ) series including the earlier 16-24A, 16-24D, 16-31R and 16-131R models. 
		

		
			A typical EAI 231R analog computer is shown in figure 6.5. This system became one of the most widely-used analog computers and systems of this type were still in use in the late 1970s. The system is dominated by the large patch panel on the right side containing 3450 plug sockets. These sockets as well as the patch cables are completely shielded, to minimise cross talk and noise injection. Below the patch panel is the operator control panel containing 20 manually operated coefficient potentiometers on the right and the timing control, analog voltmeter, 
		

	
		
			140 
		

		
			6 Some typical analog computers 
		

		
		
			Fig. 6.6. Removing the patch field from an EAI 231R computer (see [EAI PACE 231R, p. 6]) 
		

		
			and computing element selection circuitry on the left. The two large bays on the top of the system can hold either additional 80 manual coefficient potentiometers or servo potentiometers. Located above the operator panel are a random noise generator (recognizable by its two circular analog instruments), a digital voltmeter, 
		

		
			two servo multipliers and a printer connected to the DVM. 
		

		
			13 
		

		
			The bays below the operator console contain 24 modules, each with four op-erational amplifiers and two power supplies. All input and feedback resistors and capacitors are contained in a temperature controlled oven to minimise drift ef-fects due to temperature variations. Figure 6.6 show the removable patch field. The system depicted has manual coefficient potentiometers installed in the top enclosures and an extension rack mounted to its right. 
		

		
			A large EAI 231R installation is shown in figure 6.7. It consists of two fully equipped EAI 231R analog computers, each with one extension rack to its left and one to its right. A large flatbed plotter can be seen in the left foreground. Visible in the middle of the picture is a smaller EAI Variplotter and on the right are two multi-channel recorders and an ADIOS (short for Automatic Digital In-
		

		
			12 The system shown here is equipped with servo potentiometers. These could be set auto-matically from an attached setup system or a digital computer. 
		

		
			13 Short for Digital Voltmeter. 
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			Fig. 6.7. Installation of two EAI 231R with various plotters and an ADIOS console 
		

		
			put Output System ). console, which can be used to automatically set up servo potentiometers under paper tape control. 
		

		
			The 231R was such a successful system that EAI developed an enhanced version, the EAI 231RV, that was put on the market in 1964. In contrast to the 231R, it contains a sophisticated digital control system that allows control of individual integrators and easy implementation of complex control sequences. In addition, the integrators featured additional time-scale factors. These systems found widespread use in nearly all branches of science and engineering but most prominently in the field of aerospace engineering. 
		

		
			Figure 6.8 shows a HYDAC 2000 system, consisting of an EAI 231RV analog computer with several expansion racks and an eight channel recorder on the right. On the left a DOS 350 digital console can be seen. This consists of a plethora of simple digital circuit elements such as individual gates, flip-flops, monoflops, etc., that can be interconnected by means of a central digital patch panel similar to that used in the analog computer. Using these elements, quite complex control circuits can be implemented. 
		

		
			Such a HYDAC system, costing over one million Dollars, was acquired by 
		

		
			General Dynamics in 1964 for the development of the F-111 jet fighter. 
		

		
			16 
		

		
			6.4 Early transistorised systems 
		

		
			Telefunken was the first company that successfully developed a fully transistorised analog computer. After the rather unexpected commercial success of the vacuum tube based RA 463/2, the company’s management decided that the era of vacuum tubes was over – a pretty bold decision in the mid 1950s when transistors were still exotic devices with widely varying performance characteristics. A project 
		

		
			14 Some background information about ADIOS can be found in [Van Wauve 1962]. 
		

		
			15 Adjusted for inflation this corresponds to roughly 9.2 million USD in 2022. 
		

		
			16 Cf. [N. N. 1964/2]. 
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			Fig. 6.8. EAI HYDAC-2000 system (see [N. N. 1964/1]) 
		

		
			to develop a transistorised high-performance operational amplifier with chopper stabilisation was started. This development was undertaken by Günter Meyer-Brötz, who just finished university, and Hans Otto Goldmann. 
		

		
			A small tabletop analog computer was built as proof-of-concept. The resulting system is shown in figure 6.9. It is clearly a direct descendant of the RA 1 and RA 463/2 – there is no central patch panel, all computing elements are housed in separate modules and the machine features a built-in oscilloscope. 
		

		
			It was decided to develop a line of transistorised analog computers based on this prototype. The first such machine was the RAT 700. The operational am-plifier used in this first fully transistorised analog computer has been shown in chapter 4, figure 4.14. The RAT 700 was first sold in 1959 and became the pro-genitor of a long and commercially successful series of analog tabletop computers 
		

		
			built by Telefunken. Figure 6.10 shows one of the early machines sold in 1959. 
		

		
			20 
		

		
			17 See section 4.1.2 for a description of this amplifier. The much simpler amplifiers in the RA 1 and its corresponding production model RA 463/2 had no such drift compensation. Accord-ingly, these machines were capable of repetitive operation only with a maximum integration time of 110 seconds. Longer runs would compromise the results too much due to drift effects. 18 Prof. Dr. Meyer-Brötz told the author that he was hired without having any real expe-rience in the field of amplifier development because he did not know that it was considered impossible to build a fully transistorised precision operational amplifier. Nearly everybody in the 1950s considered transistors to be well suited for switching operation but not up to the task for precision analog computer applications. 
		

		
			19 Short for analog tabletop computer (German Rechner Analog Tisch ). 
		

		
			20 Later models had a different colour scheme and a slightly different enclosure. 
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			Fig. 6.9. First fully transistorised tabletop analog computer made by Telefunken (see [ Ernst 1960, p. 255]) 
		

		
		
			Fig. 6.10. The RAT 700 tabletop analog computer 
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			In contrast to the RA 1 and RA 463/2 this tabletop computer features a cen-
		

		
			tral patch panel located in the lowest of four chassis-mounted modules, which contains the input and feedback networks of the summers and integrators and additional computing elements such as free diodes, relays, etc. The operator con-trol panel can be seen on the right hand side of this module. The middle section of the machine holds two half-height drawers containing 20 precision coefficient potentiometers and two diode function generators with fixed breakpoints. The top drawer holds the power supplies (±15 V, −25 V for relays, and 6 V for lamps, and the highly stabilised machine units of ±10 V) on the right and 15 chopper-stabilised precision operational amplifiers with their corresponding overload indi-cators on the left. 
		

		
			A fully expanded RAT 700 contains 19 operational amplifiers, 
		

		
			23 
		

		
			four quarter 
		

		
			square multipliers, two diode function generators, 20 coefficient potentiometers, eight free diodes and two relays that can be used to set up comparators in con-junction with a summer. 
		

		
			The RAT 700, which sold remarkably well, was in fact just a by-product of the development of a large precision analog computer that was completed in 1960 and introduced to the public at the Hanover trade show in the same year. This machine, the RA 800, shown in its basic configuration in figure 6.11, was living proof that a precision analog computer with a machine unit of ±10 V could be built with transistors instead of the then ubiquitous vacuum tubes. Around this time, other companies started their own developments of transistorised analog computers to compete with the RA 800. 
		

		
			The left rack contains, from top to bottom, a power supply, the central re-movable patch panel, 50 precision coefficient potentiometers, two servo resolvers and two drawers each with four time division multipliers. The right rack contains, top to bottom, a power supply, two drawers each containing four diode function generators, ten manual switches, a digital voltmeter, the central control panel with various timers, a compensation voltmeter and computing element readout selec-
		

		
			21 Even a removable patch panel was offered as an option due to customers requesting some way to quickly change the setup from one program to another. 
		

		
			22 To protect these expensive potentiometers against damage caused by patching errors, a small incandescent bulb is placed in series with the wiper. Under normal circumstances only a tiny current flows through the wiper and the small resistance of the bulb in its cold state does not introduce any noticeable error into the computation. In case of a erroneous connection resulting in excessive current flowing through the potentiometer’s wiper, the bulb lights up and limits the current to a value small enough so that will not damage the potentiometer. 23 Eight of these operational amplifiers are committed to switchable integrators/summers, seven are part of dedicated summers while the remaining four are needed for the multipliers and function generators. 
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			Fig. 6.11. A basic RA 800 precision analog computer (see [ Meyer-Brötz 1960, p. 176]) 
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			Fig. 6.12. The EAI TR-10 tabletop analog computer 
		

		
			tion logic, 50 additional potentiometers, two drawers each holding 30 operational amplifiers, and ten electronic comparators. 
		

		
			At the same time, EAI was developing a transistorised operational amplifier that would be the heart of its first tabletop analog computer, the TR-10, which was introduced to the market in 1960. Figure 6.12 shows the front view of a TR-10. Instead of a central patch panel, it exposes its various components to the program-mer. Interestingly, this machine – like several other later systems made by EAI – does not offer integrators and summers as abstract computing components but requires the user to set up these elements explicitly by interconnecting operational 
		

		
			amplifiers with suitable passive networks. 
		

		
			25 
		

		
			24 A removable patch panel was later offered as an option. 
		

		
			25 This is in sharp contrast to other systems such as all of the Telefunken made machines, which hide the inner workings of their computing elements and only offer mathematical oper-ations as the basic elements for a computer setup. 
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			From top to bottom, this particular TR-10 contains 20 coefficient potentiome-ters, twelve computing networks to build summers, integrators, etc., ten dual op-erational amplifiers that have to be connected to the computing networks, and the control panel at the bottom. 
		

		
			6.5 Later analog computers 
		

		
			In the mid 1960s analog computers were increasingly often coupled with digital computers, forming hybrid computers. Accordingly, most manufacturers started development of these systems by augmenting existing analog computers with the necessary hardware interfacing components such as analog-digital and digital-analog converters, etc. A typical example of this strategy is the EAI HYDAC 2000 system shown in figure 6.8. Telefunken used a similar approach by evolving the RA 800 into the RA 800H, the H denoting its hybrid capability. In fact, this machine was basically still a RA 800 system but had a digital control system similar to the DOS 350 of the HYDAC-2000. 
		

		
			Figure 6.13 shows a RA 800H system. The rack on the left holds the digital extension, the DEX 802. This is basically just a collection of simple digital ele-ments like logic gates, counters and timers. In addition to this, there are additional drawers containing analog function generators, an electronic resolver, etc. Thanks to the seemingly simple DEX 802 the RA 800H was a much more versatile system than its RA 800 predecessor. It was possible to solve directly complex tasks such as parameter optimisations on the RA 800H. 
		

		
			The last Telefunken analog computer is the RA 770, unveiled in 1966, which was a significant improvement over the RA 800H. Shown in figure 6.14, this sys-tem achieves an overall precision of 10 thanks to improved operational amplifiers 
		

		
			employing silicon transistors and fully electronic choppers. 
		

		
			28 
		

		
			Using integrated cir-
		

		
			cuits in the control system and other improvements made the RA 770 a physically much smaller and yet more capable system, with a wider complement of computing elements, than the RA 800H. 
		

		
			Both the RA 770 and the RA 800H can also be coupled with a stored-program digital computer by means of a hybrides Koppelwerk HKW 860 to form a true hybrid computer. Unfortunately, Telefunken stopped the development of analog 
		

		
			26 See section 9. 
		

		
			27 Short for “Digital-Experimentierzusatz”, which translates roughly to “digital extension for experiments”. 
		

		
			28 These amplifiers, described in [Meyer-Brötz et al. 1966], and shown in figure 4.15, chap-ter 4, have an open-loop gain of 3 · 10 . 
		

		
			29 German for hybrid coupler. 
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			Fig. 6.13. A RA 800H system (see [Adler 1968, p. 273]) 
		

		
			computers in the early 1970s with no successor to the venerable RA 770. Its analog computer branch went out of business in the 1970s while other manufacturers, especially EAI, were still bringing new and enhanced systems to the market. 
		

		
			An example of a late EAI system, a PACER 500 hybrid computer is shown in figure 6.15. From left to right, the console typewriter for the stored-program digital processor, the digital processor itself, the dominating analog patch field, the operator control panel, including a small digital patch field, and a small cathode ray tube display can be seen. Systems like these were in widespread use in many scientific and engineering branches well into the 1980s. 
		

		
			30 This system was based on the earlier EAI 580 analog computer, now equipped with the necessary interface electronic for attaching a digital computer. 
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			Fig. 6.14. Telefunken RA 770 precision analog computer 
		

		
		
			Fig. 6.15. An EAI PACER 500 hybrid computer system 
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			Fig. 6.16. Front view of THE ANALOG THING 
		

		
			6.6 THE ANALOG THING 
		

		
			A noteworthy recent development is THE ANALOG THING (THAT ), a small-scale analog computer ideally suited for educational and hobbyist use. Shown in figure 6.16 this little analog computer contains five integrators, each with two time-scale factors, four summers, four sign-inverters, eight coefficient potentiometers, two multipliers, two comparators with electronic switches, several free elements such as diodes, capacitors, and resistor networks. It also supports manual opera-tion as well as repetitive operation so that solutions can be displayed as steady figures on an oscilloscope. 
		

		
			One especially interesting feature of this system is that it is an open hardware project, so its schematics are publicly available and can be used as a starting point for other developments. 
		

		
			31 This computer was introduced in 2021. 
		

		
			32 See https://the-analog-thing.org. 
		

	
		
			7 Programming 
		

		
			Programming an analog computer differs substantially from the algorithmic ap-proach used for stored-program digital computers. Programming an analog com-puter can be considered being easier and maybe even more “natural” than de-veloping and implementing an algorithm on a digital computer. This is especially true for engineers, physicists and mathematicians, since the analog computer is, due to its nature of forming an analog for a problem to be solved, closely related to their realms of expertise and their ways of thinking about complex dynamical systems. 
		

		
			From the perspective of a contemporary programmer, programming an ana-log computer will look like an arcane task, as it bears no resemblance at all to today’s ubiquitous algorithmic approach. Since analog computing is not part of the standard curriculum in a computer science class, programming such a machine is considered a curiosity while the much more abstract algorithmic approach has become natural. 
		

		
			The following sections are an introduction to analog computer programming and are based on practical examples of increasing complexity. Since programming, be it analog or algorithmic, is to a certain degree an art form, becoming an expert analog computer programmer requires a lot of hands-on experience. 
		

		
			One of the biggest hurdles for aspiring analog computer programmers is to overcome the deeply ingrained algorithmic approach to programming, which has been the predominant approach to programming since the late 1970s. 
		

		
			7.1 Basic approach 
		

		
			Figure 7.1 shows the basic approach to programming an analog computer: First of all a thorough analysis of the system to be simulated is required, which typically results in a differential equation, or systems of coupled differential, or partial dif-ferential, equations. Based on these equations a program for the analog computer is then devised. This program is a description of the connections required between the analog computer’s various computing elements to form an electronic analog of the underlying problem. Since the variables within such a program are limited to the interval [−1, 1] a scaling or normalization step is typically necessary to ensure 
		

		
			1 A much more comprehensive account of analog (and hybrid, for that matter) computer programming can be found in [Ulmann 2020/1]. 
		

		
			2 Of course, this first step is also required for developing an algorithmic solution for a given problem. 
		

		
			https://doi.org/10.1515/9783110787740-007 
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			Fig. 7.1. Typical workflow in analog simulation (cf. [Truitt et al. 1960, p. 1-108]) 
		

		
			that no variable within the program will exceed the machine units. This can often be quite tricky. Scaling a problem will not only change the values of coefficients but also introduce additional coefficients into the computer setup. 
		

		
			Given sufficient initial conditions for the integrators in the computer setup, the system of which an analog has been implemented can now be simulated. 
		

		
			There are two main approaches to derive an analog computer program from a set of equations, either the feedback technique developed by Lord Kelvin in 
		

		
			3 The value representation within an analog computer is thus similar to fixed point binary arithmetic or the mantissa part of a floating point number. 
		

		
			4 Cf. [Schwarz 1971, pp. 25/165 ff.]. 
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			1875/1876 or the substitution method . Both methods start with a set of differential equations of the general form 
		

		
			d 
		

		
			dx 
		

		
			y (x) + an−1 
		

		
			n−1 
		

		
			n−1 
		

		
			y (x) + a1 
		

		
			d 
		

		
			dx 
		

		
			y (x) + a0 
		

		
			y (x) = f (x) (7.1) 
		

		
			or shorter 
		

		
			y (x) + an−1 y 
		

		
			(n−1) 
		

		
			(x) + · · · + a1 y (x) + a0 y (x) = f (x) 
		

		
			with initial conditions 
		

		
			y (0), y (0), y (0), . . . , y 
		

		
			(n−1) 
		

		
			(0) 
		

		
			representing the system to be solved with the analog computer. Derivatives with 
		

		
			respect to time t or the scaled machine time τ , such as 
		

		
			dy 
		

		
			dt 
		

		
			or 
		

		
			dy 
		

		
			dτ 
		

		
			, will be written 
		

		
			here as y ˙ . 
		

		
			In an analog computer program differentials are typically avoided in favour of integrations since a (time) derivative of signal amplifies noise (a differentia-tor basically is a high-pass filter) while an integration filters noise out (low-pass 
		

		
			filtering). 
		

		
			7 
		

		
			7.2 Kelvin’s feedback technique 
		

		
			Kelvin’s feedback technique, which has also been called the classical differential analyser technique, is based on the idea of a series of integrations starting with the highest derivative of a differential equation, successively yielding all lower derivatives necessary to represent the equation in question. As an example the following equation with initial conditions y ¨ (0), y ˙ (0) and y (0) is to be solved with 
		

		
			an analog computer: 
		

		
			... 
		

		
			y + a2 y ¨ + a1 y ˙ + a0 y = 0 (7.2) 
		

		
			First, the equation is rearranged so that its highest derivative is separated on the left hand side of the equation sign: 
		

		
			... 
		

		
			y = −a 
		

		
			2 
		

		
			y ¨ − a1 
		

		
			y ˙ − a0 
		

		
			y. (7.3) 
		

		
			5 See [Schwarz 1971, pp. 168 ff.]. 
		

		
			6 It should be noted that an electronic analog computer can only integrate with respect to time, while classic mechanical or electromechanical differential analysers as well as their digital counterparts (see chapter 10) do not have this restriction. [ Johnson et al. 1961, pp. 2–13] describe an electronic generalized integrator. 
		

		
			7 See section 3.1.2. 
		

		
			8 See [Korn et al. 1964, p. 1-5]. 
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			... 
		

		
			y 
		

		
			−y ¨ 
		

		
			y ˙ 
		

		
			−y 
		

		
			y ¨ (0) 
		

		
			−y ˙ (0) y (0) 
		

		
			Fig. 7.2. Kelvin’s feedback technique, 1 step 
		

		
			y ˙ 
		

		
			−y 
		

		
			y ¨ (0) 
		

		
			−y ˙ (0) y (0) −y ¨ 
		

		
			Fig. 7.3. Kelvin’s feedback technique, 2 step 
		

		
			Using three integrators connected in series as shown in figure 7.2 the lower deriva-
		

		
			tives −y ¨ , y ˙ and −y can be computed. 
		

		
			9 
		

		
			Combining these derivatives, the right hand side of equation (7.3) can be 
		

		
			obtained as shown in figure 7.3. The coefficients a0 
		

		
			, a1 
		

		
			and a2 
		

		
			are implemented 
		

		
			using coefficient potentiometers while an additional summer is necessary to yield −y ˙ . Since every integrator (and summer) performs a sign reversal, the three initial conditions have to be supplied with alternating signs in this setup, too. 
		

		
			The computer setup derived by this simple method is now an analog of the system described by the differential equation (7.2). Depending on its scaling, i. e., the coefficients a0 , a1 and a2 and the time- scaling factors of the integrators, the desired solution can be typically obtained in the same period of time the original system would behave. It is also possible to use increase or decrease the time-scale factors yielding the solution faster or slower than real-time. While many problems, especially those with hardware- or humans-in-the-loop, need to run in real-time 
		

		
			9 The alternating signs are caused by the sign-changing nature of practical integrators. 
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			and do not therefore require time scaling, other problems benefit considerably 
		

		
			from stretching or compressing time. 
		

		
			10 
		

		
			Summarising the Kelvin feedback technique, an analog computer setup can be derived from a set of equations by executing the following steps: 
		

		
			1. Rearrange the equations so that the highest derivatives are separated on the left hand side. 
		

		
			2. Generate all lower derivatives that are part of the equations by successive integrations. 
		

		
			3. Using these lower derivatives, the terms on the right hand sides of the equa-tions can be generated. 
		

		
			4. Since these right hand sides are equal to the highest derivatives used in the first step, the feedback loops can now be closed by feeding these values into the inputs of the respective first integrator stages. 
		

		
			7.3 Substitution method 
		

		
			Application of the substitution method is best shown by deriving a computer 
		

		
			setup for solving a differential equation like 
		

		
			12 
		

		
			y ¨ + a1 y ˙ + a0 y = f (t). (7.4) 
		

		
			To simplify matters, the initial conditions y ˙ (0) and y (0) are assumed to be zero. The basic idea is to transform this differential equation into equations of first 
		

		
			degree by repeated substitutions. Each substitution decreases the degree of the remaining differential equation by one. The substitution 
		

		
			y = y ˙ + a1 
		

		
			y (7.5) 
		

		
			yields 
		

		
			y ˙ 
		

		
			= y ¨ + a1 
		

		
			y ˙ 
		

		
			(7.6) 
		

		
			as its first derivative with respect to time. Substituting (7.6) into (7.4) yields the nonhomogenous differential equation 
		

		
			y ˙ 
		

		
			+ a0 
		

		
			y = f (t). (7.7) 
		

		
			Solving (7.7) for its highest derivative yields 
		

		
			y ˙ 
		

		
			= f (t) − a0 y, 
		

		
			10 Typical examples are the simulation of processes such as neutron dynamics in a nuclear reactor or problems in population dynamics. 
		

		
			11 Also known as partial feedback method . 
		

		
			12 Cf. [Schwarz 1971, pp. 168 ff.]. 
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			f (t) 
		

		
			−y a 
		

		
			0 
		

		
			−y ˙ 
		

		
			y 
		

		
			Fig. 7.4. First sub-circuit derived by the method of substitution 
		

		
			y 
		

		
			−y a 
		

		
			1 
		

		
			−y ˙ 
		

		
			y 
		

		
			Fig. 7.5. Second sub-circuit derived by the method of substitution 
		

		
			which corresponds to the circuit shown in figure 7.4. Now a second circuit rep-resenting equation (7.5) has to be set up. Solving this equation for its highest derivative yields 
		

		
			y ˙ = y − a1 
		

		
			y, 
		

		
			which corresponds to the circuit shown in figure 7.5. y is readily available from the circuit shown in figure 7.4. 
		

		
			Combining these two sub-circuits in a straightforward fashion yields the setup shown in figure 7.6. Realizing that every summer and integrator performs a sign inversion, this circuit can be simplified by removing two summers. The resulting simplified setup is shown in figure 7.7. 
		

		
			A major drawback of the substitution method is the complex treatment of non-zero initial conditions. While the initial condition y (0) can be used directly for the last integrator in a program derived by this method, all other initial values have to be transformed according to the previously executed substitutions. So the initial value y ˙ (0) has to be transformed into an equivalent initial value 
		

		
			y ˙ (0) = y ˙ (0) + a1 y (0). 
		

		
			y can now be used to initialize the corresponding integrator. This initial value transformation makes the application of the substitution method quite cumber-some in real applications. Consequently, the following sections will use the simpler Kelvin method. 
		

		
			13 Since every operation causes some inevitable errors due to noise or drift, analog computers programs should always use the minimum number of computing elements. 
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			f (t) 
		

		
			−y ˙ 
		

		
			y 
		

		
			−y ˙ 
		

		
			y 
		

		
			−y 
		

		
			a0 
		

		
			a1 
		

		
			Fig. 7.6. Non-optimised circuit derived by the substitution approach 
		

		
			f (t) 
		

		
			−y 
		

		
			y 
		

		
			a0 
		

		
			a1 
		

		
			−y 
		

		
			Fig. 7.7. Optimised circuit 
		

		
			In general, both techniques, Kelvin’s feedback method as well as the sub-stitution method, can be applied to linear and non-linear and linear differential 
		

		
			equations alike. 
		

		
			14 
		

		
			7.4 Partial differential equations 
		

		
			Many problems are readily described by partial differential equations containing derivatives with respect to more than variable. Since an analog electronic analog 
		

		
			14 In the case of non-linear differential equations the handling of initial conditions can be quite tricky. Sometimes special computer setups are used. Cf. [Soudack 1968] and [Brown 1969] for more information. Some special classes of non-linear differential equations can be tackled with a method different from those described here, see [ White 1966]. 
		

		
			15 Most often derivatives with respect to time t and Cartesian coordinates (x, y, z ) or spherical coordinates (t, φ, θ ) are encountered. 
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			Heat source 
		

		
			H (t) 
		

		
			Insulated wall 
		

		
			T0 
		

		
			T2 
		

		
			T4 
		

		
			T2n−2 T2n 
		

		
			T1 
		

		
			T3 
		

		
			T5 
		

		
			T2n−1 
		

		
			Fig. 7.8. One-dimensional heat-transfer 
		

		
			computer can only use time as the free variable of integration, partial differential equations (PDE s) are normally solved by either employing a quotient of differences 
		

		
			approach or by separation of variables. 
		

		
			17 
		

		
			7.4.1 Quotient of differences 
		

		
			The quotient of differences -method is analogous to simple numeric algorithmic approaches. Derivatives with respect to another variable than time t are approxi-mated as quotients thus discretising the underlying problem. The derivative 
		

		
			df (x) 
		

		
			= lim dx ∆x→0 
		

		
			f (x + ∆x) − f (x) ∆x 
		

		
			. 
		

		
			is approximated by a quotient of differences: 
		

		
			∆f (x) ∆x 
		

		
			≈ 
		

		
			f (x + ∆x) − f (x) ∆x 
		

		
			As simple as this method is, it usually requires a large number of computing elements, which – especially on classic analog computers – may outweigh the advantage of simplicity. Figure 7.8 shows a simple one-dimensional heat-transfer 
		

		
			problem being solved this way. 
		

		
			19 
		

		
			16 Using a multiplier an integration can be performed with respect to another variable than 
		

		
			time according to 
		

		
			x(t) 
		

		
			x(0) 
		

		
			y (x) dx = 
		

		
			t 
		

		
			0 
		

		
			y (t) 
		

		
			dx 
		

		
			dt 
		

		
			dt, which is basically a Stieltjes integral. 
		

		
			17 See [Howe et al. 1953], [Howe 1962], or [Forbes 1972]. 
		

		
			18 In some cases a problem variable other than t is identified with machine time τ . In this case all derivatives with respect to t must be discretised accordingly. 
		

		
			19 [Bryant et al. 1962, pp. 37–48] and [EAI 7.3.8a 1965] describe a very similar problem. 
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			A heat conducting rod is connected to a time dependent heat source H (t) on its left end while the right end is placed against an insulating wall. This problem can be described by the PDE 
		

		
			∂ T 
		

		
			∂x 
		

		
			= k T . 
		

		
			The rod is now divided into slices of equal width as shown in figure 7.8. Each of these slices represented by a difference quotient. The heat source on the left and the insulator on the right side yield the following boundary conditions: 
		

		
			T 
		

		
			0 
		

		
			= 
		

		
			1 
		

		
			k ∆x 
		

		
			H (t) (7.8) 
		

		
			T 
		

		
			2n 
		

		
			= 
		

		
			1 
		

		
			k ∆x 
		

		
			(T 
		

		
			2n−1 
		

		
			− T 
		

		
			2n−2 
		

		
			) . (7.9) 
		

		
			The resulting quotient terms with indices 2m with 1 ≤ m < n are 
		

		
			∂ T2m 
		

		
			∂x 
		

		
			≈ 
		

		
			T 
		

		
			2m−1 
		

		
			+ T 
		

		
			2m+1 
		

		
			− 2T2m (∆x) 
		

		
			2 
		

		
			(7.10) 
		

		
			with the interjacent elements being 
		

		
			T2m+1 = 
		

		
			T 
		

		
			2m 
		

		
			+ T 
		

		
			2m+2 
		

		
			2 
		

		
			. 
		

		
			T2m+1 represents the mean temperature on the edges of the corresponding slice in figure 7.8. Starting with equation (7.10), a system of differential equations involving only derivatives with respect to time can be derived. Assuming n = 3 and taking the boundary conditions (7.8) and (7.9) into account yields the following set of differential equations: 
		

		
			T 
		

		
			0 
		

		
			= 
		

		
			1 
		

		
			k ∆x 
		

		
			H (t) 
		

		
			T1 = 
		

		
			T 
		

		
			0 
		

		
			+ T 
		

		
			2 
		

		
			2 
		

		
			T 
		

		
			2 
		

		
			= 
		

		
			4 k (∆x) 
		

		
			2 
		

		
			(T 
		

		
			1 
		

		
			− 2T 
		

		
			2 
		

		
			+ T 
		

		
			3 
		

		
			) 
		

		
			T3 = 
		

		
			T 
		

		
			2 
		

		
			+ T 
		

		
			4 
		

		
			2 
		

		
			T 
		

		
			4 
		

		
			= 
		

		
			4 k (∆x) 
		

		
			2 
		

		
			(T 
		

		
			3 
		

		
			− 2T 
		

		
			4 
		

		
			+ T 
		

		
			5 
		

		
			) 
		

		
			T 
		

		
			5 
		

		
			= 
		

		
			T 
		

		
			4 
		

		
			+ T 
		

		
			6 
		

		
			2 
		

		
			20 Additional examples can be found in [Seyferth 1960, pp. 3-66 ff.], [Truitt et al. 1960], [Ameling 1963, pp. 284 ff.], [Sydow 1964, pp. 103 ff.], [Mackay 1962, pp. 243 ff. and pp. 293 ff.], [Telefunken 1963/1], [Giloi et al. 1963, pp. 255 ff.], and [Ulmann 2020/1, pp. 162 ff.]. A more complex gas flow example is described in [Mahrenholtz 1968, pp. 143 ff.]. 
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			Fig. 7.9. Circuit for one-dimensional heat-transfer 
		

		
			T 
		

		
			6 
		

		
			= 
		

		
			1 
		

		
			k ∆x 
		

		
			(T 
		

		
			5 
		

		
			− T 
		

		
			4 
		

		
			) 
		

		
			These equations can be readily transformed into the computer setup shown in figure 7.9. The large number of computing elements is obvious. This method has the advantage that the coefficient potentiometers can be set up in groups, thereby simplifying the setup task significantly. 
		

		
			When the derivatives not depending on t are of higher degree, the method of difference quotients becomes rather cumbersome. In these cases, a different approach is often used, based on Taylor series approximations for the higher derivatives. Cf. [Ameling 1964, pp. 270 ff.] and [ Giloi et al. 1963] for more infor-mation regarding this approach. 
		

		
			7.4.2 Separation of variables 
		

		
			Another method for the solution of partial differential equations with an analog computer is based on the separation of variables. While the method described above discretises all variables except t, the separation of variables allows all vari-ables of a PDE to take on continuous values. As a result, computer setups based on the separation of variables often require substantially fewer computing elements. Nevertheless, this technique has a major drawback: It is much more complicated to derive a computer setup by using the separation approach than by the method of difference quotients. 
		

		
			As an example the one-dimensional heat-transfer based on 
		

		
			∂ T 
		

		
			∂x 
		

		
			= k T (7.11) 
		

		
			21 It was not uncommon for some classic computer setups, especially in the area of chem-ical engineering or aerospace technology, to require hundreds of integrators and summers to model heat transfer problems with a reasonable fine discretisation of space. [ Reihing 1959] describes an interesting time-sharing approach allowing to map the same set of analog com-puting elements to small sections of a large grid over and over again thus trading time against discretization granularity. 
		

		
			22 See [Stepanow 1956, pp. 12 ff.]. 
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			will be treated again using this method. The task is the determination of the temperature T (x, t) at a certain position x and a certain time t. The separation of the variables t and x yields 
		

		
			T (x, t) = f1 
		

		
			(x)f 
		

		
			2 
		

		
			(t). (7.12) 
		

		
			From equations (7.11) and (7.12) 
		

		
			d f1 (x) dx 
		

		
			f2 (t) = k f2 
		

		
			(t)f1 (x) 
		

		
			follows. Separating x and t yields 
		

		
			d f1 (x) dx f1 (x) 
		

		
			= k 
		

		
			f2 (t) f2 (t) 
		

		
			. (7.13) 
		

		
			Splitting equation (7.13) and setting both sides equal to −λn yields the eigenvalue problem 
		

		
			d f1 
		

		
			(x) 
		

		
			dx f1 (x) 
		

		
			= −λ 
		

		
			n 
		

		
			and (7.14) 
		

		
			k 
		

		
			f2 
		

		
			(t) 
		

		
			f2 
		

		
			(t) 
		

		
			= −λ 
		

		
			n 
		

		
			. (7.15) 
		

		
			Solving (7.14) and (7.15) for their highest derivatives results in 
		

		
			d f1 (x) dx 
		

		
			= −λ 
		

		
			n 
		

		
			f1 
		

		
			(x) and (7.16) 
		

		
			f2 
		

		
			(t) = − 
		

		
			λn 
		

		
			k 
		

		
			f2 (t), (7.17) 
		

		
			which are readily transformed into the circuits shown in figure 7.10 and 7.11 where the variable x is identified with t. 
		

		
			Initially, for t = 0, the rod is at temperature T (0) 
		

		
			= 0. Then its ends located 
		

		
			at x = 0 and x = 1 are forced to a temperature 0 so that T (0, t) = T (1, t) = 0. Using the circuit shown in figure 7.11 suitable values λn are determined. This is normally done using a manual trial-and-error process by varying the coefficient potentiometer between successive runs of the analog computer with 0 < t ≤ 1. This can be, of course, done automatically by an attached digital computer – one of the advantages of a hybrid computer setup. 
		

		
			23 Similar examples can be found in [Sydow 1964, pp. 107 f.] and [Ameling 1963, pp. 280 ff.]. 24 Cf. [Ameling 1963, p. 281]. 
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			Fig. 7.10. Circuit corresponding to (7.16) 
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			(t) 
		

		
			λn 
		

		
			k 
		

		
			Fig. 7.11. Circuit corresponding to (7.17) 
		

		
			With all λ 
		

		
			n 
		

		
			determined, a linear combination of the eigenfunctions is sought 
		

		
			that approximates T (x, t) to the required degree of precision: 
		

		
			25 
		

		
			T (x, t) = 
		

		
		
			i∈I 
		

		
			λ 
		

		
			i 
		

		
			T 
		

		
			i 
		

		
			(7.18) 
		

		
			Figure 7.12 shows the mechanization of this equation. Using this setup it is either possible to hold t at a fixed value while x is running from 0 to 1 or vice versa. 
		

		
			These two variables are controlled with the two switches labelled t 
		

		
			start 
		

		
			and xstart 
		

		
			. 
		

		
			7.5 Scaling 
		

		
			Deriving a circuit corresponding to a given set of differential equations is only one step towards the solution of a given problem using an analog electronic analog computer. Since all variables are bounded by ±1 machine unit, in most cases it is necessary to scale the variables in a computer setup. An unscaled variable v representing some property of the underlying problem is associated with a machine variable v, which must satisfy 
		

		
			−1 ≤ v ≤ 1 (7.19) 
		

		
			at all times. 
		

		
			To achieve this, a set of scaling factors αv 
		

		
			has to be determined so that all 
		

		
			v = αv 
		

		
			v satisfy (7.19). Determining these αv 
		

		
			can be a time-consuming and difficult 
		

		
			process since the overall behaviour of the underlying differential equations has to 
		

		
			25 Ti 
		

		
			denotes the i eigenfunction, while I denotes a suitable index set. 
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			xstart 
		

		
			t 
		

		
			start 
		

		
			Fig. 7.12. One-dimensional heat-transfer using separation of variables 
		

		
			be considered. When max(|v |) is known with regard to a unit U then αv 
		

		
			is 
		

		
			determined by 
		

		
			27 
		

		
			αv 
		

		
			= 
		

		
			1 machine unit max(|v |) 
		

		
		
			V 
		

		
			U 
		

		
		
			. 
		

		
			Determining these αv 
		

		
			is further complicated by the technical requirement of us-
		

		
			ing as much of the allowable interval [−1, 1] in order to minimise errors due to 
		

		
			inevitable inaccuracies of the actual computing elements. 
		

		
			28 
		

		
			Scaling a problem 
		

		
			variable v with a scaling factor αv 
		

		
			yields a machine variable v, which is mea-
		

		
			sured in Volts (or Amperes in case of a current-coupled computer). Machine variables are often denoted by square brackets in the literature. Considering a problem variable x ¨ representing an acceleration, which can assume a maximum value max(|x ¨|) = 2 · 9.81m/s and a machine unit of 10 V, results in a practical 
		

		
			= 1/2. The resulting machine variable αx ¨ 
		

		
			x ¨ is then denoted by 
		

		
		
			scaling factor αx ¨ x ¨ 
		

		
			2 
		

		
		
			. 
		

		
			Time can be scaled, too. Problem time, often called real-time, is normally denoted by t while machine time is often represented by τ . The time-scaling factor is denoted by λ, yielding τ = λt. Since the integrators are the only computing elements depending on time, time-scaling is either done by changing the time-
		

		
			26 This is even more complex a problem in the case of non-linear differential equations. 27 Units are noted in square brackets. 
		

		
			28 In particular, classic analog electronic multipliers tended to exhibit large errors for small products. 
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			0 
		

		
			Fig. 7.13. Time-scaling 
		

		
			scale factors of the integrators or by changing the input factors of the integrators. Often both scaling approaches are used together. 
		

		
			Integrators typically feature a number of time-scale factors k0 
		

		
			, which can take 
		

		
			values of the form k0 
		

		
			= 10 with 0 ≤ n ≤ N . N can be as large as 6 in some 
		

		
			high-speed analog computers. A time-scale factor k0 = 1 means that the integral over a constant input value −1 will yield +1 at the integrator’s output after one 
		

		
			second. With k0 
		

		
			= 10 this output value will be reached in one millisecond. 
		

		
			Any coefficient potentiometers at the inputs of an integrator will influence the overall time-scale factor based on k0 of the respective integrator. Figure 7.13 shows this effect with a coefficient α. 
		

		
			By changing λ it is possible to run computations slower or faster than real-time. Large analog computers often feature a switch labelled “ 10×” that exchanges the feedback capacitors of all integrators by components with one-tenth of the 
		

		
			normal capacity at the selected value k0 factor of 10 at the press of single button. 
		

		
			thus speeding up a computer run by a 30 
		

		
			Many methods were devised to facilitate the scaling process, including nu-merical solutions of a problem by means of a stored-program digital computer to determine the maximum values of the problem variables involved. Other ap-proaches used hybrid computers where the digital part generates scaling values 
		

		
			for the analog part. 
		

		
			33 
		

		
			29 This is done by selecting appropriate capacitors in the feedback path of the integrators. 30 Some systems even allow this button to be depressed during a computer run without the need of restarting the computation. 
		

		
			31 A system using digital optimisation techniques to generate scaling factors for analog com-puters is described in [Celmer et al. 1970]. [Schwarze 1972] describes a hybrid computer approach to automatic scaling. A modern implementation of such a tool can be found in https://github.com/bernd-ulmann/DEQscaler. 
		

		
			32 Cf. chapter 9. 
		

		
			33 See [Hall et al. 1969] and [Giloi 1975, pp. 129 ff.]. 
		

	
		
			8 Programming examples 
		

		
			Learning how to program an analog computer requires practice but is not too dif-ficult. The following sections contain some programming examples, ranging from simple to difficult, all of which were implemented and run on real analog comput-ers. 
		

		
			8.1 Solving y ¨ + ω y = 0 
		

		
			Generating a sine-/cosine signal pair, also called a quadrature signal pair on an analog computer is a frequent requirement, since such signals can be used for vari-ous tasks such as filter design, research on vibrating mechanical systems, displaying figures on an oscilloscope, etc. On a stored-program digital computer polynomial approximations or even table lookups could be used to generate a function such as sin(ωt). On an analog computer a different approach is typically chosen: Solving a differential equation, which yields the desired function as result: 
		

		
			y ¨ + ω y = 0 (8.1) 
		

		
			with initial conditions 
		

		
			y (0) = a sin(φ) and 
		

		
			y ˙ (0) = aω cos(φ). 
		

		
			Prior to applying Kelvin’s feedback method, equation (8.1) is solved for its highest derivative yielding 
		

		
			y ¨ = −ω y. (8.2) 
		

		
			Since this differential equation is satisfied by any linear combinations of sine and cosine it can be readily used to generate a sine signal, given suitable initial values. In this case, additional scaling of the problem variables is not necessary since max(| sin(ωt)|) = 1. Figure 8.1 shows the basic circuit based on equation (8.2). 
		

		
			This setup is still missing its initial values and would yield the null-function. 
		

		
			1 
		

		
			The frequency ω of the resulting sine signal influences the time-scaling process. Figure 8.2 shows the time-scaled circuit. Using two coefficient potentiometers in 
		

		
			conjunction with the time-constant k0 
		

		
			of the associated integrators, ω = αk 
		

		
			0 
		

		
			can 
		

		
			be set. 
		

		
			2 
		

		
			Thus, time is identified with τ in this setup. To generate a sine signal the 
		

		
			second integrator is fed with an initial value of 0. 
		

		
			1 Over time inevitable errors due to drift and noise would build up forcing the circuit to eventually oscillate even with all initial conditions set to 0. 
		

		
			2 Some machines, like the Telefunken RA 770, even have mechanically coupled coefficient potentiometers to facilitate setups like this where two potentiometers must be set in lock step. 
		

		
			https://doi.org/10.1515/9783110787740-008 
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			y ¨ 
		

		
			−y ˙ 
		

		
			y 
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			Fig. 8.1. Basic circuit for y = sin(ωt + φ) 
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			[y ] [−y ] 
		

		
			Fig. 8.2. Basic circuit for y = sin(ωt + φ) 
		

		
			Figure 8.3 shows one period of the output signal [y ] generated by this circuit. Using the time control system of the analog computer used, the integrators were placed into operate mode for the time it takes to generate one full wave. It should be noted that the output amplitude of a setup like this will not stay constant but instead decrease or increase over time. This is mainly due to little differences in the time-scaling factors k0 of the integrators. If a sine/cosine signal with a stable amplitude is required over an extended period of time, additional measures have 
		

		
			to be taken. 
		

		
			3 
		

		
			8.2 Sweep generator 
		

		
			Since ω = αk 
		

		
			0 
		

		
			controls the output-signal’s frequency, the circuit shown in figure 
		

		
			8.2 can be easily extended to a sweep generator. Swept signals are frequently employed to analyse transmission systems, the response of vibrating systems, etc. 
		

		
			3 See section 8.6. 
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			Fig. 8.3. A single sine period generated by the circuit shown in figure 8.2 
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			Fig. 8.4. Basic circuit for a sweep generator 
		

		
			Here, the two coefficient potentiometers in front of the two integrators are replaced 
		

		
			by multipliers sharing a common factor. 
		

		
			4 
		

		
			Figure 8.4 shows the basic setup of such a sweep generator. 
		

		
			5 
		

		
			The frequency 
		

		
			controlling signal is derived from integrating over a constant value α. To achieve a sufficient slow frequency change two time-scale factors for the integrators involved 
		

		
			are used. The integrator with α as its input has a time-scale k0 
		

		
			= 1 while the two 
		

		
			4 In applications like this where two or more multiplicands are to be multiplied with a (slowly changing) multiplier, a servo multiplier or a time division multiplier could be used with ad-vantage. If one of these multipliers is inverting the sign of its output value, the sign inverting summer in figure 8.4 is not required. In a classic analog computer the sign-inversion can be easily achieved with a quarter square multiplier. Since these multipliers require both input sig-nals with both polarities, ±x and ±y , the sign of the result can be inverted by interchanging the connections to one of these signal pairs. 
		

		
			5 It should be noted that this circuit can be used to generate the functions − sin(φ) and cos(φ) if the first derivative φ ˙ is available as input. In this case, φ ˙ is fed to the two multipliers directly instead of the output signal of the integrator on the lower left. 
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			Fig. 8.5. Patch panel setup for the sweep generator (THE ANALOG THING) 
		

		
			integrators forming the basic oscillator loop run with a time-scale ten times (or 
		

		
			more) as fast (k 
		

		
			0 
		

		
			= 10). The patch panel setup for this sweep generator is shown 
		

		
			in figure 8.5. Figure 8.6 shows the output of a typical sweep run with linearly increasing frequency. 
		

		
			8.3 Mass-spring-damper system 
		

		
			The next problem is a bit more complex. A mass-spring-damper system consisting of the parts shown in figure 8.7 is to be modelled and simulated with an analog computer. These parts are a mass m exerting a force my ¨ , a spring with stiffness s resulting in a force sy and a damper with damping coefficient d exerting a force dy ˙ . Since the forces in a closed physical system add up to 0 the mass-spring-damper system shown in figure 8.8 can be described by the following differential equation: 
		

		
			my ¨ + dy ˙ + sy = 0. (8.3) 
		

		
			Rearranging so that the highest derivative is on the left side of the equal sign yields 
		

		
			y ¨ = 
		

		
			−(dy ˙ + sy ) m 
		

		
			(8.4) 
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			Fig. 8.6. Sine oscillation with variable frequency 
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			Fig. 8.7. Parts of a mass-spring-damper system 
		

		
			my ¨ + dy ˙ + sy = 0 
		

		
			✟ 
		

		
			Fm + Fd + Fs = 0 
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			✟ . . ✟ . . . . . ✗✔ 
		

		
			Fig. 8.8. Mass-spring-damper system 
		

		
			as a starting point for applying the Kelvin method. Figure 8.9 shows the first part of the program: Using an integrator, y ¨ is integrated, yielding −y ˙ with an initial value of y ˙ (0). 
		

		
			Using a second integrator with initial value −y (0) yields y , which can be multiplied by s using a coefficient potentiometer as shown in figure 8.10. Adding an inverter and a second coefficient potentiometer to derive dy ˙ and summing this term and sy results in the circuit shown in figure 8.11 yielding −(dy ˙ + sy ). This can now be multiplied by 1/m with a coefficient potentiometer yielding the right side of equation (8.4). Feeding this signal back into the input of the first integrator 
		

		
			closes the feedback loop. The final circuit is shown in figure 8.12. 
		

		
			6 
		

		
			The overall setup for this program on a Telefunken RA 741 tabletop analog computer is shown in figure 8.13. Figures 8.14, 8.15, 8.16, and 8.17 show typical simulation results for various settings of the spring’s stiffness and the damping coefficient with constant mass m = 1. If the computer is running in repetitive mode and if the time-scale factors of the integrators are set to k0 = 10 or k0 = 
		

		
			10 
		

		
			, a flicker-free image can be displayed on an oscilloscope screen. The effect of 
		

		
			6 This setup can be further simplified by connecting the output of the leftmost integrator directly to the coefficient potentiometer d and connecting its output to a second input of the integrator yielding −y ˙ , effectively saving one summer. 
		

		
			7 These still frames were taken from the screen of a Nicolet 4094C digital storage oscilloscope. 
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			Fig. 8.9. First integration step yielding −y ˙ 
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			Fig. 8.10. Second integration step yielding y 
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			Fig. 8.11. Computing −(dy ˙ + sy ) 
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			Fig. 8.12. Final computer setup for the mass-spring-damper system 
		

		
			changing the coefficients s, d, and m can then be seen directly while turning the potentiometer dials. These runs were performed on a non-scaled model and thus yielded only qualitative results. 
		

		
			To derive quantitative results the following values are assumed: m = 1.5 kg, 
		

		
			s = 60 
		

		
			kg 
		

		
			2 
		

		
			, d = 3 and y (0) = 0.1 m (initial displacement of the mass). Scaling 
		

		
			the problem requires knowledge about the maximum values for all variables within the computer setup, y , y ˙ and y ¨ . Good approximations for these can be derived from an undamped harmonic oscillator with a resonant frequency of 
		

		
			ω = 
		

		
		
			s 
		

		
			m 
		

		
			= 
		

		
		
			60 2 
		

		
			1.5 kg 
		

		
			≈ 6.3 s . 
		

		
			8 This high degree of interactivity is even today of incredible value in education as well as in research as it allows a user to rapidly get a feeling for complex dynamical systems. 
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			Fig. 8.13. Setup of the mass-spring-damper simulation 
		

		
		
		
			Fig. 8.14. s = 0.2, d = 0.8 Fig. 8.15. s = 0.6, d = 0.8 
		

		
		
		
			Fig. 8.16. s = 0.8, d = 0.6 Fig. 8.17. s = 0.8, d = 1 
		

		
			From y = y (0) sin(ωt) it follows that 
		

		
			y ˙ = y (0)ω cos(ωt) and (8.5) y ¨ = −y (0)ω sin(ωt). (8.6) 
		

		
			Since the mass-spring-damper system in this example is a damped oscillator, 
		

		
			t>0 
		

		
			max |y | ≤ y (0) 
		

		
			holds yielding the following boundary values for y ˙ and y ¨ based on equations (8.5) and (8.6): 
		

		
			y ˙ < y (0)ω ≈ 0.63 
		

		
			m 
		

		
			s 
		

		
			y ¨ < y (0)ω ≈ 4 
		

		
			m 
		

		
			2 
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			Thus, a reasonable scaling for the machine variables would be [10y ], [15y ˙ ] and [ 
		

		
			5 
		

		
			2 
		

		
			y ¨ ] 
		

		
			respectively. Time-scaling is not performed so that the simulation will yield results in real-time. Based on these scaled machine variables equation (8.3) becomes 
		

		
		
			5 
		

		
			2 
		

		
			y ¨ = − 
		

		
			5 
		

		
			2m 
		

		
		
			d 
		

		
			15 
		

		
			s 
		

		
			10 
		

		
			[15y ˙ ] + [10y ] . 
		

		
			To perform a scaled simulation run the coefficient potentiometers for the problem parameters s, d and 1/m must be set to [s/10], [d/15] and [5/2m]. 
		

		
			After scaling a problem a static check should be performed, if the analog computer being used features this as a special mode of operation, to make sure that the patch panel setup is correct. The basic idea of such a test is simple: All integrators are switched into a mode where they act as simple summers. Then test signals, which are derived from a static solution of the problem’s equations, are fed to special inputs of these integrators so that they appear at the respective outputs with inverted sign. The resulting values in the remaining circuit are then compared against this static solution, which has been prepared manually or with the help of a stored-program digital computer. 
		

		
			8.4 Predator and prey 
		

		
			While the mass-spring-damper system could be described by a single differential equation, the famous problem describing a simplified ecosystem containing preda-tors and prey is based on two coupled differential equations. Systems like these were first studied in 1925 by Alfred James Lotka and independently in 1926 by Vito Volterra. 
		

		
			The resulting differential equations are known as Lotka-Volterra equa-tions. Their interest was sparked by statistical data gathered by the Hudson Bay Company in the years between 1850 and 1900. The data sets containing the num-bers of rabbits and lynxes that were captured per year showed an interesting 
		

		
			periodicity. 
		

		
			11 
		

		
			Consider a closed-world ecosystem with unlimited food for the prey. This ecosystem can be described by the following two coupled differential equations with l and r representing the number of lynxes and rabbits respectively: 
		

		
			r ˙ = α1 
		

		
			r − α2 
		

		
			rl (8.7) 
		

		
			l = −β 
		

		
			1 
		

		
			l + β2 
		

		
			rl (8.8) 
		

		
			9 03/02/1880–12/05/1949 
		

		
			10 05/03/1860–10/11/1940 
		

		
			11 See [Elton et al. 1942] and [Gilpin 1973] for more details. 
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			Fig. 8.18. Computing −r 
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			Fig. 8.19. Computing −l 
		

		
			Here, α1 
		

		
			represents the rate of birth for rabbits, α2 
		

		
			the decimation of rabbits due 
		

		
			to lynxes catching rabbits, β1 describes the death-rate of lynxes due to natural 
		

		
			causes, and β2 
		

		
			models the increase of the lynx population due to food supply in 
		

		
			the form of rabbits. 
		

		
			13 
		

		
			The two coupled differential equations (8.7) and (8.8) can be directly trans-formed into the two sub-circuits shown in figures 8.18 and 8.19 by using the Kelvin feedback technique. 
		

		
			Without the common input rl (lynxes eating rabbits), these circuits would just model an ever faster increasing rabbit population and a decreasing lynx population. Noting that the two summers connected in series in figure 8.19 just act as a summer without sign-inversion readily yields the simplified circuit shown in figure 8.20 saving both summers and thus not only simplifying the overall setup but also increasing the precision of the simulation. 
		

		
			Figure 8.21 combines both sub-circuits by means of a multiplier yielding the shared input rl . 
		

		
			The overall setup of the predator-prey simulation, consisting of a Nicolet 4094C digital storage oscilloscope on the left and a Telefunken RA 741 tabletop analog computer, is shown in figure 8.22. Typical results showing an oscillatory behaviour of the ecosystem are depicted in figure 8.23. The all-important phase 
		

		
			lag between rabbit and lynx populations is clearly visible. 
		

		
			15 
		

		
			12 The capture cross section, so to speak. 
		

		
			13 The food supply for rabbits is assumed to be unlimited. 
		

		
			14 Natural death for rabbits has been omitted from the model. 
		

		
			15 A recent hydraulic analog computer for modeling predator prey dynamics is described in [Doore et al. 2014]. 
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			Fig. 8.20. Improved circuit for −l 
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			Fig. 8.21. Completed predator-prey setup 
		

		
			Here, only a qualitative study of the simple ecosystem has been performed. Scaling a system of coupled non-linear differential equations is more difficult than in the simple case of the mass-spring-damper system, so a qualitative study is 
		

		
			outside the scope of this example. 
		

		
			16 
		

		
			8.5 Simulation of an epidemic 
		

		
			This section describes the simulation of an epidemic based on the SEIR model. This model consists of four groups of individuals: Susceptible persons, i. e., persons who can be infected, exposed persons who had contact with an infected person, and recovered persons who overcame the infection. This is a typical example of a compartmental model (S , E , I , and R). The following treatment is of a qualitative 
		

		
			nature only, so no scaling has been done. 
		

		
			17 
		

		
			16 An example for scaling such a system of coupled differential equations can be found in [Schwarz 1971, pp. 369 ff.]. 
		

		
			17 A comprehensive treatment of this model can be found in [ Bärwolff 2021]. 
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			Fig. 8.22. Setup for the predator-prey simulation Fig. 8.23. Predator-prey simulation results 
		

		
			The model is described by four coupled differential equations, each describing the change of the population in one compartment over time: 
		

		
			S = −βSI 
		

		
			E = βSI − αE 
		

		
			I = αE − γI 
		

		
			R = γI 
		

		
			β is the transmission rate, its reciprocal is the mean time between contacts of susceptible persons with infected ones. α represents the degree with which exposed persons become actually infected. γ is the recovery rate and describes how fast infected people recover (or die). 
		

		
			These equations can be readily transformed into the analog computer program shown in figure 8.24. The integrator yielding S has an initial condition of −1 thus the simulation starts with the maximum number of susceptible persons. The initial condition I (0) of the third integrator determines the number of persons, which are initially infected. 
		

		
			A typical simulation result is shown in figure 8.25. The first curve to show a peak is the one describing the compartment of exposed persons, followed by the peak of infected persons. In this case S vanishes completely at the end of the simulation. With different parameters scenarios can be found where not every individual will be infected over time. 
		

		
			The setup of this model on THE ANALOG THING is shown in figure 8.26. Running the analog computer in repetitive mode, a flicker-free picture can be obtained on an oscilloscope, which makes it possible to explore the effects of various settings for the coefficients β , α, and γ . 
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			Fig. 8.24. Program for the SEIR model 
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			Fig. 8.25. Typical SEIR simulation result 
		

		
			8.6 Bouncing ball 
		

		
			The following section describes the simulation of a ball bouncing in a box on an analog computer with an oscilloscope as the display device. The setup follows closely an example published by Telefunken in the 1960s, which was used as a 
		

		
			18 Cf. [Telefunken/1] and [Pfaltzgraff 1969] for a much more complex but also more precise treatment of the same problem. Other vendors, such as Heathkit, also used bouncing ball simulations for marketing, although these these were usually even simpler circuits than the one described here. Such a simplified simulation can be found in [Winkler 1961, pp. 199 ff.]. 
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			Fig. 8.26. Setup of the SEIR model on THE ANALOG THING 
		

		
			marketing example to show the power of their new transistorised tabletop analog 
		

		
			computers. 
		

		
			19 
		

		
			Figure 8.27 shows the basic parts of the simulation. A ball is thrown into a rectangular box of dimension [−1, 1] × [−1, 1] with an initial velocity v (0) and a given initial position y (0). It is accelerated by gravitational force until it hits the floor of the box where it rebounds fully elastically, as it also does when it hits the left or right wall. The ball loses energy over time due to air-friction. 
		

		
			Since the x- and y -component of the ball position are independent from each other, they can be generated independently. Figure 8.28 shows the approximate y -position of the ball with respect to time. The basis for calculating y is the acceleration y ¨ consisting of the gravitational force and the acceleration caused by elastic collision of the ball with the bottom (or the ceiling) of the box. y ¨ can be 
		

		
			described by 
		

		
			y ¨ = −g + dy ˙ 
		

		
			 
		

		
			 
		

		
			 
		

		
			+ 
		

		
			c 
		

		
			m 
		

		
			(|y | + 1) if y < −1 
		

		
			− (y − 1) if y > 1. 
		

		
			19 A real-time simulation like this would have required a very expensive and large stored-program digital computer. 
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			Fig. 8.27. Movement of the bouncing ball 
		

		
			t 
		

		
			y (t) 
		

		
			Fig. 8.28. y -component of the bouncing ball 
		

		
			Integrating twice over y ¨ yields the ball velocity y ˙ and position y : 
		

		
			y ˙ = 
		

		
			T 
		

		
		
			0 
		

		
			y ¨ dt + y ˙ 
		

		
			0 
		

		
			y = 
		

		
			T 
		

		
		
			0 
		

		
			y ˙ dt + y 
		

		
			0 
		

		
			The circuit yielding y is shown in figure 8.29. The integrator on the left integrates over the sum of three terms: The gravitational force, which is set by the coefficient potentiometer labelled g , the rebound-acceleration, which comes from the inverter at the right side, and a damping signal that is proportional to the ball’s velocity y ˙ with a factor d. 
		

		
			There are several things to be noted about this circuit: First of all, the rebound-acceleration must by very high to yield a realistic behaviour of the ball. Thus, an integrator input with a weight far exceeding the standard inputs of 1 and 10 is required. In this implementation this acceleration variable is fed directly to the summing junction through a coefficient potentiometer. The acceleration signal representing the rebound of the ball has be generated whenever the ball hits either the floor or the ceiling of the box. 
		

		
			Normally, two comparators would be used to implement this, but the small analog computer chosen in this example did not have enough comparators, so 
		

		
			20 A better alternative would be to use a free (ungrounded) coefficient potentiometer. 
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			Fig. 8.29. Computing the y position of the bouncing ball 
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			Fig. 8.30. x-portion of the ball’s movement 
		

		
			a different approach was chosen. The two Zener diodes in the output line of the inverter have the effect that they pass a signal only when it exceeds their respective Zener voltage. Both Zener diodes are selected to yield a Zener voltage 
		

		
			of 10 Volts in each direction thus representing the floor and ceiling of the box. 
		

		
			21 
		

		
			The initial condition inputs of both integrators are connected to free coefficient potentiometers thus allowing arbitrary initial values for the ball’s y velocity and position. 
		

		
			Generating the x-position of the bouncing ball is even easier. It is assumed that its velocity in the x-direction is linearly decreasing, while changing the direction every time the ball hits a wall. Figure 8.30 shows the ball’s x-position with respect to time while figure 8.31 shows the corresponding computer setup. 
		

		
			21 A small error is introduced since one of the Zener diodes always exhibits its forward voltage but this is negligible in a demonstration setup like this. 
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			Fig. 8.31. Computing the x position of the bouncing ball 
		

		
			The leftmost integrator, which generated the x-velocity, starts with an initial value of −1 and integrates over a small constant like 0.05 with an integration time-scale factor k0 = 1, so the output of the integrator will linearly decrease, starting at the value +1 representing the maximum velocity of the ball. Its output is thus 
		

		
			x ˙ (t) = − 
		

		
			 
		

		
			 
		

		
			T 
		

		
			0 
		

		
			 
		

		
			0.05dt − 1 . 
		

		
			This velocity signal is then integrated by a second integrator with a time constant ten times faster to generate the x-position. The two comparators between the integrators detect the ball hitting the left or right wall of the box. The left comparator also performs the necessary sign-reversal of the velocity signal. 
		

		
			Now that both the x- and y -positions of the bouncing ball are known, a sine-/cosine quadrature generator circuit is required to generate a ball shape on an oscilloscope screen. Basically this is done as described in section 8.1 but it is a bit more involved here since the generated signal pair must have a high frequency and a stabilized amplitude to display a flicker-free figure on the screen. Figure 8.32 shows the sine-/cosine generator circuit used. 
		

		
			The basic structure of this circuit corresponds to that shown in figure 8.2. Two integrators and an inverter form a loop effectively solving a second order differential equation like (8.1). To achieve a high value for ω the integrators need large input weights, which is achieved by connecting free potentiometers to their respective summing junction inputs. 
		

		
			To ensure that the amplitude of the generated sine-/cosine signal pair does not decay, a positive feedback loop is set up between the output of the inverter and one input of the right integrator. As this loop only has to provide a small positive feedback, it is attenuated by a coefficient potentiometer set to a small value like 0.02. Without additional measures this would yield an ever increasing signal amplitude, which would drive the computing elements into overload. To counteract this effect, a pair of Zener diodes is used as a negative feedback on 
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			Fig. 8.32. Generating a high-frequency sine-/cosine signal pair for displaying the ball 
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			Fig. 8.33. Generating the signals to display the ball’s outline on the oscilloscope 
		

		
			the right integrator. These connect the integrator’s output directly to its summing 
		

		
			junction, effectively limiting its output signal to their Zener voltage. 
		

		
			22 
		

		
			Using two summers as shown in figure 8.33 the position signals −x and −y of the ball and the attenuated sine-/cosine signals are combined yielding two output signals x and y , which are connected to the x- and y -inputs of the oscilloscope used to display the simulated bouncing ball. 
		

		
			Figure 8.34 shows the setup of the bouncing ball simulation on a Dornier DO-80 analog computer while figure 8.35 shows a long-exposure shot of a simulation run. 
		

		
			8.7 Car suspension 
		

		
			The simulation of vibrating mechanical systems was, and still is, of high com-mercial value since vibrations in typical transport systems, support structures, machines, etc., can cause negative effects ranging from making a train ride un-
		

		
			22 A circuit like this or variations thereof are often employed when a high-frequency sine-/cosine pair is required, which does not need to be spectrally clean. “High-frequency” is a bit of a hyperbole – a frequency of a couple kHz is sufficient for a flicker-free display. Due to the combination of positive and negative feedback, harmonics are introduced, but for driving a display their amplitude is small enough not to cause any visible distortions. 
		

	
		
			182 
		

		
			8 Programming examples 
		

		
		
			(Dornier 80) 
		

		
		
			Fig. 8.34. Setup of the bouncing ball simulation Fig. 8.35. Time exposure shot of a bouncing ball 
		

		
			simulation run (photo taken by Tore Sinding Bekkedal, reprinted with permission) 
		

		
			comfortable to dangerous situations when resonant frequencies are encountered and even rigid structures collapse. 
		

		
			In the late 1950s the simulation and analysis of the dynamic behaviour of automobiles and railway vehicle gained a lot of interest and several manufacturers installed large analog computing facilities. The rationale behind this is made clear 
		

		
			by the following quotation from Robert H. Kohr: 
		

		
			23 
		

		
			“However, the general trend toward heavier cars with softer tires and the increasing adoption of power steering and air suspensions calls for a complete dynamic analysis of the automobile with a view to gaining a basic understanding of the automobile’s behaviour on the road.” 
		

		
			Realistic simulations of a car suspension system require up to seven degrees of freedom and many function generators to model the non-linear behaviour of wheels, suspension springs, and other mechanical parts. To make the analog model as accurate as possible, actual road profiles were traced and stored on analog tape units to be used as inputs for the simulations. Using multiple read heads, the time-delayed excitation of the front and back wheels could be easily implemented. 
		

		
			Simulations like these were also standard for the development of railway ve-
		

		
			hicles as this citation shows: 
		

		
			26 
		

		
			23 Vehicle Dynamics Section, Engineering Mechanics Department of the General Motors Re-search Staff at Warren, Michigan, cf. [McLeod et al. 1958/6, p. 1994]. 
		

		
			24 Cf. [McLeod et al. 1958/6, p. 1994]. 
		

		
			25 A thorough introduction to the mathematics of vibrating multi-mass systems can be found in [Macduff et al. 1958, pp. 193 ff.] and [Telefunken/2]. 
		

		
			26 See [Heller et al. 1976, p. 2]. 
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			Fig. 8.36. Analog computer installed at the Pullman-Standard Car Manufacturing Company in the early 1950s (see [Roedel 1955, p. 42]) 
		

		
			“A railroad freight vehicle is a complex dynamic system consisting of numerous in-terrelated physical components [ . . . ] Comprehensive models for such a system will gen-erally consist of a large number on non-linear simultaneous differential equations with complicated functional relationships between the variables to be integrated. The computer implementation of these models will require a significant amount of computer resource to run.” 
		

		
			Due to the complex structure of the bogies of such a vehicle typical simulations fea-tured between 17 and 23 degrees-of-freedom. A 5 degree-of-freedom simulation of a single bogie is described in [ Malstrom et al. 1977] while [Roedel 1955/2] covers the simulation of the dynamic behaviour of railway vehicles in general. Fig-ure 8.36 shows the analog computer installation that was in use at the Pullman-Standard Car Manufacturing Company in the early 1950s. This installation was mainly used to simulate complete railway vehicles as well as individual bogies. 
		

		
			A much simpler setup was demonstrated in the early 1960s at an industry exhibition in Germany (Hanover fair). This setup, which employed a small Tele-funken RAT 700 tabletop analog computer, turned out to be an eye-catcher and 
		

		
			generated a lot of interest in these small analog computers. 
		

		
			28 
		

		
			27 Cf. [Heller et al. 1976, p. 39]. 
		

		
			28 This particular setup is described in [Behrendt 1965]. 
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			Fig. 8.37. Two-mass system 
		

		
			This setup is recreated in the following example. At the heart of the simulation is a simple coupled two-mass system with linear springs and a damper, as shown in figure 8.37. This mechanical system is described by the following two coupled differential equations 
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			as the starting point for applying the Kelvin method to derive a computer setup. Figure 8.38 shows the circuit equivalent to equation (8.9). This circuit is basi-
		

		
			cally a damped oscillator consisting of two subcircuits. The oscillator itself consists of two integrators in series with a sign-inverting summer in the feedback path. A second feedback path containing two summers in series implements the damping 
		

		
			effect e with α being defined implicitly by d/m 
		

		
			1 
		

		
			. 
		

		
			Equation (8.10) is implemented by the circuit shown in figure 8.39. It, too, is basically a damped oscillator. Both circuits are coupled through the variables y2 , 
		

		
			y ˙ 
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			, −y ˙ 
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			and −s 
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			(y 
		

		
			2 
		

		
			− y 
		

		
			1 
		

		
			)/m 
		

		
			1 
		

		
			. For an engineering simulation these two coupled 
		

		
			circuits are already sufficient, but to replicate the historic exhibition setup a nice real-time display of a car bouncing up and down is required. The car is shown 
		

		
			29 A more detailed description of such a two-mass system, including scaling, can be found in [Giloi et al., pp. 48 ff.], [EAI TR-10, pp. 44 ff.] and [Carlson et al. 1967, p. 91]. 
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			Fig. 8.38. Circuit corresponding to equation (8.9) 
		

		
			from the side, with the car’s body representing m 
		

		
			1 
		

		
			and the wheels, which are not 
		

		
			modelled separately, representing m 
		

		
			2 
		

		
			. 
		

		
			A high-frequency sine-/cosine signal pair is an ideal basis for displaying closed figures on an oscilloscope screen. Consequently, the additional circuit shown in figure 8.32 is required for this simulation. In addition to this, an electronic switch is necessary so that three individual figures (both wheels and the car frame) can be displayed in rapid succession on the oscilloscope. The wheels can be directly generated by feeding the x- and y -deflection channel of the oscilloscope with the 
		

		
			sine-/cosine-pair plus the wheel displacement y 
		

		
			2 
		

		
			. The car frame is also based on 
		

		
			this signal pair with the cosine part suitably modified by means of a function generator. Adding its corresponding height signal y1 controls the y position at which it is displayed. 
		

		
			The overall program setup on a Telefunken RA 770 precision analog computer is shown in figure 8.41. In addition to the circuits described above, it also contains the three pairs of electronic switches to rapidly switch the oscilloscope’s inputs between the three x/y -outputs generated by the simulation. Additionally, a sweep generator like the one shown in figure 8.4 has been implemented to explore the dynamic response of the two-mass vibrating system to various excitation frequen-cies and amplitudes. Also, a second excitation source is available in this setup since this analog computer is equipped with a noise generator. A screen shot of the display generated by this setup is shown in figure 8.42. 
		

		
			30 Several kHz. 
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			Fig. 8.39. Circuit corresponding to equation (8.10) 
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			Fig. 8.40. Generating the signals for the graphic representation of the two-mass system 
		

		
		
			Fig. 8.41. Setup of the car suspension simulation (Telefunken RA 770) 
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			Fig. 8.42. Display of the car suspension simulation 
		

		
			8.8 Lorenz attractor 
		

		
			A well-known chaotic system is the Lorenz attractor, discovered and published by Edward N. Lorenz. in 1963. He devised a simplified model for atmo-spheric convection, which he analysed on a simple digital computer, a Royal McBee LGP-30, and it turned out that this system exhibits a behaviour nowadays called chaotic. An analog computer is ideally suited to implement a chaotic system like 
		

		
			this, based on the defining differential equations: 
		

		
			34 
		

		
			x ˙ = σ (y − x) (8.11) y ˙ = x(ρ − z ) − y (8.12) z ˙ = xy − βy (8.13) 
		

		
			Applying the Kelvin method to each of these equations yields the three cir-cuits shown in figure 8.43. 
		

		
			Obviously, these circuits can be further simplified, saving some computing elements, thus improving the precision of the computation. The circuit shown on top in figure 8.43 contains two summers in series, which can be eliminated by using 
		

		
			31 05/23/1917–04/16/2008 
		

		
			32 See [Lorenz 1963]. 
		

		
			33 See [Jönck et al. 2003] for a comprehensive description of the system. Recent work on this is described by [Tucker 2002]. Here a proof is given that the attractor is robust, “it persists under small perturbations of the coefficients in the underlying differential equations ”. It is also proven that the Lorenz equations “support a strange attractor ”, which was conjectured by Lorenz as early as 1963. 
		

		
			34 [Sprott 2016] described a wealth of chaotic systems, most of which can be easily imple-mented on analog computers. [Argyris et al. 1995] give a good overview of chaotic systems and their mathematical treatment. [449] also contains a wealth of information about such systems. 
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			Fig. 8.43. Straightforward setup for equations (8.11), (8.12) and (8.13) 
		

		
			multiple inputs of the integrator. The resulting circuit is shown in the upper left of figure 8.44. A further change has been implemented as well: Instead of generating −x based on y , the signs have been reversed since −y is available from another circuit. 
		

		
			The circuit shown in the upper right of figure 8.43 can be similarly simplified: The two summers in series are eliminated using multiple inputs of the integrator. The input x is changed to −x, which is available from the optimised circuit. Accordingly, this circuit will yield y feeding the preceding circuit. The resulting circuit is shown on the upper right of figure 8.44. 
		

		
			Applying the same rationale to the lower circuit of figure 8.43 yields the cor-responding circuit of figure 8.44, which saves two summers. It should be noted that the sign-inverting multipliers are most easily set up by using quarter-square multipliers with the polarity of one of the input-signal pairs reversed. 
		

		
			Figure 8.45 shows the setup of the program generating a picture of the Lorenz attractor. In this case, a Telefunken RA 770 precision analog computer has been used. With parameters 
		

		
			σ = 0.357 
		

		
			ρ = 0.1 
		

		
			β = 0.374 
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			Fig. 8.44. Simplified setup for equations (8.11), (8.12) and (8.13) 
		

		
		
			Fig. 8.45. Setup for the Lorenz attractor 
		

		
			(Telefunken RA 770) 
		

		
		
			Fig. 8.46. Screen shot showing a Lorenz attractor 
		

		
			a phase space plot like the one shown in figure 8.46 can be obtained. This gives detailed information about the overall behaviour of the system. 
		

		
			35 The phase space of a dynamic system contains all possible states of the system, each state being represented by one point in the space. A visualisation of the phase space shows the overall behaviour of the underlying dynamic system. 
		

		
			36 A slightly different implementation is described in [Ulmann 2016]. 
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			8.9 Mathieu’s equation 
		

		
			One of the author’s favourite equations is Mathieu’s differential equation 
		

		
			y ¨ + (a − 2q cos(2t)) y = 0, (8.14) 
		

		
			with initial conditions 
		

		
			y (0) = 1 and (8.15) y ˙ (0) = 0, 
		

		
			which was devised by Émile Léonard Mathieu 
		

		
			37 
		

		
			during his theoretical studies of 
		

		
			vibrating surfaces such as drum skins. Nowadays, this equation finds applications 
		

		
			in quantum mechanics, optical systems and many other areas. 
		

		
			39 
		

		
			This equation is a good example of the scaling process in analog computer 
		

		
			programming. 
		

		
			40 
		

		
			Without loss of generality, 
		

		
			a := 2q and 
		

		
			x := 1 − cos(2t) (8.16) 
		

		
			are defined, thus transforming (8.14) into 
		

		
			y ¨ + axy = 0. (8.17) 
		

		
			The first task is now to generate the function x(t), which is done by devising an auxiliary differential equation yielding x(t) as a solution. Therefore, (8.16) is differentiated twice yielding 
		

		
			x ˙ = 2 sin(2t) and (8.18) x ¨ = 4 cos(2t). (8.19) 
		

		
			The resulting differential equation is then 
		

		
			x ¨ + 4x = 4. (8.20) 
		

		
			Using two integrations the unscaled program would basically look like this: 
		

		
			x ¨ = 4 − 4x, (8.21) 
		

		
			37 05/15/1835–10/19/1890 
		

		
			38 Solutions of this differential equation are called Mathieu functions. [McLachlan 1947] contains a comprehensive analytical treatment of this equation. [Arscott 1964, pp. 26 ff.] is also read worthy in this respect. 
		

		
			39 See [Ruby 1996]. [Randery 1964] shows the application of Mathieu’s equation to the simulation of a parametron. 
		

		
			40 This section basically follows [EAI 7.7.4a 1964]. 
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			x ˙ = 
		

		
		
			x ¨ dt, and (8.22) 
		

		
			x = 
		

		
		
			x ˙ dt. (8.23) 
		

		
			According to (8.16) 0 ≤ x ≤ 2, so (8.23) must be scaled with a factor λx = 
		

		
			1 
		

		
			2 
		

		
			to ensure that x does not exceed the machine interval. This yields the scaled 
		

		
			equation 
		

		
			42 
		

		
			x ˆ = λ 
		

		
			x 
		

		
		
			x ˙ dt = 
		

		
			1 
		

		
			2 
		

		
		
			x ˙ dt. (8.24) 
		

		
			This scaling factor must now be compensated for in (8.21): 
		

		
			x ¨ = 4 − 
		

		
			1 
		

		
			λx 
		

		
			4x ˆ = 4 − 8x ˆ. (8.25) 
		

		
			−4 ≤ x ¨ ≤ 4, according to (8.19), so (8.25) must be scaled with a factor λ 
		

		
			x ¨ 
		

		
			= 
		

		
			1 
		

		
			4 
		

		
			yielding 
		

		
			x ¨ 
		

		
			= λx ¨ 4 − λx ¨ 8x ˆ = 1 − 2x ˆ, 
		

		
			which must be compensated for in (8.22): 
		

		
			x ˙ = 
		

		
			1 
		

		
			λx ¨ 
		

		
		
			x ¨ dt = 4 
		

		
		
			x ¨ dt 
		

		
			According to (8.18) this is bounded by −2 ≤ x ˙ ≤ 2 requiring a third scale factor 
		

		
			λ 
		

		
			x ˙ 
		

		
			= yielding 
		

		
			x ˙ = λx ˙ 4 
		

		
		
			x ¨ 
		

		
			dt = 2 
		

		
		
			x ¨ 
		

		
			dt. 
		

		
			The factor λ...x cancels out the factor λx in equation (8.24). This results in the following set of scaled equations to implement the auxiliary differential equation: 
		

		
			x ¨ = 1 − 2x ˆ, 
		

		
			x ˙ = 2 
		

		
		
			x ¨ 
		

		
			dt, and 
		

		
			x ˆ = 
		

		
		
			x ˙ dt. 
		

		
			This ensures that x, x ˙ , and x ¨ all stay within the machine interval [−1, 1]. The resulting analog computer setup generating x is shown in figure 8.47. 
		

		
			Now equation (8.17) must be implemented. Since 0 ≤ x ≤ 2 this can be rewritten as 
		

		
			y ¨ + 2ay = 0 (8.26) 
		

		
			41 One might think about shifting x down by subtracting 1 but this would complicate the remaining parts of the program. 
		

		
			42 A hat over a variable typically denotes a scaled machine variable. 
		

		
			43 The fact that 0 ≤ x ˆ ≤ 1 will be taken care of later. 
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			Fig. 8.47. Scaled setup for equation (8.20) 
		

		
			for scaling. This equation describes a harmonic oscillator, so it has a solution 
		

		
			y = y (0) cos(ωt) (8.27) 
		

		
			with y (0) = 1 according to (8.15). For this harmonic oscillator ω = 2a. Differen-tiating (8.27) yields 
		

		
			y ˙ = −y (0)ω sin(ωt). (8.28) 
		

		
			Based on (8.26) a basic analog computer program could be set up according to 
		

		
			y ˙ = 
		

		
		
			y ¨ dt, 
		

		
			y = 
		

		
		
			y ˙ dt, and (8.29) 
		

		
			y ¨ = −2ay. (8.30) 
		

		
			Since Mathieu’s equation tends to instability, a scaling factor λ 
		

		
			y 
		

		
			= 
		

		
			1 
		

		
			5 
		

		
			is 
		

		
			introduced into equation (8.29), which must be compensated for in (8.30): 
		

		
			y ˙ = 
		

		
		
			y ¨ dt (8.31) 
		

		
			y ˆ = λ 
		

		
			y 
		

		
		
			y ˙ dt = 
		

		
			1 
		

		
			5 
		

		
		
			y ˙ dt (8.32) 
		

		
			y ¨ = − 
		

		
			2 
		

		
			λy 
		

		
			ay = −10ax 
		

		
			0 ≤ y ˙ 
		

		
		
		
			√ 
		

		
			≤ y (0)ω according to (8.28). If 0 ≤ a ≤ 10 then ω = 20 ≈ 5. This, 
		

		
			in conjunction with the safety scaling factor λ 
		

		
			y 
		

		
			, which was chosen to at least 
		

		
			partially counteract the blow-up tendencies of the equation, yields to the scaling factor λy ˙ = 25 , which must be applied to (8.31) and compensated for in (8.32): 
		

		
			˙ = λ 
		

		
			y ˙ 
		

		
		
			y ¨ dt = 
		

		
			1 
		

		
			25 
		

		
		
			y ¨ dt 
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			Fig. 8.48. Second half of the implementation of Mathieu’s equation 
		

		
		
			Fig. 8.49. Setup of Mathieu’s equation on THE ANALOG THING 
		

		
			y ˆ = 
		

		
			λ 
		

		
			y 
		

		
			λ 
		

		
			y ˙ 
		

		
		
			y ˙ dt = t 
		

		
		
			y ˙ d5 
		

		
			y ¨ = −10ay ˆ 
		

		
			(8.33) 
		

		
			The scale factors can now be regrouped, i. e., the factor 10 in front of a in (8.33) will be moved into λy ˙ . Scaling a down by another factor of 10 to simplify setting of this parameter introduces another factor of 10, which can be implemented by using an input with weight 10 at the integrator yielding −y ˙ . Finally, including a 
		

		
			multiplier in the loop of this program, yielding 
		

		
			a 
		

		
			10 
		

		
			x ˆy introduces another factor of 
		

		
			2 since 0 ≤ x ˆ ≤ 1 instead of 0 ≤ x ≤ 2. The resulting program is shown in figure 8.48. The overall implementation on THE ANALOG THING is shown in figure 8.49. 
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			Fig. 8.50. Typical behaviour of the Mathieu equation 
		

		
			A typical solution for the Mathieu equation is shown in figure 8.50. This picture was taken with a digital oscilloscope and shows the first few milliseconds of the solution. 
		

		
			8.10 Projection of rotating bodies 
		

		
			The following example shows how an analog computer operating in repetitive 
		

		
			mode can be used to display the projection of three-dimensional rotating figures. 
		

		
			44 
		

		
			The following example, which generates a two-dimensional display of a rotating three-dimensional spiral, is based on [Telefunken/3] and [Hitachi 1967]. 
		

		
			At first, the coordinates of a three-dimensional spiral must be generated. This is done by the modified sine-/cosine-generator shown in figure 8.51 yielding 
		

		
			u(t) = cos(ω 
		

		
			rep 
		

		
			t)e 
		

		
			−αk 
		

		
			0 
		

		
			t 
		

		
			and 
		

		
			v (t) = − sin(ω 
		

		
			rep 
		

		
			t)e 
		

		
			−αk 
		

		
			0 
		

		
			t 
		

		
			. 
		

		
			The attenuating term e 
		

		
			0 
		

		
			t 
		

		
			results from the negative feedback path of the 
		

		
			leftmost integrator, containing the coefficient potentiometer labelled α. u(t) and v (t) only describe a two-dimensional spiral, so a third function w (t) is required for a three-dimensional figure. 
		

		
			This function is defined as 
		

		
			w (t) = −1 + 
		

		
			trep 
		

		
		
			t=0 
		

		
			βk 
		

		
			0 
		

		
			dt 
		

		
			with trep denoting the operation time during one repetition cycle of the analog computer. The corresponding setup is shown in figure 8.52. It is to be noted that the three integrators shown in figures 8.51 and 8.52 are marked with a black bar. This denotes that these integrators are part of an integrator-group that is controlled by an external clock generator. 
		

		
			44 [Mackay 1962, p. 137] describes the projection of a four dimensional hypercube on an oscilloscope by means of an analog computer. 
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			Fig. 8.51. Generating u(t) and v (t) for the spiral 
		

		
			−1 β 
		

		
			+1 
		

		
			k 
		

		
			0 
		

		
			= 100 
		

		
			w (t) 
		

		
			Fig. 8.52. Generating w (t) for the spiral 
		

		
			−1 
		

		
			cos(ωt) 
		

		
			− sin(ωt) 
		

		
			Fig. 8.53. Generating a sine-/cosine signal pair for the rotation of the spiral 
		

		
			To generate a display of a slowly rotating three-dimensional spiral, two time-scales are necessary: A very short time-scale for the integrator group generating the spiral coordinates u(t), v (t), and w (t), and a much slower time-scale for a second integrator group yielding a sine-/cosine-pair for the rotation of the figure. 
		

		
			The three integrators denoted by the black bar have an effective k0 
		

		
			= 10 due to 
		

		
			k0 
		

		
			= 10 being set at the integrators and using inputs with weight 10. 
		

		
			The second integrator group is run in continuous mode and is shown in figure 
		

		
			8.53. It is a common sine-/cosine signal generator. Its output signals are fed to the circuit shown in figure 8.54, which performs the actual rotation and projection of the three dimensional figure. It implements the functions 
		

		
			Y = u(t) and 
		

		
			X = w (t) sin(ωt) − v (t) cos(ωt), 
		

		
			which are then connected to the x- and y -inputs of an x, y -display. 
		

		
			Control of the first group of integrators is typically done by means of two control signals OP and IC controlling the three modes operate, initial condition, and halt of the integrators. Figure 8.55 shows these two signals during repetitive operation of the analog computer. A short period required to reset the integrators to their respective initial conditions. This is followed by a longer period during which the actual computation takes place. These two modes of operation are repeated rapidly to generate a flicker-free display of the rotating spiral. 
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			Fig. 8.54. Rotation and projection 
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			Operate 
		

		
			Fig. 8.55. Control signals for the integrators operating in repetitive mode 
		

		
			Figure 8.56 shows a suitable setup of the digital elements of an EAI 580 
		

		
			analog computer to generate these control signals. 
		

		
			45 
		

		
			A snapshot of the display of 
		

		
			the rotating three-dimensional spiral is shown in figure 8.57. 
		

		
			8.11 Conformal mapping 
		

		
			The last and most complex example covered in this chapter is based on [Telefunken/4, p. 123] and [Sydow 1964] and implements a conformal mapping, which is an angle-preserving mapping. Such mappings are described either explicitly by analytic functions of a complex variable such as 
		

		
			w = f (z ) = u(x, y ) + iv (x, y ) where z = x + iy 
		

		
			45 The gate labelled AND is unusual as it is not used as an and-gate but as a signal driver with two outputs, one inverted and one non-inverted. 
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			Fig. 8.56. Generation of the control signals for Fig. 8.57. Oscilloscope screen capture of a ro-the integrators operating in repetitive mode tating spiral 
		

		
			or implicitly by the solution of suitable ordinary differential equations. Imple-menting a conformal mapping on an analog computer is quite straightforward. The complex variable is split into its real and imaginary parts, which are handled explicitly as a two-dimensional vector. 
		

		
			A particularly interesting conformal mapping is 
		

		
			w (z ) = (z − z 
		

		
			0 
		

		
			) + 
		

		
			λ 
		

		
			z − z 
		

		
			0 
		

		
			, (8.34) 
		

		
			which describes a Joukowsky airfoil. Applying this mapping to a unit circle yields an airfoil that can then be used to analyse the flow of a medium such as air around the structure. Implementing equation (8.34) on an analog computer is based on the following two equations, which describe the real and imaginary part separately: 
		

		
			u(x(t), y (t)) = (x(t) − x0 (t)) + 
		

		
			λ (x(t) − x0 (t)) (x(t) − x0 (t)) + (y (t) − y 
		

		
			0 
		

		
			(t)) 
		

		
			2 
		

		
			(8.35) 
		

		
			v (x(t), y (t)) = (y (t) − y 
		

		
			0 
		

		
			(t)) − 
		

		
			λ (y (t) − y0 (t)) (x(t) − x0 (t)) + (y (t) − y 
		

		
			0 
		

		
			(t)) 
		

		
			2 
		

		
			(8.36) 
		

		
			The mechanization of equations (8.35) and (8.36) is shown in figure 8.58. This function is required twice to map a unit-circle into an airfoil and to map the path 
		

		
			46 Cf. [Heinhold 1959, pp. 46 ff.] for more information on this technique. 
		

		
			47 Nikolay Yegorovich Joukowsky, 01/17/1847–03/17/1921 
		

		
			48 A detailed description of this type of airfoil can be found in [Thwaites ed. 1987, pp. 112 ff.] and [Eck 1954, pp. 237 f.]. Applying suitable changes to equation (8.34) more complex and realistic airfoils can be described. [Ashley et al. 1985, pp. 52 ff.] described two such en-hanced mappings based on the Mises (Richard von Mises, 04/19/1883–07/14/1953) the Kármán-Trefftz transformation (Theodore von Kármán, 05/11/1881–05/07/1963, Erich Trefftz, 02/21/1888–01/21/1937) and the Theodorsen mapping (Theodore Theodorsen , 01/08/1897–11/05/1978). See [Warschawski 1945] for details. Numerical approaches for the generation of such airfoils and the simulation of particle flows are described in [ Zingg 1989]. 
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			Fig. 8.58. Transforming a unit circle into a Joukowsky air foil using a conformal mapping 
		

		
			of a particle flowing around a rotating cylinder into its corresponding path around this airfoil. Since the setup is quite convoluted, the circuit shown is applied to both tasks in an alternating fashion using analog switches. 
		

		
			The path of a particle flowing around a rotating cylinder is described by the complex velocity potential 
		

		
			f (z ) = v0 e z + 
		

		
			e r 
		

		
			z 
		

		
		
			− i 
		

		
			Γ 
		

		
			2π 
		

		
			ln(z ), 
		

		
			which is realized by the circuit shown in figure 8.59. The upper leftmost integrator generates the time varying x-coordinate of a particle, the path of which is deter-mined by two parameters: The angle of attack, which is controlled by the term tan(δ ), and the y -position of the particle with respect to the rotating cylinder. y is generated by the lower leftmost integrator, which is controlled separately from 
		

		
			the remaining integrators of the computer setup. 
		

		
			49 
		

		
			The overall setup of this program on an Telefunken RA 770 precision analog computer is shown in figure 8.60. Figure 8.61 shows a single flow line around a Joukovksy airfoil on top and a group of flow lines spaced equidistantly in the bottom half. 
		

		
			49 This is, as before, denoted by a black bar at the top of the integrator symbol. The simple digital control circuit is set up on the digital control subsystem of the RA 770 analog computer and is not shown here. This control system also generates the signals used to switch the circuit for the actual conformal mapping between both of the inputs, in an alternating fashion. 
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			Fig. 8.59. Generating the flow lines 
		

		
		
			Fig. 8.60. Implementation of the conformal mapping and the generation of flow lines 
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			Fig. 8.61. Joukowsky air foil with flow lines 
		

	
		
			9 Hybrid computers 
		

		
			In the mid-1950s it became clear that analog computers had some drawbacks that could not easily be overcome by analog electronic means. One of the main chal-lenges was the cumbersome process of setting up function generators and the gen-eration of functions of more than one variable – a task often required in aerospace applications or whenever functions are defined by measurement data and not an-alytically. The classic stored-program digital computer conversely excels at tasks like these. Thus, the idea of coupling analog computers with digital computers, forming hybrid computers, was born. 
		

		
			9.1 Systems 
		

		
			An early account of this rationale is given in [ Waltman 2000, p. 69] describing the application of analog computers for the simulation of the X-15 aircraft: 
		

		
			“The thought of building up another set of function generators like those already in use was probably considered, but not by me or any other X-15 simulation programmers. We had had enough of those fuses and dinky pots. The idea of using a digital computer to do this job was unanimously and immediately accepted. No discussion was needed. We were going hybrid.” 
		

		
			To couple an analog computer with a digital computer, Analog-Digital-Converters (ADC s) and Digital-Analog-Converters (DAC s) are required. These devices trans-late analog voltages into digital signals and vice versa. In addition to that, typical hybrid computers allow control of the integrators by the digital computer. They also typically feature digital interface lines, which can be used to trigger interrupts on the digital system by comparators on the analog side and to control electronic or relay switches on the analog system from the digital computer. Figure 9.1 shows the structure of an EAI 690 hybrid computer system. 
		

		
			One of the first hybrid controllers was the ADDAVERTER shown in figure 9.2. 
		

		
			This system was developed and built by Space Technology Laboratories in 1956. 
		

		
			2 
		

		
			The system shown features 15 ADC- and 10 DAC-channels with a precision of ±0.1%, matching well the precision of large analog computers of that time. 
		

		
			This development was the result of previous research efforts by Ramo-Woolridge Corporation and Convair Astronautics . Both companies were working 
		

		
			1 A subsidiary of Ramo-Woolridge Corporation . 
		

		
			2 See [Bauer et al. 1956]. 
		

		
			3 A fully expanded system had up to 15 DAC channels. 
		

		
			https://doi.org/10.1515/9783110787740-009 
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			Fig. 9.1. Block diagram of the EAI 690 hybrid computer system consisting of an EAI 640 digital computer, the EAI 693 linkage system and an EAI 680 analog computer (cf. [EAI 690]) 
		

		
			on simulations of intercontinental ballistic missiles, which involved very large ana-log computer systems. The requirements of these simulations are summarized by [McLeod et al. 1957, p. 1127] as follows: 
		

		
			“It was imperative that the simulation be done in real time to allow inclusion of weapon system hardware, and to conserve operating time. This ruled out an all-digital simulation because the large number of individual computations could not be made fast enough, and because analog equipment would be necessary to connect to some of the weapon system components which were to be included. An all-analog simulation was ruled out by accuracy requirements, particularly with respect to the navigational prob-lem. Clearly a combined simulation was necessary to fulfill the requirements [ . . . ] ” 
		

		
			The system that was finally put into operation at Convair Astronautics consisted of an IBM 704 digital computer, an ADDAVERTER, and a large EAI analog computer. The overall cost for this system was 2.3 million US$ for the IBM 701, 200,000 US$ for the ADDAVERTER and 1.6 million US$ for the analog com-puter – very substantial sums at that time. A similar system is described in [Burns et al. 1961] where an IBM 704 is coupled with a REAC system. 
		

		
			4 Cf. [Bekey et al. 1968, p. 154]. 
		

		
			5 See [McLeod et al. 1957, p. 1130]. 
		

		
			6 Adjusted for inflation, 4.1 million USD in 1957 is equivalent to about 42 million USD in 2022. 
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			Fig. 9.2. Space Technology Laboratories ADDAVERTER (see [McLeod et al. 1957, p. 1129]) 
		

		
			Although this system was never used for the proposed task, which had been 
		

		
			solved by conventional means in the meantime. 
		

		
			7 
		

		
			Nevertheless, it served as a 
		

		
			demonstrator of the efficiency and power of hybrid computers. Subsequently the market demanded more and more hybrid systems, which was aided by the devel-opment of fully transistorised precision analog computers using a machine unit of 
		

		
			±100 V. 
		

		
			9 
		

		
			One of the first such analog computers was developed by Comcor in 
		

		
			1964 and offered the same precision as previous vacuum tube based machines but 
		

		
			at lower cost, lower power consumption, and longer maintenance intervals. 
		

		
			10 
		

		
			7 [Bekey et al. 1968, pp. 154 f.] notes that “[i]n the time that elapsed between the original specification of the hybrid system and the delivery and acceptance of the conversion equipment, it was established that the guidance and control problems associated with missile flight are not closely coupled and can be studied separately. Consequently the basic problem for which the hybrid computing system was designed, vanished. ” 
		

		
			8 A collection of typical problems that could be solved by hybrid computers is given in [Benham 1970]. 
		

		
			9 These large machine units were commonplace in aerospace technology and it was an imper-ative for any analog computer being coupled with simulator and flight hardware to support this voltage range. 
		

		
			10 See [Bekey et al. 1968, p. 155]. 
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			Fig. 9.3. Hybrid computer installation at the Department for Electrical Engineering of the Naval Postgraduate School in the late 1960s (with permission of Robert Limes) 
		

		
			A typical 1960s hybrid system is shown in figure 9.3. This system consists of an SDS-9300 digital computer visible on the left and a Comcor CI-5000 analog computer on the right with a multi-channel recorder in front of it. 
		

		
			Suitable digital computers for a hybrid computer setup must be fast enough to keep up with the analog system in a simulation. Particularly, simulations of nuclear reactors showed that the analog computer could easily outperform the digital system and were consequently slowed down considerably in a hybrid setup. In some cases a hybrid computer approach was only about three to ten times 
		

		
			faster than a pure digital solution. 
		

		
			13 
		

		
			Apart from this obvious idea of coupling analog and stored-program digital computers, other schemes were devised as well. In [Karplus et al. 1972], an ana-log co-processor consisting of a complex resistor-network is described, aiding a digital computer in the solution of parabolic partial differential equations. 
		

		
			Another interesting idea is the implementation of hybrid number systems in which values are represented by a combination of continuous signals like voltages and sequences of bits, thus forming a generalized form of floating point numbers consisting of a mantissa part and an exponent. Here the analog part of a num-
		

		
			11 See [Scientific Data Systems/2]. 
		

		
			12 This is even today not an easy task, mostly due to high interrupt latencies on many modern digital computers. 
		

		
			13 See [Frisch et al. 1969, p. 36]. 
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			ber interpolates between two values that can be described exactly by a binary 
		

		
			sequence. 
		

		
			14 
		

		
			In 2005 Glenn Edward Russell Cowan and Ning Guo in 2016 developed 
		

		
			two reconfigurable analog computers in the form of VLSI 
		

		
			15 
		

		
			integrated circuits. 
		

		
			16 
		

		
			Although no products resulted from these academic developments, it was demon-strated that analog computers can still be used as co-processors to speed up digital 
		

		
			computers considerably for certain types of application. 
		

		
			17 
		

		
			9.2 Programming 
		

		
			Programming the analog half of a hybrid computer is not different from classic ana-log computer programming. The only difference are some additional input/output and computing elements such as ADCs, DACs, and function generators. Program-ming the digital half of such a setup is more challenging, as it has to work closely coupled with the very fast analog computer. This typically demands (very) low interrupt latencies, reentrant code, etc. As requirements like these are typical for systems used for process automation tasks, programming paradigms from this area can at least partially be applied to hybrid computers. 
		

		
			Basically, two modes of operation must be distinguished in a hybrid computer system: 
		

		
			Alternating operation : In this mode the analog and digital subsystems work in an alternating fashion. Typically, the digital computers sets coefficients on the analog computer, which is then run for some time to yield a solution. At the end of or even during this analog computer run data is collected by the digital computer, which can then be used to derive an improved parameter set for the analog computer, etc. From a programming perspective, this mode of operation is quite simple since timing is not critical. Furthermore, the digital computer has full control of the analog computer. 
		

		
			Simultaneous operation : This mode of operation is by far more complicated. Here both computers operate in a closely coupled fashion, and the digital computer must respond to interrupts generated by the analog computer, it 
		

		
			14 More information about this can be found in [Giloi 1963, pp. 268 f.] and [Skramstad 1959]. 
		

		
			15 Very Large Scale Integrated circuit 
		

		
			16 See [Cowan 2005] and [Guo 2017]. 
		

		
			17 See also section 14. 
		

		
			18 Nevertheless, setting coefficients and reading data from the analog computer by means of the digital computer can take a considerable amount of time, thus slowing down the overall time to solution. 
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			must generate functions of more than one variable, it must read values in real time, perform calculations and generate input signals for the analog system. 
		

		
			Historically two main approaches for programming the digital part of a hybrid computer have been pursued. The first is based on extending traditional pro-gramming languages such as FORTRAN or ALGOL with special library calls and sometimes additional language features to support the control of the various 
		

		
			interfacing devices, as well as the implementation of fast interrupt routines. 
		

		
			19 
		

		
			A good overview of the various software subsystems included in the EAI 8900 hybrid computer system is given in [ Bekey et al. 1968, p. 181]. Apart from an extended FORTRAN dialect, a special purpose language, HYTRAN, was also available as well as a powerful macro assembler, which was typically used to im-plement highly time-critical routines. These systems also had the advantage that specialised diagnostic routines were available to automatically check the digital computer as well as the analog computer. Typical tests included rate checks and 
		

		
			static checks. 
		

		
			20 
		

		
			A rate check tests the time-scale factors of the integrators by ap-
		

		
			plying a known constant input signal for a precisely determined amount of time. A complex, yet instructive example of the application of a hybrid computer 
		

		
			system to an optimisation task can be found in [ Witsenhausen 1962]. This pa-per gives a thorough description not only of the analog computer setup but also describes the necessary control routines written for the digital processor. 
		

		
			9.3 Example 
		

		
			A modern hybrid controller implementation is shown in figure 9.4. This particular device allows an Analog Paradigm Model-1 analog computer to be coupled with a 
		

		
			digital computer via a USB 
		

		
			21 
		

		
			connection. At the heart of the hybrid controller is a 
		

		
			variant of an Arduino MEGA-2650 controller, which handles the communication with the digital computer as well as control of the analog computer. This module also contains eight digital potentiometers with 10 bit resolution, eight digital input, and eight digital output lines. 
		

		
			An interesting application of a hybrid computer based on this module is de-scribed in [Holzer et al. 2021]. The analog part of the setup is programmed to simulate the behaviour of an inverted pendulum mounted on a cart, which can be moved along the x-axis under control of the digital computer. The digital 
		

		
			19 A description of an extended ALGOL system can be found in [Herschel 1966] while a more general description of this approach is given in [Feilmeier 1974, pp. 133 ff.]. 
		

		
			20 See section 5.5. 
		

		
			21 Universal Serial Bus 
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			Fig. 9.4. Modern USB-based hybrid controller for an Analog Paradigm Model-1 analog computer 
		

		
			computer runs a reinforcement learning system, which is trained to balance the inverted pendulum by moving the cart in little steps. 
		

		
			The analog computer program simulating the behaviour of the inverted pen-dulum is shown in figure 9.5. Its derivation, based on the Euler -Lagrange-equations, is described in detail in [ Holzer et al. 2021]. Input to this program is x ¨, the cart’s acceleration in x-direction. Using two digital output lines D0 and D1, the digital computer can push the cart to the left or to the right in small increments using the circuit shown in figure 9.6. The output signals x and y can be used to display the inverted pendulum on an x, y -display. 
		

		
			The reinforcement learning system implemented on the attached digital com-puter uses a Q-learning approach to learn how to balance the inverted pendu-lum. At the start of a simulation/training run the cart is positioned in the middle of the simulated x-space with the pendulum in an upright position. The digital computer continuously reads the pendulums angle φ from the analog simulation and tries to keep the pendulum in this position. Whenever the pendulums angle 
		

		
			22 The manual input was used during this study to actively unbalance the pendulum and observe the reaction of the trained control system to this perturbation. 
		

		
			23 See [Sutton et al. 2018] or [François-Lavet et al. 2018] for more details on Q-learning. 
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			Fig. 9.5. Analog computer program simulating an inverted pendulum mounted on a moving cart with one degree of freedom 
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			Fig. 9.6. Control circuit for the cart’s motion 
		

		
			exceeds a predetermined value or when the cart hits the left or right boundaries, the simulation is restarted. 
		

		
			After a few dozen runs, the digital computer showed first signs of actively balancing the pendulum, which evolved into near perfect control after several hundred runs. After this, even manual interventions, i. e., perturbing the cart by applying little pushes to the left or right, were easily corrected by the digital 
		

		
			controller. 
		

		
			24 
		

		
			24 This experiment is also described in https://www.youtube.com/watch?v=jDGLh8YWvNE (re-trieved 06/06/2022). 
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			The essence of an analog computer is that it forms an analog of the problem to be solved. Although most analog computers are based on analog electronic implementations of their respective computing elements working in continous time and using continuous voltages or currents to represent values, there is no need to restrict analog computers to this particular type of implementation. 
		

		
			A digital differential analyser (DDA) is basically an analog computer but one 
		

		
			working in discrete time with values represented as serial or parallel bitstreams. 
		

		
			1 
		

		
			The earliest developments of DDAs date back to the late 1940s when Northrop 
		

		
			started the development of a cruise-missile like system. 
		

		
			2 
		

		
			Representing values as bit sequences makes it possible to achieve much higher precision than with a traditional analog computer, and it is even possible to rep-resent values as floating point numbers, thus eliminating the need for scaling alto-gether, if the complexity of the implementation is acceptible. Using logic gates as the foundation also eliminates any problems caused by drift or ageing of compo-nents. Nevertheless, these advantages come at a price: Computation is no longer continuous, neither with respect to the value representation nor regarding time. Furthermore, the energy efficiency of such machines is not as high as that of 
		

		
			machines using analog electronic computing elements. 
		

		
			3 
		

		
			Basically there are two different approaches to implement a DDA. A straight-forward parallel DDA consists of a whole complement of typical analog computing elements, which can be interconnected by means of a traditional patch panel or the like. An example for this class of machines is TRICE, which is described in more detail in section 10.4.4. Machines like this exhibit the same amount of fine-grained parallelism as a traditional analog computer, thus easily outperforming classic stored-program digital computers. Nevertheless, this high computational power comes at a very high cost since the number of computing elements is dic-tated by the complexity of the problems to be solved, with large problems requiring a vast number of computing elements. 
		

		
			The second basic approach is based on a time-multiplexed use of a few – in some cases only one – central computing elements. Like a simple stored-program 
		

		
			1 [Michels 1954, p. 2] defines a DDA as “an electronic computer which solves differential equations by numerical integration.”. This definition is debatable as it would also hold true for a classic stored-program digital computer and does not take the central feature of setting up an analog to solve a problem into account. 
		

		
			2 See section 10.4.1. 
		

		
			3 It can be shown that analog computation is more energy efficient due to physical reasons for a SNR (signal to noise ratio ) of up to 60 dB (see [Sarpeshkar 1998, p. 1615]). 
		

		
			4 Also known as simultaneous DDA, see [Owen et al. 1960, p. 6]. https://doi.org/10.1515/9783110787740-010 
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			digital computer this sequential DDA has one or a few central arithmetic/logic unit s (ALU s), which are fed with data under control of a sequencing unit that in turn is controlled by a machine-readable description of the connections between the virtual computing elements. This second approach is much cheaper to imple-ment due to its reduced complexity and the lower number of computing elements required. In addition to that, it scales quite well since large programs just re-quire more time to solution whereas they could not be implemented on a parallel DDA if it did not contain enough computing elements. The major disadvantage of sequential DDAs is their relatively low computational power. 
		

		
			10.1 Basic computing elements 
		

		
			The following section describes some basic DDA computing elements regardless 
		

		
			how they are implemented. 
		

		
			5 
		

		
			10.1.1 Integrators 
		

		
			As with an analog computer, the central element of a DDA is the integrator, which is most easily implemented based on an accumulator. Although simple accumula-tion of values will not be sufficient for more demanding computations, this basic approach led to the term incremental computer for a DDA. An accumulator-based integrator has the distinct advantage that not just time but every variable can serve as the free variable of integration so that integrals like 
		

		
			y 
		

		
			1 
		

		
			y 
		

		
			0 
		

		
			f (x)dx 
		

		
			can be treated directly. 
		

		
			The basic structure of a simple DDA integrator is shown in figure 10.1. In 
		

		
			contrast to an analog electronic integrator there are two inputs (∆Y )i 
		

		
			and (∆X )i 
		

		
			. 
		

		
			These variables are often represented not as absolute values but as incremental values, which simplifies the implementation of the DDA and reduces the number of signal lines required to interconnect computing elements. These incremental 
		

		
			5 For further reading see [Shileiko 1964], [Bywater 1973], [Forbes 1957, pp. 215 ff.], [Winkler 1961], [Beck et al. 1958], [Klein et al. 1957, p. 1105], [Goldman 1965], and [Jackson 1960, pp. 578 ff.]. 
		

		
			6 See [McLeod et al. 1958/4, p. 1223] 
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			Fig. 10.1. Basic integrator of a DDA (cf. [Bendix 1954, p. 1]) 
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			Fig. 10.2. Operation of a DDA integrator (cf. [Michels 1954, p. 4]) 
		

		
			values are often restricted to the set {−1; 0; 1}. (∆Y )i 
		

		
			represents the change 
		

		
			is the change of the variable of integration and 
		

		
			of the integrand, while (∆X )i corresponds to dx. 
		

		
			At the heart of an integrator like this are two accumulators: One accumulates 
		

		
			the series of (∆Y )i 
		

		
			values at its input and yields 
		

		
			Yi = Y0 + 
		

		
			i 
		

		
		
			j =1 
		

		
			(∆Y )j 
		

		
			where Y0 
		

		
			is an initial value. The resulting Yi 
		

		
			is then multiplied by the incremental 
		

		
			input (∆X )i . Since these incremental values are restricted to (∆X )i ∈ {−1; 0; 1} 
		

		
			7 Since two signal lines are necessary to transmit such values, some DDA implementations restrict the domain of these incremental values to {−1; 1}, thus simplifying the hardware implementation but requiring constant values to be represented by an alternating sequence of −1 and 1 increments. See [Michels 1954, p. 19]. 
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			Fig. 10.3. Symbol of a DDA integrator 
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			Fig. 10.4. Explicit computation of a simple in-tegral (see [Bendix 1954, p. 7]) 
		

		
			this multiplication step is reduced to either addition or subtraction. The result is then accumulated in the second accumulator yielding 
		

		
			R 
		

		
			i 
		

		
			= R 
		

		
			0 
		

		
			+ 
		

		
			i 
		

		
		
			j =1 
		

		
			Yj 
		

		
			(∆X )j 
		

		
			− 
		

		
			i 
		

		
			j =1 
		

		
			(∆Z )i 
		

		
			. 
		

		
			The output of this integrator is not R 
		

		
			i 
		

		
			but instead an incremental value, (∆Z )i 
		

		
			representing the over- or underflow of this second accumulator stage. (∆Z )i 
		

		
			can 
		

		
			now be used as an input signal for other computing elements of the DDA. The behaviour of such an integrator is depicted in figure 10.2: The input function and 
		

		
			its representation as a sequence of increments and decrements (∆Y )i 
		

		
			is shown in 
		

		
			the upper graph. The output of the second accumulator is shown in the middle graph. Accumulator overflows generate a corresponding incremental output signal (∆Z )i representing the result of the integration, which is shown in the bottom graph. 
		

		
			Although the use of incremental values simplifies the implementation of a DDA and thus saves cost, this representation limits the maximum rate of change of variable values in a computation. To overcome this restriction, additional time-scaling of the computer setup may be required, which may result either in non-real-time operation or the very high clock rates of the DDA. 
		

		
			The symbol of a DDA integrator is shown in figure 10.3. A typical setup of an DDA yielding the integral over a function is shown in figure 10.4. The first integrator is fed with the incremental input values dX and dY yielding an incre-mental output signal dZ , which is accumulated in a second integrator resulting in 
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			the actual value of the integration. The missing second incremental input of this 
		

		
			integrator is assumed to be +1. 
		

		
			8,9 
		

		
			Integrators in a DDA have an even more central role than those of a traditional analog computer. While the latter uses free or open operational amplifiers to create implicit functions by means of a function generator in the feedback path, DDAs 
		

		
			use specially configured integrators for this purpose. These are called Servos. 
		

		
			10 
		

		
			10.1.2 Servos 
		

		
			As its name implies a Servo is a computing element that is typically used to minimise some error term in a feedback loop arrangement (this is then called a servo loop ), which can be used to generate implicit functions. Typical servos are 
		

		
			and one 
		

		
			based on DDA integrators but feature only one incremental input (∆Y )i accumulator. The output (∆Z )i of this element is defined as 
		

		
			(∆Z )i 
		

		
			= 
		

		
			 
		

		
			 
		

		
			 
		

		
			+1, if Yi > 0, 
		

		
			0, if Yi = 0, −1, if Yi < 0. 
		

		
			(10.1) 
		

		
			Figure 10.5 shows the symbol of a servo element. Some implementations allow for an additional initial value input, which has been omitted here. Using such an 
		

		
			initial value, the threshold level of the servo can be set to an arbitrary value 
		

		
			=0 
		

		
			making it possible to use the servo as a generalized decision element. 
		

		
			Figure 10.6 shows a simple application example of a servo element: Using a function generator, an implicit function based on the condition F (U, V ) = 0 is generated. The input of the servo is the incremental output signal dF (U, V ) of the function generator circuit. The output signal of the servo, defined by (10.1), is in turn used as one input to the function generator while its second input is fed by dV from some external source. The servo tries to drive the output of the function generator to 0 thus yielding the desired implicit function. 
		

		
			8 A comprehensive study of this type of integrator can be found in [ Zoberbier 1968]. 
		

		
			9 This second integrator is not normally required when all values within a DDA setup are represented by incremental values. 
		

		
			10 See [Bendix 1954, pp. 16 ff.]. 
		

		
			11 Whenever possible F (U, V ) should be generated by solving a suitable differential equation. 
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			Fig. 10.5. Symbol of a DDA servo element 
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			Fig. 10.6. Application of a servo element (see [Bendix 1954, p. 18]) 
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			Fig. 10.7. Symbol of a DDA summer 
		

		
			10.1.3 Summers 
		

		
			Typical incremental DDAs, like the Bendix D-12 described in section 10.4.2 reduce the addition of two incremental values d U = dV + dW to solving the equation 
		

		
			V + W − U = 0. (10.2) 
		

		
			A summer can thus be realized by using a modified servo element featuring more than one incremental input. Figure 10.7 shows the symbol of a DDA summer having two inputs dW , dV , an output dU , which also feeds a third input after being sign reversed. According to equation (10.2) d U represents the desired sum. 
		

		
			10.1.4 Additional elements 
		

		
			In addition to integrators, servos, and summers, typical incremental DDAs often feature circuit elements like output multipliers , which multiply incremental values by fixed rates thus acting as coefficient units, function generators, which are often based on table-lookup techniques, etc. 
		

		
			Since integration can be performed with respect to any variable and not just time t, multiplication in a DDA is most often based on two integrations as de-
		

		
			12 See [Bendix 1954, pp. 21 ff.]. 
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			Fig. 10.9. Implicitly generating a logarithm function (see [Bendix 1954, p. 19]) 
		

		
			scribed by equation (2.1) in section 2.5.4. An example of this is given in the following section. 
		

		
			10.2 Programming examples 
		

		
			Figure 10.8 shows a DDA-setup to generate an exponential function, which is based on a single integrator with its output fed back to its incremental d Y -input. Its incremental dX -input is fed with the incremental values representing the desired exponent value. 
		

		
			This function can be used in conjunction with a servo element to implicitly generate a logarithm function as shown in figure 10.9. The servo at the top has two inputs: The incremental input value −dV determining the argument of the logarithm function and a second input, which is fed with the output of an expo-nential function generator as described above. At the output of the servo a signal representing d(ln V ) is available. This is due to the fact that the servo tries to ensure F (U, V ) = e − V = 0 holds, so e = V yielding dU = d ln V . 
		

		
			Generating trigonometric functions can be done equally simply by solving an auxiliary differential equation of the form y ¨ + ω y = 0 as shown in figure 10.10. In contrast to a traditional analog computer implementation the sign reversal operation does not require an additional inverter since it can be done directly using incremental values. 
		

		
			Figure 10.11 shows a typical DDA setup to perform the multiplication of two incremental variables d V and dU . As already described in section 2.5.4, the product rule can be used to perform a multiplication of two values if integration is not limited to time being the only free variable. The two integrators shown on top of the figure perform the actual multiplication of the incremental input values yielding an incremental output that is fed into a third integrator yielding the desired product. 
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			sin(x) 
		

		
			cos(x) 
		

		
			− 
		

		
			Fig. 10.10. Generating a sine-/cosine signal pair (cf. [Bendix 1954, p. 10]) 
		

		
			❅ 
		

		
			d(U V ) 
		

		
			dU 
		

		
			dV 
		

		
			V dU 
		

		
			❅ U dV 
		

		
		
			❅ 
		

		
			U V 
		

		
			Fig. 10.11. Multiplying two incremental values using two coupled integrators (see [Bendix 1954, pp. 10 f.]) 
		

		
			Additional programming examples of varying complexity for DDAs can be found in [Bendix 1954], [Palevsky 1962] and [Forbes 1972], the latter focusing on the solution partial differential equations by means of DDAs. 
		

		
			10.3 Problems 
		

		
			The advantages of DDAs, principally their ability to use any variable as the free variable of integration, their immunity to drift and aging effects of components as well as the advantage of using basically arbitrarily long bit sequences to achieve any degree of precision required, come at a price. 
		

		
			A simple bit-serial incremental DDA working with values −1 and +1, and featuring a word-length of n bit exhibits a basic time-constant of 
		

		
			t = 
		

		
			2n 
		

		
			f 
		

		
			with f denoting the systems clock frequency. This limits the real-time capabilities of such a basic DDA considerably. Making n smaller would yield a faster response time but would also diminish the precision of the machine, so increasing f is often the easiest way to speed up an incremental DDA without sacrificing precision. 
		

		
			13 See [Campeau 1969, p. 711]. 
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			Another approach is to allow incremental values of a larger domain – ideally 
		

		
			floating point numbers could be used throughout a DDA. 
		

		
			14 
		

		
			One source of error is the integration scheme used in a particular DDA. Using just simple accumulators implementing the rectangle rule is not sufficient for more demanding applications. Other techniques, implementing at least a trapezoidal rule, yield better results but complicate the hardware implementation consider-ably. In addition to that, a DDA cannot speed up a calculation as easily as a traditional analog computer where the integrator capacitors can be changed to speed up or slow down a calculation. 
		

		
			The limited precision and speed of incremental DDAs makes them unsuited to many applications as shown by Fred Lesh in [McLeod et al. 1958/3, pp. 488 f.]. In this study a problem involving the computation of rocket trajectories is treated on a DDA as well as on a traditional analog computer. It turned out that the analog computer took only 30 seconds for a solution while the DDA was running for 3 minutes, 30 minutes or up to 5 hours depending on the integration step size. While the analog computer yielded results with an error of only about 2%, compared to the exact solution, it took the DDA 30 minutes to product a solution with an error of 20%. 
		

		
			10.4 Systems 
		

		
			Over the years many different DDAs have been implemented. All of these are of the incremental type, with many of them being based on sequential operation. Most of these systems are programmed by specifying the connections between the computing elements in binary form on some storage system with CORSAIR, which uses a traditional patch panel, being an exception. Only one relevant system, TRICE, was of the parallel type, using many individual computing elements and a patch panel. 
		

		
			10.4.1 MADDIDA 
		

		
			Shortly after the end of World War II, in March 1946, Northrop started the devel-opment of a subsonic cruise missile designated MX-775A, which was later desig-
		

		
			14 A detailed analysis of DDA specific questions regarding the precision of computations can be found in [Kella 1967] and [Kella et al. 1968]. Optimal ratios of the length of the integrator accumulator registers and incremental values are investigated in [ McGhee et al. 1970]. 
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			nated SSM-A-3 Snark. This system should be able to hit a target at a distance of up to 5,000 miles with a precision of 200 yards – much better than the German vengeance weapons V1 and V2. To achieve this level of accuracy, a new guid-ance system, based on astronavigaion, was developed. Using a built-in telescope, azimuth and elevation angles for sighting predetermined stars were determined to get a navigational fix. This system was then coupled with an inertial guidance 
		

		
			system. 
		

		
			17 
		

		
			While Helmut Hoelzer used an analog electronic analog computer in the guidance system of the A4 rocket, the long time-of-flight and the required high precision of Snark required a digital approach to minimise computational errors. Floyd Steele developed the idea of implementing an analog computer using only digital elements, which was called DIDA, short for DIgital Differential Anal-yser. 
		

		
			Donald E. Eckdahl, Richard Sprague, and Floyd Steele headed a team that developed a laboratory prototype of a DIDA, which was called MAD-
		

		
			DIDA. 
		

		
			This machine, actually built by Hewlett Packard, 
		

		
			23 
		

		
			was based on a mag-
		

		
			netic drum like those pioneered in sophisticated radar systems of World War II. The tracks of this drum housed bit-serial accumulators, one for each of the in-tegrators of the machine, as well as data representing the interconnection of the computing elements. The actual computations were performed on a single, central ALU that was time-shared between the various computing elements used in any given setup. This remarkable prototype, which only used 53 vacuum tubes and 904 
		

		
			diodes and was built in “less than 600 man hours ”, is shown in figure 10.12. 
		

		
			25 
		

		
			Clearly visible on the left is the small magnetic drum with its read/write heads and the amplifier tubes hanging down. The heart of the machine, the digital logic elements implementing the bit-serial ALU with its surrounding control logic is visible on the right in its raised service position. 
		

		
			15 See [Werrell 1985, pp. 82 ff.]. The system was named after Lewis Carrols’s (01/27/1932–01/14/1898) The Hunting of the Snark. The follow-up cruise missile was aptly named Boojum following the last line of this poem. 
		

		
			16 The V2 was admittedly no cruise missile. Its engineering version was known as A4. 
		

		
			17 See [Ceruzzi 1989, pp. 22 ff.]. 
		

		
			18 06/28/1918–09/23/1995 
		

		
			19 04/29/1924–07/23/2001 
		

		
			20 08/27/1921–01/27/1996 
		

		
			21 See [Ceruzzi 1989, p. 25]. 
		

		
			22 Short for MAgnetic Drum DIfferential Analyser . Due to reliability problems of this pro-totype, it was often pronounced as mad Ida. 
		

		
			23 See [Ceruzzi 1989, p. 25]. 
		

		
			24 See [Donan 1950, p. 1]. 
		

		
			25 See also [Popular Mechanics 1950]. 
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			Fig. 10.12. MADDIDA prototype (with permission of the Computer History Museum, Dag Spicer) 
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			Fig. 10.13. Two MADDIDA systems in use at the Navy Electronics Laboratory (NEL, file number E1278) 
		

		
			In 1950 MADDIDA was demonstrated to John von Neumann, who was ex-cited to see the system computing Bessel functions and characterized the system as “a most remarkable and promising instrument ”. Although no actual guidance 
		

		
			system for Snark resulted from the work on MADDIDA, 
		

		
			28 
		

		
			it became the ancestor 
		

		
			of most DDAs to follow. A direct successor was built in a small production batch 
		

		
			and used mostly for aerospace research. Figure 10.13 shows two of these systems. 
		

		
			29 
		

		
			10.4.2 Bendix D-12 
		

		
			In the early 1950s the Bendix Corporation developed and marketed the D-12, a DDA quite similar to MADDIDA. Figure 10.14 shows the DDA on the right with 
		

		
			26 12/28/1930–02/08/1957 
		

		
			27 Cf. [Eckdahl et al. 2003]. 
		

		
			28 Snark finally employed an analog electronic analog computer for its guidance, see [Ceruzzi 1989, p. 25]. Nevertheless, a DDA was developed for the Polaris guidance system, see section 13.15.8. 
		

		
			29 A thorough description of these production systems can be found in [Northrop 1950]. 
		

	
		
			10.4 Systems 
		

		
			221 
		

		
		
			Fig. 10.14. Bendix D-12 DDA (cf. [Bendix, 
		

		
		
			p. 2]) Fig. 10.15. Bendix D-12 coupled with a 
		

		
			Bendix G-15D stored-program computer (see [Klein et al. 1957, p. 1105]) 
		

		
			its operator desk on the left. On this desk, from left to right, are the control 
		

		
			console, an xy -plotter and a console typewriter. 
		

		
			30 
		

		
			The D-12, operating on a serial stream of decimal values represented by four bits each, is based on a magnetic drum holding the integrator registers as well as the necessary information about signal sources and destinations. The system can work in two modes with either 30 integrators operating at 200 iteration steps per second or with 60 integrators running at half this speed. Apart from the simple integration scheme described in section 10.1.1, the D-12 integrators can also work 
		

		
			based on 
		

		
			(∆Y )i 
		

		
			+ (∆Y )i+1 2 
		

		
			yielding better results than those obtained by the rectangle rule. 
		

		
			33 
		

		
			While MADDIDA was basically a stand-alone system, the D-12 could be cou-pled directly to a Bendix G-15D stored-program digital computer as shown in figure 10.15. On the left the G-15D stored-program digital computer can be seen with the DDA on its right. The enclosure housing the DDA in this configuration is considerably smaller than that of the stand-alone system since the G-15D and the D-12 share a common magnetic drum, which is part of the G-15D stored-program computer, thus saving a considerable amount of hardware on the DDA part of the machine. 
		

		
			30 See [Evans et al. 1966] for an in-depth description of the internal structure of the D-12. 31 Excess-three coded decimals. 
		

		
			32 This is a good example of the ability of a sequential DDA to trade speed against problem complexity. 
		

		
			33 See [Bendix 1954, pp. 11 ff.]. 
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			A typical program for the D-12 is shown in figure 10.16. The four integrators, 
		

		
			labelled (4) to (8), solve the van der Pol differential equation 
		

		
			34 
		

		
			x ¨ − k (x − 1)x ˙ + x = 0. 
		

		
			Integrator (9) controls the printout of the values generated by the integrators (3), (4), and (5) on the console typewriter. The integrators (0) and (1) generate the value-pair (x(t), t) that is used to control plotter #1. A phase-space plot is generated on plotter #2 based on the signal pair (x ˙ (t), x(t)), which is generated by the integrators (18) and (19). The remaining three integrators (10), (11), and (12) perform some post-processing of the signals required for the phase-space plot. 
		

		
			This DDA setup is implemented by the program listing shown in figure 10.17. Each line corresponds to one computing element, the number of which is specified in columns 2 and 3. The initial values used for integrators is specified by the digits in columns 6 to 14. Columns 16 to 20 specify integrator control: 
		

		
			Column 16: This column controls the mode of operation for the integrator. The values “1” to “4” select integrator-mode with one out of four different integra-tion schemes, while a value of “5” switches the integrator into summing mode and “6” specifies a servo. 
		

		
			Column 17: Possible values are “1” or “2”, selecting normal or automatic reset mode of the integrator. 
		

		
			Column 18: Integrators flagged with a value of “1” in this column are running in normal (silent) mode while a value of “2” causes the contents of the second accumulator register to be printed on the console printer after each iteration. 
		

		
			Column 19: This can be used to select an automatic sign-reversal for the incre-mental output signal of an integrator. “1” specifies normal operation while “-” causes a change of sign. 
		

		
			Column 20: Using this column a constant output multiplication factor of 1, 2 or 5 can be selected. The special value “6” selects the corresponding integrator 
		

		
			as control circuit for the typewriter. 
		

		
			36 
		

		
			Columns 22 and 23 specify the source of the dX input while columns 25 and 26 select the source of the initial value of the integrator. Up to 8 addresses of source 
		

		
			34 This equation describes an oscillator with amplitude stabilisation due to the term x − 1. For x < 1 this becomes negative, thus increasing the oscillator’s amplitude and decreasing it for x > 1. See [van der Pol et al. 1928] for more information on this topic. 
		

		
			35 All values are represented as normalized fixed-point values with one decimal digit before and 5 after the implicit decimal point. 
		

		
			36 See bottom left of figure 10.16. 
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			Fig. 10.16. DDA setup for solving x ¨ + k (x + 1)x ˙ + x = 0 (see [Bendix 1954, p. 65]) 
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			11111111112222222222333333333344444444445 
		

		
			12345678901234567890123456789012345678901234567890 
		

		
			--------------------------------------------------
		

		
			00 0010 11111 090 
		

		
			01 0050 11111 04 
		

		
			03 0000000 11211 90 
		

		
			04 00000 31211 90 07 08 
		

		
			05 040400 21212 04 04 
		

		
			06 10000 11111 04 
		

		
			07 012332 211-5 06 05 
		

		
			08 0040400 211-1 90 05 
		

		
			09 00010 11116 90 
		

		
			10 010 91111 07 08 12 
		

		
			11 -000 91111 10 07 08 12 
		

		
			12 000 111-1 11 07 08 12 
		

		
			18 050 111-1 12 
		

		
			19 0050 111-1 04 
		

		
			Fig. 10.17. D-12 example program (cf. [Bendix 1954, p. 69]) 
		

		
			elements for the dY inputs can be selected by values in the columns starting at 
		

		
			28. 
		

		
			37 
		

		
			The UNIVAC incremental computer, see [Remington 1956], a system devel-
		

		
			oped for the Operational Flight Trainer described by [Gray 1958], and STAR-DAC, see [Milan-Kamski 1969] are similar sequential incremental DDAs, to name just a few. 
		

		
			10.4.3 CORSAIR 
		

		
			An interesting variant of such a sequential incremental DDA is the CORSAIR sys-tem, developed at the Royal Aircraft Establishment , Farnborough, starting in the late 1950s. This system is remarkable in several respects: It is fully transistorised, uses core memory and is programmed by a patch panel similar to those found on traditional analog computers. The name CORSAIR consists of three parts: “COR” representing the core memory, “S” for the surface barrier transistors used 
		

		
			37 Each address occupies two columns and successive input addresses are separated by a space character. 
		

		
			38 See [Owen et al. 1960] for details on this system. 
		

		
			39 See [Ulmann 2014, pp. 40 ff.] for more details on core memory and its development. 
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			Fig. 10.18. Typical CORSAIR installation (see [Owen et al. 1960, p. 33]) 
		

		
			in construction, and “AIR” for its aircraft association. Figure 10.18 shows the overall system. On the left is a plotter, the DDA is in the middle of the picture with its power supply on the right. 
		

		
			The system features a 500 kHz bit rate resulting in 500 integrations steps per second. The core memory consists of a 50 × 32 matrix of tiny ferrite cores, capable of storing fifty value pairs, each associated with one computing element. Each connection made on the central patch panel consists of two wires, one for 
		

		
			each of the two incremental bit-serial signals. 
		

		
			41 
		

		
			10.4.4 TRICE 
		

		
			A radically different and far more complex and costly implementation of a DDA was developed by Packard Bell in 1958. In contrast to the systems described above, which operate sequentially, this machine, named TRICE, was the first parallel DDA. This required a fully transistorised implementation allowing a high packing density of the circuitry while minimising energy consumption and thus 
		

		
			simplifying the problem of cooling the densely packed electronics. 
		

		
			42 
		

		
			Figure 10.19 shows a fully expanded TRICE system. From left to right it con-sists of four racks housing the various computing elements, a wide rack containing 
		

		
			40 Two and a half times faster than the much larger Bendix D-12. 
		

		
			41 [Beecham et al. 1965] describes a practical application of the CORSAIR system for the kinematic simulation and wind tunnel control in a wind tunnel based flight dynamics simulator. 42 See [Ameling 1963/2], [Rechberger 1959], and [Packard Bell]. 
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			Fig. 10.19. Fully expanded TRICE system (cf. [ Ameling 1963/2, p. 30]) 
		

		
			the central patch panel and the operator console, a rack with a PB-250 bit-serial stored-program digital computer, which controls the overall system, loads ini-tial values into integrators, etc. Next to this is a rack containing a paper-tape reader/puncher and various ADCs and DACs allowing TRICE to be coupled with a traditional analog computer or to feed it with data from analog signal sources. The two racks on the right contain additional computing elements. 
		

		
			TRICE ran at a clock rate of 3 MHz, which was quite remarkable for such 
		

		
			a large and early transistorised system. Its word length is 30 bits 
		

		
			43 
		

		
			while values 
		

		
			are represented in binary and not in excess-three code decimal form as in the D-12, allowing a maximum iteration frequency of 10 s . Due to the completely parallel operation of TRICE, repetitive operation is possible with a frequency of up to 100 Hz thus challenging contemporary analog computers. TRICE has been described as the “most advanced DDA that was ever built. ” 
		

		
			TRICE contains summers, integrators with only one d X and dY input, spe-cial summing-integrators, constant value multipliers, variable multipliers, servos, and a variety of ADCs and DACs. A typical TRICE module, a multiplier, is shown 
		

		
			43 The internal registers of the basic computing elements are implemented as magnetostrictive delay lines, so word length and clock frequency are fixed. 
		

		
			44 See [Giloi 1975, p. 23]. 
		

		
			45 If more inputs are required for an integrator, a summer in front of the integrator is neces-sary. 
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			Fig. 10.20. TRICE multiplier (cf. [Ameling 1963/2, p. 30]) 
		

		
			in figure 10.20. This multiplier consists of two dedicated integrators implementing 
		

		
			the product rule technique described earlier. 
		

		
			46 
		

		
			A typical application of TRICE is described in [ Ameling 1963/2, pp. 40 f.]: A complex flight-dynamics problem is solved on a TRICE system coupled to a large analog computer. While TRICE performs those parts of the simulation requiring utmost precision such as trajectory calculations and the like, the analog computer implements operations requiring extreme high speed but won’t introduce errors into operations such as coordinate transformations, etc. The TRICE system used in this particular simulation contained 42 integrators, 11 multipliers, 5 constant value multipliers, 5 servos, 6 ADCs and 13 DACs, while the analog computer featured 200 operational amplifiers, 14 multipliers, 5 function generators and 20 servos for coordinate transformation and rotation. 
		

		
			Due to the large amount of hardware necessary to implement a system like TRICE, only a few of these systems were eventually built. According to Tom Graves three TRICE installations were used at NASA’s flight simulation labo-
		

		
			46 See [Jackson 1960, pp. 585 f.]. 
		

	
		
			228 
		

		
			10 Digital differential analysers 
		

		
			ratory in Houston. While much simpler systems such as the Bendix D-12 were not successful in the long run due to their inherently slow speed of calulcation, TRICE, too, wasn’t a market success due to its complexity and associated cost. 
		

		
			The legacy of DDAs could be found long after the demise of these marvelous machines in line drawing algorithms for digital computers and in CNC machines, where DDA techniques were used to perform surface and line interpolation for controlling cutter paths. 
		

		
			47 Computerised Numerical Control 
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			In a series of lectures held at the California Institute of Technology (Caltech) from January 4 to January 15 1952, John von Neumann wondered how one could build “reliable organisms from unreliable components ”. He advocated treating (un-avoidable) errors in computer elements by thermodynamical methods instead of the classic techniques typically used in digital computers. [ Manohar 2015, p. 119] describes this approach aptly as “ embracing, not competing the device physics ”. 
		

		
			One idea to introduce more robustness in digital circuitry was the multiple line trick. Here, instead of a single line transferring a bit, n lines in parallel are grouped, each transmitting the same value of 0 or 1. If at least ∆n of these lines are set to 1 the overall value is assumed to be 1 by the receiver, 0 otherwise. Despite the obvious shortcomings of such an arrangement with respect to its complexity, it could easily tolerate the failure of multiple lines in a group without disabling 
		

		
			the overall digital circuit it is part of. 
		

		
			2 
		

		
			Later in this lecture series von Neumann discussed different ways of repre-senting and processing information in a fault tolerant way by taking biological 
		

		
			neural networks as an antetype. He notes that 
		

		
			3 
		

		
			“message pulse trains seem to convey meaning by certain analogic traits (within the pulse notation – i. e., this seems to be a mixed, part digital, part analog system), like the time density of the pulses in one line, correlations of the pulse time series between different lines in a bundle, etc.” 
		

		
			Obviously, small errors such as transients or glitches in a system employing this type of value representation would only superficially impair the operation of the 
		

		
			overall system. 
		

		
			4 
		

		
			In 1967 Brian R. Gaines elaborated on the idea of using a stochastic bit sequence for representing values, for which the term stochastic computing was coined. The unipolar stochastic number is a simple example for such a value representation. Given a machine unit m ∈ R the two states of a bit can be interpreted as 0 and m respectively. Accordingly, a continuous variable x ∈ [0, m] 
		

		
			1 Cf. [von Neumann 1956, pp. 63 f.]. 
		

		
			2 This idea eventually led to modern majority voting systems used in fault tolerant digital systems. 
		

		
			3 Cf. [von Neumann 1956, p. 91]. 
		

		
			4 See also [von Neumann 1956, pp. 95]. 
		

		
			5 1938– 
		

		
			6 See [Gaines 1967]. A comprehensive survey of stochastic computing can be found in [Alaghi et al. 2013], while [Gaudet et al. 2019] and [Gaines 2019] give an overview of its historic roots. 
		

		
			https://doi.org/10.1515/9783110787740-011 
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			can then be represented as the arithmetic mean of a sequence of a stochastic 
		

		
			bitstream as shown in the following two examples: 
		

		
			7 
		

		
			01010101 . . .= 
		

		
			m 
		

		
			2 
		

		
			001001001 . . .= 
		

		
			m 
		

		
			3 
		

		
			etc. 
		

		
			Ideally, the bit sequence would not show any regularity but instead be of (pseudo-)random nature with the probability of a 1 in the bitstream being 
		

		
			P 
		

		
			1 
		

		
			(x) = 
		

		
			x 
		

		
			m 
		

		
			. 
		

		
			This idea can be easily extended to bipolar stochastic numbers with defining 
		

		
			P1 (x) = 
		

		
			1 
		

		
			2 
		

		
			1 + 
		

		
			x 
		

		
			m 
		

		
		
			. 
		

		
			An alternating sequence of 0 and 1 would then represent x = 0, all zeros would correspond to x = −m and all ones to x = m. 
		

		
			Based on such a number representation scheme, basic operations can then be implemented using logic gates to build an actual computer. Maybe the most fascinating operations is multiplication, which can be implemented by a single two-input AND gate, which combines the two stochastic bitstreams representing the numbers to be multiplied. [Poppelbaum 1979, p. 1] notes 
		

		
			“To multiply two numbers with 7 bit (i. e., 1% accuracy a 2000 transistor micro-processor needs about 10 clock-periods. A stochastic computer gives the same accuracy (within one standard deviation) in 10 clock periods – but it only uses a 2 transistor 
		

		
			AND for the operation. ” 
		

		
			12 
		

		
			It is interesting to note that although the multiplication of two independent stochastic bitstreams is simple, squaring a value is a bit more complicated since 
		

		
			7 See [Winstead 2019, pp. 41 ff.] for more details on stochastic numbers in general. This work also contains a very readable introduction to stochastic computing. 
		

		
			8 From an implementation perspective, stochastically independent pseudorandom bit se-quences are very desirable as they can be generated without having to worry about the stability of its characteristics. [Holt et al. 1995] describes an interesting approach to such pseudorandom generators suitable for stochastic computers. 
		

		
			9 There are more ways to interpret a stochastic number such as likelihood ratio stochastic numbers and log likelihood ratio stochastic numbers , see [Winstead 2019, pp. 42 f]. 
		

		
			10 See [Poppelbaum 1979, p. 1]. 
		

		
			11 A logic gate implements a certain basic boolean operation such as AND (the output of such a gate is true if and only if all of its inputs are true), OR (its output is true if at least one of its inputs is true, so this is aptly called an inclusive OR ), negation (the output is true of the input is false and vice versa), etc. 
		

		
			12 Division is considerably more involved, see [Poppelbaum 1979, p. 24], but still much sim-pler than in a classic digital computer. 
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			an AND gate fed with the same bitstream applied to both of its inputs just yields an identical bitstream at its output. To implement a squaring function one input of the AND gate is fed with a delayed version of the bitstream representing the value to be squared. This delay can be as short as one bit-time and implemented 
		

		
			as a simple flip-flop circuit. 
		

		
			13 
		

		
			Addition and subtraction are a bit more involved. Two bitstreams are added by yielding an output of 1 if a 1 is received at either input and storing a 1 when both inputs happen to by 1 until a free slot is available in the output sequence (i. e., until the next 0 in the output bitstream). Subtraction can be implemented similarly by subtracting a subtrahend 1 from the next 1 in the minuend stochastic bitstream. 
		

		
			Even an integrator is not that difficult to implement, as it just requires an up/down counter and some means to generate a stochastic output bitstream with 
		

		
			P 
		

		
			1 
		

		
			(x) corresponding to its current counter value; this can be implemented using 
		

		
			a comparator and a noise source. 
		

		
			14 
		

		
			Apart from the very simple implementation of basic operations, stochastic computers have the characteristic trait that a rough approximation of some solu-tion for a problem can be quickly obtained while computing times rapidly increase when higher precision is required, a behaviour called progressive precision . In short, a stochastic computer features an extremely simple hardware implementa-
		

		
			tion but at the price of low computational bandwidth and low precision. 
		

		
			16 
		

		
			Figure 11.1 shows the RASCEL computer, developed by John William Esch in the late 1960s. This system represents values as fractions with numera-tor and denominator consisting of independent stochastic bitstreams. It contains a number of computing elements arranged in the tree-like structure visible on top of the computer. Each such element can be configured to perform either squar-ing, addition, subtraction, multiplication, or division. RASCEL could yield results spanning three to four orders of magnitude with an accuracy of 1% and a slewrate of 100 ms. 
		

		
			13 See [Winstead 2019, pp. 55 f.]. 
		

		
			14 See [Gaines 1967, pp. 152 f.] for more details. 
		

		
			15 See [Alaghi et al. 2013, p. 92:9]. 
		

		
			16 See [Poppelbaum 1968, p. 22]. [Poppelbaum 1979] also describes technique called burst processing, which lies between a classic binary value representation and stochastic comput-ing requiring only about 10% of the circuitry of a weighted binary value representation. More detailed information on the theory and basics of stochastic computing can be found in [Gaines 1967], [Esch 1969], and [Massen 1977]. [Riedel et al. 2019, pp. 104 ff.] analyses what can be computed by stochastic computers in general. Example circuits for stochastic computers can be found in [Langheld 1979/1], [Langheld 1979/2] and [Poppelbaum et al. 1967]. 
		

		
			17 Short for Regular Array of Stochastic Computing Element Logic . 
		

		
			18 See [Esch 1969]. 
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			Fig. 11.1. The RASCEL system in 1969 (John William Esch on the left), see [Esch 1969, p. 44] 
		

		
			The main advantage of stochastic computers is the simplicity of the individ-ual computing elements, which are not only quite tolerant to jitter or skew in the various bitstreams bit are also robust with respect to noise. Unfortunately, this is more than outweighed by several disadvantages: First of all the precision is very limited. 2 different states of a variable could be represented in standard 
		

		
			binary form by n bits. A stochastic computer would require a bitstream of 2 
		

		
			2n 
		

		
			bits to represent a value with the same precision, which not only becomes quickly impractical but also very slow given the serial nature of such a bitstream. An-other disadvantage is the fact that it is not easy to generate a multitude of truly 
		

		
			independent stochastic bitstreams, which is essential for a stochastic computer. 
		

		
			21 
		

		
			This is reflected by the fact that the first, and at the same time last, sympo-sium on stochastic computing took place in 1978 in Toulouse, France. Nevertheless, stochastic computing might experience a revival in the 21 century as it is suitable 
		

		
			for implementing artificial neural networks. 
		

		
			22 
		

		
			19 See [Manohar 2015]. 
		

		
			20 See [Riedel 2019, p. 122]. 
		

		
			21 [Hsiao et al. 2019] describes various techniques for generating stochastic bitstreams, [Jia et al. 2019, pp. 166 ff.] describes an interesting approach to generating such bitstreams based on magnetic tunnel junctions. [Riedel 2019] details on deterministic approaches to stochastic computing. 
		

		
			22 See [Winstead 2019, pp. 69 ff.] and [Onizawa et al. 2019]. 
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			Clearly everyone simulating an analog computer on a stored program digital com-puter is in a state of sin as the main advantages of an analog computer (its extremely high degree of parallelism, speed, and energy efficiency) are forsaken by simulating its computing elements in a sequential fashion on a digital computer. 
		

		
			Nevertheless, simulating an analog computer on a digital computer can be justified in certain cases – such as education, the scaling of differential equations, or the treatment of problems involving variables of such vastly different magni-tudes that scaling the problem for an analog computer would at least be very cumbersome if not next to impossible. It is also an option when there no access to an analog computer at all or to one of appropriate size for a certain problem. 
		

		
			A typical example of such a problem is the classic simulation of bubble for-mation in the cooling loop of a nuclear reactor. The time constants involved differ by up to eight orders of magnitude while the radius of a bubble changes by five to six orders of magnitude. All of this in conjunction with variables to the fourth 
		

		
			power makes the problem unsuitable for a classic analog computer. 
		

		
			2 
		

		
			A problem like this could be solved quite efficiently on a parallel DDA such as TRICE but machines like this were rare while digital computers became in-creasingly common in the early 1960s. Consequently, the idea of simulating an analog computer was self-evident. [Selfridge 1955] describes a system allowing “a digital computer to operate as a differential analyzer ”. The digital computer used in this work was the defense calculator, later called the IBM 701, one of the earliest commercially available digital computers. Although this system was incredibly slow from today’s perspective it gave rise in the 1960s to the develop-ment of about 30 such simulation systems implemented in various programming 
		

		
			languages on a variety of digital computers. 
		

		
			5 
		

		
			One of the first practical systems was introduced in 1963 and became known as MIDAS. Typical for the 1960s, MIDAS was operated in batch mode. A simulation run had to be prepared as a stack of punch cards, which were fed to the digital computer executing the simulation program and returning the results on fan-fold paper – not a very convenient or appealing mode of operation, particularly for people accustomed to the high degree of interactivity offered by analog computers. 
		

		
			1 John von Neumann used this wording when writing about generating (pseudo-)random numbers using digital computers. 
		

		
			2 See [Frisch et al. 1969, pp. 19 f.]. 
		

		
			3 A similar system is described by [Stein et al. 1959]. 
		

		
			4 See [Bashe et al. 1986, pp. 135 ff.]. 
		

		
			5 See [Brennan et al. 1967, p. 243]. 
		

		
			6 See [Harnett et al. 1963]. 
		

		
			https://doi.org/10.1515/9783110787740-012 
		

	
		
			234 
		

		
			12 Simulation of analog computers 
		

		
			In 1964 PACTOLUS was introduced for the IBM 1620, a very small digital 
		

		
			computer. Since the 1620 was typically only used by a single user, it allowed for some degree of interactivity, which greatly helped the case of simulating analog computers. Based on experiences gained with this setup other systems allowing for increased degrees of interactivity were developed in due course. Typical examples are DSL-90, MIMIC, and most importantly CSMP, which is described in more 
		

		
			detail in section 12.3. 
		

		
			9 
		

		
			12.1 Basics 
		

		
			The overall structure of a typical simulation system is shown in figure 12.1. The model description is first analysed and then translated into a suitable intermediate representation such as an abstract syntax tree. This step is followed by a sorting run, which is necessary since the analog computing elements are simulated in a sequential fashion, abandoning the full parallelism of an analog computer. The order in which these individual steps are performed has a great impact on the 
		

		
			result. 
		

		
			10 
		

		
			One advantage of systems like this over a DDA is the possibility of using sophisticated numerical integration schemes, such as linear multistep methods, 
		

		
			thus increasing the accuracy of the results and often having shorter run times. 
		

		
			11 
		

		
			12.2 DDA programming system for the IBM 7074 
		

		
			An interesting system was developed by George Joseph Farris in the first half of the 1960s at the Institute for Chemical Engineering at Iowa State University of 
		

		
			Science and Technology 
		

		
			12 
		

		
			for the IBM 7070/7074 computer series. 
		

		
			13 
		

		
			The rationale 
		

		
			behind this development was described as follows: 
		

		
			7 See [Brennan et al. 1964]. 
		

		
			8 See [Bashe et al. 1986, pp. 508 ff.]. 
		

		
			9 [Korn 2005] describes such early developments from the late 1960s onwards. 
		

		
			10 Cf. [Giloi 1975, pp. 35 f.]. Typical algorithms for this are described in [ Stein et al. 1970], a description of the implementation used for CSMP can be found in [Speckhart et al. 1976, pp. 12 ff.]. 
		

		
			11 See [Press et al. 2001, pp. 123 ff.] for details on such methods in general. 
		

		
			12 See [Farris 1964]. 
		

		
			13 See [Bashe et al. 1986, p. 578] and [Bender et al.] for details on this early transistorised digital computer system. 
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			Fig. 12.1. Flow diagram of a typical digital analog computer simulation system (see [Giloi 1975, p. 99]) 
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			12 Simulation of analog computers 
		

		
			“In any problems arising in engineering, particularly in the simulation of processes and equipment, it may be faster, simpler, and more meaningful to use an analog method of solution that to reduce the problem to its most compact mathematical form and write 
		

		
			a digital computer program for solving the resulting equations.” 
		

		
			14 
		

		
			This simulator, called DIAN as it combined some of the typical advantages of stored program di gital and an alog computers, eliminated the need to scale the problem equations by employing a floating point value representation. It, too, was run in batch mode with every component of the simulated analog computer with its associated inputs and outputs represented by a single punch card. 
		

		
			The central algorithm for performing the integration steps is interesting as it is not a traditional Runge-Kutta method, which was also considered but turned out to require more computing time while not yielding substantially better results. The integration in DIAN is bootstrapped with a simple Euler iteration step 
		

		
			y 
		

		
			1 
		

		
			= y 
		

		
			0 
		

		
			+ y 
		

		
			′ 
		

		
			0 
		

		
			∆x, 
		

		
			which is followed by a single trapezoidal step 
		

		
			y 
		

		
			2 
		

		
			= y 
		

		
			1 
		

		
			+ 
		

		
		
			3y − y 
		

		
			2 
		

		
		
			∆x. 
		

		
			From then on explicit Gregory -Newton steps 
		

		
			yn+1 = yn + 
		

		
		
			23y 
		

		
			− 
		

		
			4 
		

		
			12 3y 
		

		
			′ 
		

		
			n−1 
		

		
			+ 
		

		
			5 
		

		
			n−2 
		

		
		
			∆x 
		

		
			are computed. 
		

		
			The DIAN system is demonstrated in [ Farris 1964] with an initial value prob-lem and a boundary problem, both simulating a stirred tank reactor described by 
		

		
			C = a1 
		

		
			− b 
		

		
			1 
		

		
			C − k1 
		

		
			Ce 
		

		
			E 
		

		
			RT 
		

		
			and (12.1) 
		

		
			T = a2 
		

		
			− b 
		

		
			2 
		

		
			T + k2 
		

		
			Ce 
		

		
			E 
		

		
			RT 
		

		
			. (12.2) 
		

		
			These equations for concentration and temperature would be implemented on an analog computer by the program shown in figure 12.2. This setup can be described by a set of just 21 punch cards as input for DIAN. The simulation was run for integration limits of 0 and 3000 seconds at 10 second intervals with intermediate results for temperature and concentration being printed every 300 seconds of simulation time. This required a total of 30 second of actual run time on the IBM 7074 system. 
		

		
			14 See [Farris 1964, p. 1]. 
		

		
			15 See [Farris 1964, pp. 71 f.]. 
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			Fig. 12.2. Simulated analog computer setup for equations (12.1) and (12.2) (see [Farris 1964, pp. 23 f.]) 
		

		
			12.3 CSMP 
		

		
			CSMP, the Continuous System Modelling Program is one of the best known and 
		

		
			most influential early analog computer simulators. 
		

		
			16 
		

		
			A CSMP program consists 
		

		
			of three sections of code: 
		

		
			INITIAL: This (optional) section contains everything necessary prior to an actual simulation run. This includes initial conditions for integrators as well as static scaling options, etc. 
		

		
			DYNAMIC: This section contains the description of the actual simulation circuit, which is then iteratively solved by the digital computer. 
		

		
			TERMINAL: This section is also optional and allows to specify certain actions such as output of values, plotting of functions, etc., after a simulation run has been completed. 
		

		
			16 See [Speckhart et al. 1976] for a thorough description and introduction to CSMP. 
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			12 Simulation of analog computers 
		

		
			The following simple example problem shows the actual process of using the CSMP system. A mass-spring-damper system described by 
		

		
			my ¨ + dy ˙ + sy = 0 
		

		
			is to be simulated. First, the program variables are defined: 
		

		
			MASS = m 
		

		
			POS = y 
		

		
			POS0 = y 
		

		
			0 
		

		
			D = d 
		

		
			S = s 
		

		
			VEL = 
		

		
			POS 
		

		
			ACC = 
		

		
			VEL 
		

		
			Using the initial conditions y (0) = 1, y ˙ (0) = 0 and m = 1.5, d = 4, and s = 150 yields the CSMP program shown in figure 12.3, consisting only of an (implicit) DYNAMIC section. Output is controlled by the TIMER statement in line 8. A typical simulation output listing the values for TIME, POS, VEL, and ACC is shown in figure 12.4. At its heart are the two integrations 
		

		
			POS = 
		

		
			t 
		

		
		
			0 
		

		
			VELdt + POS0 and 
		

		
			VEL = 
		

		
			t 
		

		
			0 
		

		
			ACCdt 
		

		
			A more complex example, the simulation of a motorized cable reel, is described in [Brennan et al. 1967]. The system to be simulated is shown in figure 12.5. It consists of a motor-driven shaft connected to a reel. The velocity of the cable taken up on the reel or rolling off is measured by a tachometer feeding a motor control system, which is also connected to a manual unwind/reverse control switch and the objective is to control the speed of the cable. Figure 12.6 shows a classic analog computer setup for this system. 
		

		
			The corresponding CSMP program is shown in figure 12.7. As a simple list of numerical values would not give the required insight into complex systems like this, CSMP could also print graphs, as shown in figure 12.8. 
		

		
			17 Cf. [Speckhart et al. 1976, p. 15]. 
		

		
			18 PRDEL controls the time interval between two print operations. If omitted, its default is 
		

		
			FINTIM 
		

		
			100 
		

		
			, see [Speckhart et al. 1976, pp. 18/24]. 
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			CONSTANT MASS = 1.5, D = 4.0 
		

		
			CONSTANT S = 150.0, POS0 = 1.0 
		

		
			ACC = (-S * POS - D * VEL) / MASS POS = INTGRL(POS0, VEL) 
		

		
			VEL = INTGRL(0.0, ACC) 
		

		
			PRINT POS, VEL, ACC 
		

		
			TITLE MASS-SPRING-DAMPER SIMULATION 
		

		
			TIMER FINTIM = 2.0, PRDEL = 0.05 
		

		
			END 
		

		
			STOP 
		

		
			ENDJOB 
		

		
			Fig. 12.3. Simulating a mass-spring-damper system with CSMP 
		

		
			SIMULATION OF A MASS-SPRING-DAMPER SYSTEM TIME POS VEL ACC 
		

		
			0.0 1.0000E 00 0.0 -1.0000E 02 5.0000E-02 8.8283E-01 -4.4884E 00 -7.6313E 01 1.0000E-01 5.7793E-01 -7.3878E 00 -3.8093E 01 1.7863E-01 -8.2319E 00 4.0884E 00 
		

		
			2.0000E-01 -2.1177E-01 -7.0839E 00 4.0068E 01 2.5000E-01 -5.0491E-01 -4.4556E 00 6.2373E 01 3.0000E-01 -6.4574E-01 -1.1340E 00 6.7598E 01 3.5000E-01 -6.2098E-01 2.0328E 00 5.6677E 01 
		

		
			4.0000E-01 ... ... ... 
		

		
			Fig. 12.4. Typical CSMP simulation result (see [Speckhart et al. 1976, p. 17]) 
		

		
		
			Fig. 12.5. Motorized cable reel system 
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			v 
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			❤ ❍ 
		

		
			Fig. 12.6. Analog computer setup for the cable reel problem (see [ Brennan et al. 1967, p. 251]) 
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			12 Simulation of analog computers 
		

		
			TITLE CABLE REEL SIMULATION 
		

		
			* 
		

		
			INIT 
		

		
			K1 = (D ** 2) / (2.0 * PI * W) 
		

		
			PARAM D = 0.1, W = 2.0 
		

		
			CONST PI = 3.14159 
		

		
			PARAM RFULL = 4.0, REMPTY = 2.0 
		

		
			* 
		

		
			DYNAM 
		

		
			I = 18.5 * (R ** 4) - 221.0 
		

		
			TH2DOT = TORQUE / I 
		

		
			TH1DOT = INTGRL(0.0, TH2DOT) 
		

		
			R = INTGRL(RFULL, (-K1 * TH1DOT)) 
		

		
			ERROR = VDESIR - VM 
		

		
			* 
		

		
			PARAM VDESIR = 50.0 
		

		
			CONTL = GAIN * ERROR 
		

		
			GAIN = 0.5 
		

		
			TORQUE = 500.0 * DUMMY 
		

		
			DUMMY = REALPL(0.0, 1.0, CONTL) 
		

		
			VACT = R * TH1DOT 
		

		
			VM = REALPL(0.0, 0.5, VACT) 
		

		
			* 
		

		
			FINISH R = 2.0 
		

		
			TIMER DELT = .05, FINTIM = 20.0 
		

		
			PRDEL = 0.5, OUTDEL = 0.5 
		

		
			* 
		

		
			PRINT VACT, VM, ERROR, CONTL, TORQUE, R, I 
		

		
			PRTPLT VACT 
		

		
			* 
		

		
			LABEL PRELIM. TEST OF SYSTEM STAB. (G = 0.5) 
		

		
			METHOD RECT 
		

		
			END 
		

		
			* 
		

		
			PARAM GAIN = 1.5 
		

		
			RESET LABEL 
		

		
			LABEL PRELIM. TEST OF SYSTEM STAB. (G = 1.5) 
		

		
			END 
		

		
			STOP 
		

		
			ENDJOB 
		

		
			Fig. 12.7. Cable reel simulation program (see [Brennan et al. 1967, p. 260]) 
		

		
			TIME VACT 
		

		
			0.0 0.0 
		

		
			+ 
		

		
			0.5 3.2774E 00 --+ 
		

		
			1.0 1.1179E 01 ---------+ 
		

		
			1.5 2.2859E 01 ------------------+ 
		

		
			2.0 3.4448E 01 --------------------------+ 
		

		
			2.5 4.4997E 01 ---------------------------------+ 
		

		
			3.0 5.3483E 01 ---------------------------------------+ 
		

		
			3.5 5.9391E 01 -------------------------------------------+ 
		

		
			4.0 6.2637E 01 ----------------------------------------------+ 
		

		
			4.5 6.3481E 01 ----------------------------------------------+ 
		

		
			5.0 6.2411E 01 ----------------------------------------------+ 
		

		
			5.5 6.0028E 01 --------------------------------------------+ 
		

		
			6.0 5.6951E 01 -----------------------------------------+ 
		

		
			6.5 5.3734E 01 ---------------------------------------+ 
		

		
			7.0 5.0814E 01 -------------------------------------+ 
		

		
			7.5 4.8486E 01 -----------------------------------+ 
		

		
			8.0 4.6902E 01 ---------------------------------+ 
		

		
			8.5 4.6081E 01 ---------------------------------+ 
		

		
			9.0 4.5924E 01 ---------------------------------+ 
		

		
			9.5 4.6339E 01 ---------------------------------+ 
		

		
			10.0 4.7090E 01 ----------------------------------+ 
		

		
			10.5 4.8013E 01 ----------------------------------+ 
		

		
			11.0 4.8948E 01 -----------------------------------+ 
		

		
			11.5 4.9970E 01 ------------------------------------+ 
		

		
			12.0 5.0400E 01 ------------------------------------+ 
		

		
			12.5 5.0801E 01 -------------------------------------+ 
		

		
			13.0 5.0976E 01 -------------------------------------+ 
		

		
			13.5 5.0954E 01 -------------------------------------+ 
		

		
			14.0 5.0786E 01 ------------------------------------+ 
		

		
			14.5 5.0529E 01 ------------------------------------+ 
		

		
			15.0 5.0238E 01 ------------------------------------+ 
		

		
			15.5 4.9960E 01 ------------------------------------+ 
		

		
			16.0 4.9729E 01 ------------------------------------+ 
		

		
			16.5 4.9566E 01 ------------------------------------+ 
		

		
			17.0 4.9477E 01 -----------------------------------+ 
		

		
			17.5 4.9457E 01 -----------------------------------+ 
		

		
			18.0 4.9492E 01 -----------------------------------+ 
		

		
			18.5 4.9565E 01 ------------------------------------+ 
		

		
			19.0 4.9657E 01 ------------------------------------+ 
		

		
			19.5 4.9751E 01 ------------------------------------+ 
		

		
			20.0 4.9834E 01 ------------------------------------+ 
		

		
			Fig. 12.8. Cable reel simulation result (see [Speckhart et al. 1976, p. 17]) 
		

		
			12.4 Modern approaches 
		

		
			In the early 1980s simulation systems were developed for the rapidly growing personal computer market. [Titchener et al. 1983] describes an early example, which was aimed at applications in computational chemistry. In 1985 Beukeboom et al. described another personal computer based simulation system. This influ-enced the development of more modern tools such as MATLAB featuring (among many others) a plugin called Simulink. This contains a graphical block diagram-ming tool, which allows systems to be described quickly by using what are essen-tially classic analog computer programming symbols and techniques. Figure 12.9 shows a mass-spring-damper simulation in MATLAB using Simulink. 
		

		
			A more recent development is the open source system PyAnalog It can be used as an analog computer simulator as well as for generating configuration setup 
		

		
			19 See [Beukeboom et al. 1985]. 
		

		
			20 See https://github.com/anabrid/pyanalog (retrieved 07/03/2022). 
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			Fig. 12.9. Simulation of a mass-spring-damper system in Matlab 
		

		
			data for reconfigurable analog computers. It can also be coupled with an actual analog computer in a hybrid computer setup. 
		

	
		
			13 Applications 
		

		
			The following sections give an overview of typical analog computer applications. Due to the constrained space and the multitude and complexity of areas in which analog computers were used, these descriptions will be quite cursory. As Ernst Kettel puts it, there is next to no scientific field where an analog computer could 
		

		
			not be applied successfully. 
		

		
			1 
		

		
			13.1 Mathematics 
		

		
			Although analog computers do not excel when it comes to accuracy, there are many areas in mathematics where analog computers can be applied with great benefit. 
		

		
			13.1.1 Differential equations 
		

		
			Differential equations are obviously ideally suited for treatment on an analog com-puter. The simplest case of linear ordinary differential equations poses no special problems and can be handled directly with the Kelvin feedback technique or the substitution method described in sections 7.2 and 7.3. The equations of interest are of the general form 
		

		
			n 
		

		
		
			i=0 
		

		
			ai 
		

		
			d y 
		

		
			dy 
		

		
			= f (t). 
		

		
			If the coefficients ai 
		

		
			are constant, the treatment of such equations and sys-
		

		
			tems thereof with an analog computer is straightforward. If the ai are variable, the additional problem of generating these coefficients during a simulation run 
		

		
			arises. In most cases the ai 
		

		
			will be generated as solutions of auxiliary differential 
		

		
			equations. Nevertheless, the scaling process is often difficult in the case of variable coefficients. 
		

		
			Non-linear differential equations are also challenging with respect to the scal-ing process. The fact that the structure of the computer setup often depends on the selected scaling factors complicates their solution as rescaling often not only requires the change of coefficients but also a change of the computer setup. A wealth of information about these challenges can be found in [ Giloi et al. 1963, 
		

		
			1 Cf. [Kettel 1960, p. 165]. 
		

		
			2 There are ways to improve accuracy of solutions obtained by analog computers by using a hybrid computer approach. 
		

		
			3 LODE for short. 
		

		
			https://doi.org/10.1515/9783110787740-013 
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			pp. 221 ff.] and [Mackay 1962, pp. 212 ff.]. The application of hybrid computers in this area is covered in detail in [ Valisalo et al.]. 
		

		
			Boundary value problems are problems in which boundary values for a dif-ferential equation at t = 0 and t = tmax are given and these must be satisfied by a solution. These can often be solved easily with an analog computer run-ning in repetitive mode by applying a trial-and-error procedure. Starting with the boundary value at t = 0 the equations are solved repeatedly with a human operator or the digital computer part of a hybrid computer system varying the parameters until the second boundary value condition is satisfied by a certain set 
		

		
			of parameters. 
		

		
			6 
		

		
			The treatment of partial differential equations has already been described cursorily in section 7.4. More information can be found in [ Heinhold et al., pp. 183–197], [Mackay 1962, pp. 243 ff., pp. 293 ff.], and [ Howe 1962]. An in-teresting method for generating a flicker-free display of the solutions of partial differential equations on an oscilloscope is described in [ Ameling 1962/1], while [Feilmeier 1974, pp. 215 ff.] deals with the application of hybrid computers for solving this class of equations. [ Bekey et al. 1971] describes a hybrid com-puter techniques for solving nonlinear parabolic partial differential equations while [Hsu et al.1968] show a kind of time-sharing technique for reusing analog computer components within a single large-scale problem. 
		

		
			Another interesting technique, which was developed by Lawrence Wain-wright, uses a magnetic tape for storing analog data and is described in [Jackson 1960, pp. 586 f.]. [Ashley et al. 1968] show the application of the classic seperation of variables approach for solving partial differential equations by means of a hybrid computer setup. 
		

		
			13.1.2 Integral equations 
		

		
			In general, an analog computer is not particularly well suited for treating integral equations. However, due to their importance in fields like electrical and commu-
		

		
			4 See [Korn et al. 1956, pp. 142 ff.] for example. 
		

		
			5 See [Giloi et al. 1963, pp. 249 ff.] and [Heinhold et al., pp. 108 ff.]. 
		

		
			6 See [Heinhold et al., pp. 111 ff.] and [Feilmeier 1974, pp. 202 ff.]. More detailed information about iterative approaches can be found in [ Heinhold et al., pp. 117 ff.], [Feilmeier 1974, pp. 197 ff.], and [Giloi et al. 1963, pp. 253 ff.]. Special approximation tech-niques for solving boundary value problems for partial differential equations are described in [Vichnevetsky 1969]. 
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			nications engineering, etc., many approaches were developed to solve this class of 
		

		
			equations with an analog computer. Integral equations are of the form 
		

		
			7 
		

		
			f (x) + 
		

		
			a 
		

		
			0 
		

		
			K (t, x)u(t) dt = 0 or (13.1) 
		

		
			f (x) + 
		

		
			a 
		

		
		
			0 
		

		
			K (t, x)u(t) dt = u(x). (13.2) 
		

		
			These equations are called Fredholm equations of type 1 or type 2, respec-tively. u(x) is the unknown, while f (x) and K (t, x), the kernel, are known. The representation of this kernel is the main challenge on an analog computer since functions of more than one variable are typically difficult to implement. A hybrid computer can simplify this considerably. In cases where no hybrid computer is available, x has often been restricted to a constant value so that a simple function generator using only one argument variable can be used to implement K (t, x ¯) with x ¯ denoting that x is treated as a constant. 
		

		
			Using proper time-scaling, the upper boundary of the integral in equation (13.1) or (13.2) can be identified with computer time τ . The result of a computer run is then compared with either 0 or u(x), depending on the type of equation to be solved. Based on the deviation from the desired result, the parameters defining u(x) can be varied manually or under program control. So basically solving inte-gral equations with an analog or hybrid computer boils down to a trial-and-error technique. 
		

		
			Restricting x to a constant value is often not sufficient – in these cases x is discretised appropriately, using function generators to implement K (t, xi ) for a number of such constant values xi . Running the analog computer in repetitive op-eration and using electronic switches to switch between these function generators depending on the actual index i, it is possible to display a family of curves on an oscilloscope. More information about solving integral equations with analog and hybrid computers can be found in [Sydow 1964, pp. 112 ff.], [ Mackay 1962, pp. 317 ff., pp. 331 ff., pp. 352 ff.], and [ Chan 1969]. 
		

		
			It should be noted that the idea of using analog computers to treat integral equations is quite old. Norbert Wiener suggested a product integraph, which 
		

		
			7 A classic comprehensive introduction to integral equations in general can be found in [Muskhelishvili 1953]. 
		

		
			8 Ivar Fredholm, 04/07/1866–08/17/1927 
		

		
			9 This requires at least three independently controlled integrator groups, which in turn re-quired a complex control circuit. 
		

		
			10 11/26/1894–03/18/1964 
		

		
			11 See [Bennett 1993, pp. 104 ff.]. 
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			was later developed and built by Vannevar Bush, F. G. Kear, H. L. Hazen, H. R. Stewart, and F. D. Gage at the Massachusetts Institute of Technology. This mechanical device could evaluate the integral over the product of two time-
		

		
			varying functions: 
		

		
			13 
		

		
			Φ(x) = 
		

		
			x 
		

		
		
			a 
		

		
			f (t)Φ(t) dt. 
		

		
			This required two operators to manually follow given curves for f (t) and Φ(t) (similarly to the setup shown in figure 2.21 on page 35), a tedious and not very precise process, which typically took about four minutes for a run performed at “normal speed”. The result was produced by a watt-hour meter performing the required multiplication based on one of the functions represented a time-varying voltage and one by a current. 
		

		
			The problem of manual curve followers was solved with the subsequent devel-opment of the cinema integraph. It could evaluate equations such as 
		

		
			∞ 
		

		
		
			0 
		

		
			f (t) sin(nt) dt or 
		

		
			∞ 
		

		
		
			0 
		

		
			f (t) cos(nt) dt 
		

		
			as well as the more general form 
		

		
			T 
		

		
		
			0 
		

		
			f (t)g (t) dt. 
		

		
			The two functions under the integral were represented by the optical density of photographic films. These were arranged in such a way that light from a suitable and constant light source had to pass both films after which it was measured by a photocell. This rendered the manual curve following process obsolete and allowed 
		

		
			much shorter solution times. 
		

		
			15 
		

		
			[Bekey et al. 1967] describe a hybrid computer approach for solving integra-tion equations using the von Neumann and Fisher iteration method. 
		

		
			12 See [Bush et al. 1927]. 
		

		
			13 See [Bush et al. 1927, p. 82 ff.]. 
		

		
			14 See [Bush et al. 1927, p. 75]. 
		

		
			15 The cinema integraph is described in much more detail in [ Hedeman 1941] and [Hazen et al. 1940]. Further information on integraphs can be found in [ Stine 2014] and [Macnee 1953]. 
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			13.1.3 Roots of polynomials 
		

		
			Determining the real or complex roots of polynomials 
		

		
			P 
		

		
			n 
		

		
			(x) = 
		

		
			n 
		

		
		
			i=0 
		

		
			ai 
		

		
			x 
		

		
			with an analog computer is a straightforward process: P 
		

		
			n 
		

		
			(x) is generated either 
		

		
			by explicit multiplication generating the x , or by repeated integration yielding 
		

		
			x, − 
		

		
			x , etc. Since analog computers typically have more integrators than 
		

		
			multipliers available and since multipliers are expensive and multiplication is not 
		

		
			as precise an operation as integration, the latter approach is usually preferred. 
		

		
			17 
		

		
			This proved especially useful in the case of Legendre-, Chebyshev-, or Hermite-
		

		
			polynomials. 
		

		
			18 
		

		
			Given a computer setup generating the required polynomial, the analog com-puter can then vary x in the interval of interest. Using a comparator, the zeros of the polynomial can be detected and the machine can be automatically placed into halt mode to read out the corresponding value of x. 
		

		
			13.1.4 Orthogonal functions 
		

		
			An important problem in control engineering applications and other fields is the 
		

		
			approximation of a function f (t) as a sum of orthogonal functions φi (t): 
		

		
			19 
		

		
			f (t) ∼ 
		

		
			n 
		

		
		
			i=1 
		

		
			ai 
		

		
			φ 
		

		
			i 
		

		
			(t) 
		

		
			Normally, the square error term 
		

		
		
			I 
		

		
			f (t) − 
		

		
			n 
		

		
		
			i=1 
		

		
			ai 
		

		
			φ 
		

		
			i 
		

		
			(t) 
		

		
		
			2 
		

		
			w (t)dt 
		

		
			is to be minimised over an interval I with w (t) denoting a weighting function. 
		

		
			This is satisfied if the φ 
		

		
			i 
		

		
			(t) form an orthogonal system and the coefficients ai 
		

		
			are 
		

		
			defined by 
		

		
			ai 
		

		
			= 
		

		
			1 
		

		
			c 
		

		
		
			I 
		

		
			f (t)φi (t)dt (13.3) 
		

		
			16 See [Heinhold et al., pp. 173 ff.] and [Atkinson 1955]. 
		

		
			17 If servo or time division multipliers are available, the powers of x can be generated in a straightforward way. 
		

		
			18 See [Heinhold et al., pp. 174]. 
		

		
			19 See [Herschel 1962]. 
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			where 
		

		
		
			I 
		

		
			φ 
		

		
			i 
		

		
			(t)φ 
		

		
			k 
		

		
			(t)dt = 
		

		
		
			c = 0 if i = k 0 if i = k 
		

		
			holds. Using an analog computer, the coefficients ai 
		

		
			can be determined based on 
		

		
			(13.3). 
		

		
			13.1.5 Linear algebra 
		

		
			Solving systems of linear equations is a task not inherently well suited for analog computers. Nevertheless, several techniques suitable for analog computers were developed, which were typically employed when no digital computer was avail-able. For a long time these approaches were of historic interest only but with the advent of artificial intelligence, especially artificial neural networks, these analog techniques might become important again as they offer a chance to drastically lower the required energy for training such networks using approaches like back-propagation. 
		

		
			A direct approach implementing the system of linear equations using only summers and coefficient potentiometers is unsuited for an analog computer since 
		

		
			it results in algebraic loops. 
		

		
			21 
		

		
			Other techniques like the Jacobi 
		

		
			22 
		

		
			method, the 
		

		
			Gauss -Seidel method or relaxation approaches are better suited for an analog 
		

		
			computer. 
		

		
			25 
		

		
			As an example a system of linear equations A ⃗ x = 
		

		
			b is to be solved by the 
		

		
			Jacobi method. First ⃗x = B ⃗x + k is computed, with 
		

		
			22 22 
		

		
			. . . . 
		

		
			. . . . 
		

		
			an1 an2 
		

		
			ann ann 
		

		
			. . . 0 
		

		
			 a12 a1n  0 . . . 
		

		
			 a21 a2n    
		

		
			 
		

		
			 
		

		
			 
		

		
			 
		

		
			b1 
		

		
			a11 
		

		
			. 
		

		
			. 
		

		
			bn 
		

		
			ann 
		

		
			 
		

		
			 
		

		
			 
		

		
			 
		

		
			. 
		

		
			20 A stored-program digital computer is often a better approach. 
		

		
			21 An algebraic loop is a positive feedback path involving only summers, i. e., a loop involving an odd number of sign-inverting summers. Such a circuit is inherently unstable and must be avoided at any cost. 
		

		
			22 Carl Gustav Jacob Jacobi, 12/10/1803–02/18/1851 
		

		
			23 Carl Friedrich Gauß, 04/30/1777–02/23/1855 
		

		
			24 Philipp Ludwig von Seidel, 10/24/1821–08/13/1896 
		

		
			25 More detailed information about these methods can be found in [Heinhold et al., pp. 135–152], [Vocolides 1960], [Giloi et al. 1963, pp. 152 ff.], [Marquitz et al. 1968], [Kovach et al. 1962], [Jackson 1960, pp. 332 ff.], and [Mackay 1962, pp. 192 ff.]. The effects of parameter variations are analysed in [Kahne 1968]. 
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			Typically, B and k are determined once, aided by a digital computer. Iteration steps of the form 
		

		
			⃗ xn+1 = B ⃗xn + 
		

		
			k 
		

		
			can then be performed on the analog computer. This iterative approach requires pairs of integrators for each component of ⃗ x being used as storage elements, re-
		

		
			quiring a complex control scheme. 
		

		
			27 
		

		
			[Mitra 1955] describes a technique for solving systems of linear equations on a specialised analog computer, which not only yields the desired solution but also the eigenvalue of the matrix with the largest absolute value. 
		

		
			A different approach transforms the problem of solving a system of linear equa-tions to the problem of solving a corresponding system of differential equations by 
		

		
			A ⃗ x − b = ⃗ ε and 
		

		
			⃗ x = − ⃗ ε, 
		

		
			which converge to the desired solution for t → ∞. This technique is treated in detail in [Heinhold et al., pp. 148 ff.] and [ Ulmann et al. 2019], which not only examines convergence criteria but also contains practical examples. 
		

		
			13.1.6 Eigenvalues and -vectors 
		

		
			Determining eigenvalues and eigenvectors for a given matrix of degree n, A = (aij ), i, j = 1, . . . , n, is a common task and can be reduced to solving a system of linear equations of the form 
		

		
			(A − λ 
		

		
			i 
		

		
			I) ⃗ xi 
		

		
			= 0. (13.4) 
		

		
			In the case of complex valued eigenvalues, a system of equations of degree 2n is 
		

		
			required. In either case, the eigenvalues λ 
		

		
			i 
		

		
			correspond to the roots of the charac-
		

		
			teristic polynomial det[A − λI] with I denoting the identity matrix. 
		

		
			28 
		

		
			Although this problem can be readily solved by applying the methods described above, the von Mises iteration is often employed, as described in [Popović 1964]. This method works directly on the components of A and does not require an explicit characteristic polynomial to be derived. 
		

		
			26 The classic spectral radius convergence criterion must be satisfied for this to work. 
		

		
			27 Using the same idea, but starting with an identity matrix, matrix inversions can also be performed by an analog computer. 
		

		
			28 Cf. [Press et al. 2001, pp. 368 ff.]. 
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			13.1.7 Fourier synthesis and analysis 
		

		
			While transformations from frequency domain into time domain and vice versa are performed nowadays on stored-program digital computers employing Fast Fourier Transforms or Wavelet Transforms neither of these methods, nor ade-quately fast stored-program computers, were available until the 1970s. Therefore the decomposition of a signal into its components, specified by frequency, phase, 
		

		
			and amplitude, was done regularly with analog computers 
		

		
			30 
		

		
			by a Fourier 
		

		
			31 
		

		
			trans-
		

		
			form. Basically, every periodic function f (x) with a period of l can be represented 
		

		
			by 
		

		
			f (x) = 
		

		
			a0 
		

		
			2 
		

		
			+ 
		

		
			∞ 
		

		
		
			k =1 
		

		
			ak 
		

		
			cos 
		

		
		
			2πkx 
		

		
			l 
		

		
		
			+ b 
		

		
			k 
		

		
			sin 
		

		
		
			2πkx 
		

		
			l 
		

		
		
			(13.5) 
		

		
			under certain circumstances where the coefficients ak and bk are defined by 
		

		
			ak 
		

		
			= 
		

		
			2 
		

		
			l 
		

		
			l 
		

		
			0 
		

		
			f (x) cos 
		

		
		
			2k πx 
		

		
			l 
		

		
		
			dx and (13.6) 
		

		
			b 
		

		
			k 
		

		
			= 
		

		
			2 
		

		
			l 
		

		
			l 
		

		
			0 
		

		
			f (x) sin 
		

		
		
			2k πx 
		

		
			l 
		

		
		
			dx. (13.7) 
		

		
			Given ak and bk the reconstruction of a signal, the Fourier synthesis, is what harmonic synthesizers were built for. On an electronic analog computer, the sine-/cosine-terms required can be implemented by an analog computer setup as shown in figure 8.2 (page 165). 
		

		
			The inverse process, determining ak and bk for a given function f (x), the Fourier analysis, is more involved. The direct approach, evaluating the integrals (13.6) and (13.7), requires a very exact time base as this determines the bounds 
		

		
			of the integration operations. 
		

		
			33 
		

		
			Another approach uses low-pass filters, each consisting of a single integrator with negative feedback in the simplest case, to determine the coefficients for a 
		

		
			given f (t). This has the disadvantage that only one pair of ak 
		

		
			and b 
		

		
			k 
		

		
			can be 
		

		
			determined at a time. In addition to that, the low-pass filters typically have rather long time constants. 
		

		
			29 FFT for short. 
		

		
			30 See [Dick et al. 1967], [Giloi et al. 1963, pp. 306 ff.], [Kovach 1952], and [Ratz 1967]. 31 Fourier, Jean-Baptiste-Joseph , 03/21/1768–05/16/1830 
		

		
			32 See section 2.6. 
		

		
			33 Cf. [Giloi et al. 1963, pp. 307 f.]. 
		

		
			34 See [Giloi et al. 1963, pp. 308 ff.]. 
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			Another approach is based on a circuit like that shown in figure 8.2 (page 166), which is subjected to a forcing function. The resonant frequency of this 
		

		
			circuit allows it to determine a pair ak and bk directly. 
		

		
			35 
		

		
			13.1.8 Random processes and Monte-Carlo simulations 
		

		
			The study of random processes is an important area of application for analog computers since many commercially interesting processes, ranging from chemical technology to the behaviour of flight vehicles, nuclear reactors, the creation of 
		

		
			steam bubbles in coolant loops, etc., are affected by external random events. 
		

		
			36 
		

		
			Consequently, a suitable source of randomness (noise) is required. Typical random generators are either based on physical noise sources, see section 4.12, or on shift-registers with feedback generating pseudorandom bit sequences, which can be converted to analog voltages by DACs. These can be readily implemented using digital elements most medium to large analog computers already offer. The main advantage of a pseudorandom source is the repeatability of simulation runs since it is possible to generate the same pseudorandom sequence over and over again. Its disadvantage is that controlling and guaranteeing the required degree of randomness can be challenging, depending on the sensitivity of the system under 
		

		
			consideration. 
		

		
			37 
		

		
			Using such noise sources Monte-Carlo methods can be employed to a wide variety of problems on an analog or hybrid computer. [Bekey et al. 1966] de-scribes a hybrid computer technique for parameter optimisation based on a ran-dom search. A fascinating approach for solving partial differential equations by Monte-Carlo methods on a hybrid computer is described in [ Little 1966]. 
		

		
			The investigation of random processes often requires the extension of the clas-sic discrete arithmetic mean to a time varying continuous variable. An interesting approach to this problem is the exponentially mapped past developed by Joseph Otterman and Robert Mario Fano. Details of this technique can be found 
		

		
			35 See [Giloi et al. 1963, pp. 309 ff.]. 
		

		
			36 Cf. primarily [Laning et al. 1956], and [Korn 1966] but also [Giloi et al. 1963, pp. 357 ff.] and [Jackson 1960, p. 367]. 
		

		
			37 Detailed information on these topics can be found in [Giloi et al. 1963, pp. 358 ff.], [Meyer-Brötz 1962], [Ott 1964] (computation of correlation coefficients), [Sydow 1964, pp. 250 ff.] (quality control), [Bohling et al. 1970], [Rideout 1962, pp. 140 ff.], [Korn et al. 1956], and [Feilmeier 1974, pp. 275 ff.]. [Dern et al. 1957] describes an early distribution analyser. 
		

		
			38 See [Rideout 1962, pp. 238 ff.] and [Feilmeier 1974]. 
		

		
			39 11/11/1917–07/13/2016 
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			in [Otterman 1960], [Fano 1950], with practical implementations described in [EAI 1.3.2 1964], and [ Ulmann 2021/3]. 
		

		
			13.1.9 Optimisation and operational research 
		

		
			Optimisation problems are of great commercial importance and were often solved by analog computers. In general, a linear optimisation problem can be represented by a real-valued matrix A ∈ R with m < n and two vectors b ∈ R and ⃗x ∈ R , component wise satisfying the condition 
		

		
			A⃗x ≤ 
		

		
			b. (13.8) 
		

		
			The goal of the optimisation process is to determine a vector ⃗ x that not only 
		

		
			satisfies (13.8) but also maximizes the scalar product ⃗ c 
		

		
			T 
		

		
			⃗ x with ⃗ c ∈ R 
		

		
			n 
		

		
			representing 
		

		
			the value coefficients. 
		

		
			Very early approaches used direct analogies such as conductive sheets or con-tour map function generators that were sampled by a stylus driven with an 
		

		
			xy -plotter. 
		

		
			42 
		

		
			Another simple analog computer for optimisation tasks is shown in 
		

		
			13.1. Its basic circuit, shown in figure 13.2, is extremely simple: Each parameter of the optimisation problem is represented by two potentiometers of which the first one represents the parameter itself and will be varied manually during the optimisation process, while the second potentiometer is used to set a fixed weight-ing factor describing the underlying process. The currents flowing through these potentiometer groups are then summed and displayed on a meter. 
		

		
			[Dennis 1958] describes techniques and specialised electric networks to 
		

		
			“minimise a function of several variables while satisfying some inequality constraints on other functions of the variables. ” 
		

		
			Other approaches to optimisation with analog computers are based on Monte-Carlo techniques as mentioned above, or use gradient methods like continuous steepest ascent/descent. Gradient methods are especially well suited for hybrid computers where the digital processor controls the ascent/descent-process per-
		

		
			formed by the attached analog computer. 
		

		
			44 
		

		
			40 See [Pierre 1986, pp. 193 ff.] for general information on optimisation problems. Ba-sic techniques for tackling this class of problems with analog computers are described in [Korn et al. 1956, pp. 147 ff.], [Kovach et al. 1962], and [Deziel 1966]. Recent work on ana-log computers for optimisation are described in [ Vichik 2015]. 
		

		
			41 See section 4.5.7. 
		

		
			42 Cf. [Pierre 1986, pp. 251 ff.]. 
		

		
			43 See [Pierre 1986, pp. 296 ff.], [Levine 1964, pp. 217 ff.], and [Albrecht et al.]. 
		

		
			44 Cf. [Feilmeier 1974, pp. 243 ff.]. 
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			Fig. 13.1. BPRR-2 computer used for the optimisation of industrial processes (see [Ushakov 1958/2, p. 1961]) 
		

		
			−1 
		

		
			+1 
		

		
			✍ ✪ ✌ 
		

		
			✎☞ 
		

		
			Fig. 13.2. Basic circuit of the BPRR-2 (see [Ushakov 1958/2, p. 1961]) 
		

		
			A large area of application was the optimisation of pipeline networks. Figure 13.3 shows an impressive analog computer installation for the simulation and optimisation of such networks. 
		

		
			13.1.10 Display of complex shapes 
		

		
			An intriguing application of analog computers is the display of multidimensional shapes on an oscilloscope. A simple example for such a display has been described in section 8.10. Figure 13.4 shows a more complex example, the projection of 
		

		
			a four-dimensional hyper-cube generated by a high-speed analog computer. 
		

		
			46 
		

		
			In 
		

		
			addition to this, even stereographic projections were implemented with analog 
		

		
			computers. 
		

		
			47 
		

		
			13.2 Physics 
		

		
			Analog computers are ideally suited for applications in physics due to their un-derlying principle of operation. The following sections describe some typical uses. 
		

		
			45 See [Montan-Forschung], [Lienhard 1969], and [Nix 1965]. 
		

		
			46 See [Telefunken/3], [Lukes 1967, pp. 129 ff.], and [Mackay 1962] for general information on this topic. 
		

		
			47 [Mackay 1962, pp. 134 ff.]. 
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			Fig. 13.3. Large analog computer installation for the simulation of pipeline networks 
		

		
		
			Fig. 13.4. Display of a four-dimensional hyper-cube on an oscilloscope (see [ Mackay 1962, p. 137]) 
		

	
		
			13.2 Physics 
		

		
			255 
		

		
			Fig. 13.5. Chaotic orbits in a two-star system (see [ Ulmann 2017]) 
		

		
			13.2.1 Orbit calculations 
		

		
			Many-body problems arising in astronomy and space flight are well suited to being solved on analog computers. For example, rendezvous simulations were of prime importance during the early days of space flight. Figure 13.5 shows chaotic orbits in a two-star system. 
		

		
			13.2.2 Particle trajectories and plasma physics 
		

		
			Two typical applications from nuclear physics are the calculation of particle tra-jectories in a magnetic field and beam control in particle accelerators. 
		

		
			[Telefunken/5] describes the simulation of the historic Rutherford experi-ment – alpha particles being scattered on a thin gold foil – on an analog computer. Basically, an alpha particle approaching an atomic nucleus is subject to a force 
		

		
			F = 
		

		
			1 
		

		
			4π ε 
		

		
			0 
		

		
			q 
		

		
			α 
		

		
			q 
		

		
			k 
		

		
			r 
		

		
			2 
		

		
			, 
		

		
			where q 
		

		
			α 
		

		
			and q 
		

		
			k 
		

		
			denote the charges of the alpha particle and that of the target 
		

		
			nucleus. Simplifying this setup by restricting it to two dimensions yields the two components 
		

		
			x ¨ = a 
		

		
			x 
		

		
			r 
		

		
			and 
		

		
			48 A simple example describing the simulation of a planet’s orbit can be found in [Telefunken 1966]. 
		

		
			49 Ernest Rutherford, 08/30/1871–10/19/1937 
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			x ¨ 
		

		
			✟ −x ˙ 
		

		
			❍ x 
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			Fig. 13.6. Basic circuit for simulating an alpha particle trajectory (see [Telefunken/5, p. 2]) 
		

		
			y ¨ = a 
		

		
			y 
		

		
			r 
		

		
			with a suitably chosen constant of proportionality a. Integrating twice over x ¨ and y ¨ respectively yields a coordinate pair (x, y ) describing the position of the alpha 
		

		
			particle. The resulting circuit is shown in figure 13.6. 
		

		
			50 
		

		
			It should be noted that 
		

		
			instead of an explicit division by r a function generator yielding 1/r is used. The variable parameter of this simulation is the initial condition input of the 
		

		
			second integrator from the right yielding y . This determines the height at which the simulated particle is injected. Using a simple digital circuit controlling an additional integrator, this initial condition can be varied automatically spanning a certain interval to simulate many trajectories starting at various heights, which is adumbrated in the oscilloscope screen depicted figure 13.6. 
		

		
			Figure 13.7 shows the overall computer setup for this simulation. On the right hand side a Telefunken RA 741 tabletop analog computer can be seen with a DEX 100 digital expansion unit to its left. On top of the DEX 100 is a two channel OMS 811 oscilloscope. The DEX 100 performs the parameter variation. 
		

		
			The next example shows the simulation of charged particle trajectories in a magnetic field – a problem typically arising during the development and op-eration of particle accelerators. Large-scale simulations like this were performed 
		

		
			50 A more detailed setup can be found in [Telefunken/5, p. 3]. 51 This input is not shown explicitly in figure 13.6. 
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			Fig. 13.7. Setup of the particle trajectory simulation (see [Telefunken/5, p. 1]) 
		

		
		
			Fig. 13.8. Trajectory of a charged parti-cle in a magnetic field (see [Borchardt, p. 1]) 
		

		
			at DESY, using at first a large EAI 231RV analog computer, which was later 
		

		
			replaced by a Telefunken RA 770 based hybrid computer system. 
		

		
			53 
		

		
			A charged particle moving in a magnetic field is subject to a Lorentz force 
		

		
			54 
		

		
			FL 
		

		
			= q ( ⃗ v × B ) 
		

		
			with q representing the particle’s charge, ⃗ v its velocity, and B the magnetic flux 
		

		
			density. Since ⃗ v is constant, FL 
		

		
			results in a change of direction, so 
		

		
			FL 
		

		
			= m ⃗ r 
		

		
			holds. This effect is shown schematically in figure 13.8 where a particle is injected diagonally into a field of constant magnetic flux. Figure 13.9 shows the analog computer setup for computing trajectories like this with a typical simulation out-put shown in figure 13.10. Using a digital control system or the digital computer part of a hybrid computer, various trajectories, corresponding to different particle injection speeds x ˙ , can be generated. 
		

		
			[Shen 1970] and [Shen et al. 1970] describe the application of analog com-puters to problems in plasma physics. Using only analog computer techniques several interesting observations can be made, which can be also observed in real 
		

		
			plasma experiments: 
		

		
			56 
		

		
			52 Short for Deutsches Elektronensynchrotron. 
		

		
			53 [Borchardt et al.], [Borchardt 1965], [Borchardt 1966], and [Borchardt et al. 1965] contain more information about these simulations and the special techniques developed. 
		

		
			54 See [Borchardt]. 
		

		
			55 The systems used here were an EAI TR-48 and an Applied Dynamics AD-2-64-PBC. 56 See [Shen 1970, pp. 4 f.]. 
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			Fig. 13.9. Computer setup for simulating the trajec-tory of a charged particle in a magnetic field (see [Borchardt, p. 6]) 
		

		
			increasing x ˙ 0 
		

		
			Fig. 13.10. Various trajectories of char-ged particles in a magnetic field (see [Borchardt, p. 4]) 
		

		
			“[. . . ] we observe: An ‘anomalous drift’ motion in nonstatic magnetic field, cyclotron resonance as well as subharmonic cyclotron resonance, [and the] violation of the com-monly used definition for the adiabatic invariance of the magnetic moment in a nonstatic but spatially uniform magnetic field. ” 
		

		
			13.2.3 Optics 
		

		
			A basic yet instructive application of analog computers in the field of optics is described in [Rudnicki]. This work describes the simulation of a laser interfer-ometer based on a modulated HeNe gas laser. Using two oscillator setups like the one shown in figure 8.2, the laser beam as well as the modulation oscillator are modelled, thus simulating the interferometer on a wave basis. 
		

		
			13.2.4 Heat-transfer 
		

		
			The solution of heat-transfer problems invariably involves partial differential equa-tions typically requiring a large number of computing elements when a discretisa-tion approach as shown in section 7.4.1 is used. A practical application example for a complex heat-transfer simulation is given in [ James et al. 1971, pp. 193 ff.] where the design of heat sinks for radioisotope thermoelectric generators to be 
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			used in unmanned spacecraft is described. The temperature on one side of the heat sink is determined solely by the decay heat of the radioisotopes. The variable parameter of the optimisation problem is the thickness of the heat sink. This sim-ulation was implemented by associating machine time τ with the position x on a heat sink cross section. 
		

		
			[Swithenbank 1960] describes a special purpose analog computer for the sim-ulation of regenerative heat exchangers. 
		

		
			A nice introductory example can be found in [Telefunken 1963/1], which de-scribes the simulation of the radial heat distribution in a loaded power cable using a finite difference approach to model the cable’s geometry. [ Valisalo et al. 1982] describes a heat distribution analysis of irregularly shaped two-dimensional struc-tures using a Monte-Carlo approach on a hybrid computer. 
		

		
			Two special purpose direct analog computers for the analysis of heat-transfer problems, the Electronic Analog Frost Computor (EAFCOM ) and the Heat Ex-change Transient Analog Computer (HETAC ), are shown in figures 13.11 and 13.12. The EAFCOM was used by the US Army Corps of Engineers to simulate soil freezing and associated effects. It is a hardware implementation of a two-dimensional quotient of differences approach to heat conduction. This grid con-sists of four different types of computing elements: A-elements are simple adders accepting values from their neighbor elements, C -elements are basically coeffi-cient potentiometers, J -elements represent integrators, and Z -elements are used to model inert areas such as heat sources or sinks. 
		

		
			One A-, J-, Z-, and two C-elements form a macrocell representing one layer of soil. These macrocells are connected not only with their direct neighbors but also with more remote elements representing thermal bridges or water flowing between 
		

		
			layers. 
		

		
			59 
		

		
			HETAC, developed at the University of Virginia , also is a two-dimensional implementation of a quotient of differences approach for solving the heat-transfer equation. 
		

		
			[Kerr 1978] and [Kerr 1980] describe analog computer models for the anal-ysis of convection currents developing on inclined heat-exchanger surfaces. Using a small EAI 380 analog computer solutions for this problem could be generated at a frequency of 500 Hz; this generated a flicker-free display of solution curves 
		

		
			57 See [Aldrich et al. 1955]. 
		

		
			58 A much smaller and simpler, but nevertheless similar, passive circuit is described in [Ulmann 2020/2]. A recent development, a nanophotonic analog mesh computer, is described in [Kayraklioglu 2020]. 
		

		
			59 A detailed description of these direct analogies and their application to frost and thaw problems can be found in [Paynter]. 
		

	
		
			260 
		

		
			13 Applications 
		

		
		
			Fig. 13.11. The Electronic Analog Frost Com-putor, US Army Corps of Engineers, New England Division (see [Aldrich et al. 1955, 
		

		
			p. 259]) 
		

		
		
			Fig. 13.12. The Heat Exchange Transient Analog Computer, HETAC for short (see [N. N. 1957/5]) 
		

		
			on an oscilloscope. Parameters of the simulation could be changed manually while observing their influence on the underlying system. 
		

		
			An interesting zone melting simulation is described in [ Carlson et al. 1967, pp. 318 ff.]. Applications like this were essential for the rapid development of semiconductor technology, which required high-purity materials like germanium or silicon. These raw materials are usually purified using a zone melting technique, which depends on a variety of parameters, including the diameter of the germa-nium or silicon monocrystal, the width of the melting zone, the speed at which this zone moves through the crystal, etc. These parameters could be determined using analog computer simulations. 
		

		
			Similar techniques were also applied to the development of building structures. An analog computer setup simulating the “ one-dimensional heat gain through a flat, composite roof section into an airconditioned space below ” is described in [Headrick et al. 1969]. The simulation of heat and cooling loads using digital and analog approaches is detailed in [Bordes et al. 1967]. 
		

		
			A fascinating one-of-a-kind special purpose analog computer, the Phytotron, is shown in figure 13.13. It was used to develop modern and energy efficient green-houses and is described in detail in [ Koppe et al. 1971] and [Euser 1966]. 
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			Fig. 13.13. The Phytotron analog computer (picture by Bert Brouwer ) 
		

		
			[Bryant et al. 1966] describe a complex large-scale simulation of a co-current laminar double-pipe heat exchanger by means of a digitally controlled trial-and-
		

		
			error technique. The heat exchanger is described by two Sturm -Liouville 
		

		
			61 
		

		
			differential equations, which are solved on the analog computer while the digital system performs the parameter space search. The application of finite Fourier transforms to analog computer simulations with emphasis on heat transfer prob-lems is described in detail in [Liban 1962]. 
		

		
			Maybe one of the most arcane applications of analog computers to heat trans-fer and related problems is described in [ van Zyl 1964]. This describes the appli-cation of analog computer to the solution of non-linear partial equations describing 
		

		
			the self-heating of fishmeals. 
		

		
			62 
		

		
			60 Charles-François Sturm, 09/29/1803–12/18/1855 
		

		
			61 Joseph Liouville, 03/24/1809–09/08/1882 
		

		
			62 This work was done at the department of Electrical Engineering and the Fishing Industry Research Institute of the University of Cape Town. 
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			13.2.5 Fallout prediction 
		

		
			Surface testing of nuclear weapons required an accurate means of predicting ra-dioactive fallout. A special purpose analog fallout predictor was developed in 1956 and is described in [Skramstad 1957]. The system consisted primarily of a va-riety of function generators (winds units ) and an elaborate scanning mechanism driving a two-dimensional oscilloscope display. The underlying forecast problem was simplified considerably by ignoring vertical winds and assuming horizontal 
		

		
			wind speeds and directions to be constant during the entire fallout period. 
		

		
			65 
		

		
			The overall predictor and a typical fallout prediction result are shown in fig-ures 13.14 and 13.15. The brightness of the display corresponds to the expected intensity of fallout in the respective area. 
		

		
			13.2.6 Semiconductor research 
		

		
			Analog computers were also used extensively in early semiconductor research. [Apalovičová 1979] describes the simulation of the electric field in the depletion zone of a Metal Oxide Semiconductor (MOS ) field effect transistor in order to predict the behaviour of different transistor structures. The solution of the 
		

		
			underlying elliptic partial differential equations was done by a hybrid computer. 
		

		
			67 
		

		
			[Carlson et al. 1967, pp. 332 ff.] describes the analysis and simulation of the dynamic response of a tunnel diode. An interesting aspect of this particular analog computer setup is that it contains an algebraic loop, which is stable due to a unique combination of circumstances. Furthermore, it is a good example of a problem that happens too fast to be observed and analysed in a real specimen, so an extremely slowed down machine time on an analog computer is required to gain the necessary insight. 
		

		
			63 Interestingly no direct analogies have been employed. 
		

		
			64 These functions generators are quite interesting as they generate functions of two variables. 65 Obviously, such simplifications were common in the past and dated back to earlier manual fallout prediction techniques. 
		

		
			66 MOSFET 
		

		
			67 Numerical methods for the simulation of semiconductor junctions and field effect transis-tors can be found in [Akers 1977]. 
		

		
			68 Also known as Esaki (Leo Esaki, 03/12/1925–) diode . 
		

		
			69 Normally algebraic loops are to be avoided at any cost due to their inherent instability. 
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			Fig. 13.14. Fallout computer (see [ Skramstad 1957, p. 103]) 
		

		
		
			Fig. 13.15. Typcial predicted fallout pattern (see [ Skramstad 1957, p. 102]) 
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			13.2.7 Ferromagnetic films 
		

		
			Ferromagnetic films were of great interest in the 1960s as prospective storage el-ements for digital computers, before static and dynamic semiconductor Random Access Memory (RAM ) circuits eventually took over. An interesting research prob-lem was the behaviour of such ferromagnetic films under varying environmental conditions. [Borsei et al.] describes an analog computer approach to simulate the behaviour of a ferromagnetic film subjected to mechanical stress. 
		

		
			13.3 Chemistry 
		

		
			The following sections describe two typical applications of analog computers in chemistry. For applications in chemical engineering refer to section 13.13. 
		

		
			13.3.1 Reaction kinetics 
		

		
			Most chemical processes including enzymatically catalysed processes in biochem-
		

		
			istry 
		

		
			70 
		

		
			involve a variety of heavily interdependent reaction steps. Studies regard-
		

		
			ing such processes were mainly performed on analog computers well until the late 1970s/early 1980s because the underlying differential equations are ideally suited for this approach. A simple example problem is shown in figure 13.16: A sub-stance A is to be converted into a product D involving an intermediate substance B , which in turn is partially transformed into C and vice versa. The rates at which 
		

		
			these steps happen are k1 
		

		
			, k2 
		

		
			, k3 
		

		
			, and k4 
		

		
			. 
		

		
			Based on figure 13.16 this reaction can be described by the following four coupled differential equations: 
		

		
			A = −k 
		

		
			1 
		

		
			A 
		

		
			B = k1 
		

		
			A − k2 
		

		
			B − k4 
		

		
			B + k3 
		

		
			C 
		

		
			C = k2 
		

		
			B − k3 
		

		
			C 
		

		
			D = k4 
		

		
			B 
		

		
			The result of a typical simulation run based on these equations with k1 
		

		
			= k2 
		

		
			= 
		

		
			k3 
		

		
			= k4 
		

		
			= const. is shown in figure 13.17. Starting with 100% of component A, 
		

		
			the four parallel reactions set in, finally yielding the desired end product D . The 
		

		
			corresponding simulation program is shown in figure 13.18. 
		

		
			72 
		

		
			70 See [Sauro 2019] for an in-depth treatment of enzyme kinetics. 
		

		
			71 See [Dornier/2]. 
		

		
			72 Further introductory examples can be found in [Ulmann 2020/1, pp. 109 ff.]. 
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			Fig. 13.16. Simple reaction kinetics example in-volving four substances (see [Dornier/2, p. 3]) 
		

		
		
			Fig. 13.17. Reaction kinetics simulation result (see [Dornier/2, p. 7]) 
		

		
			Further interesting examples can be found in [ Cheng], where the simulation of polymerization processes using analog computers is described. Techniques to determine process parameters for the chlorination of methane are described in [Bassano et al. 1976], while [ Ramirez 1976, pp. 74 ff.] describes the simulation of a large-scale benzene chlorination. [Köppel et al. 2022] is a recent work on the application of analog computers to molecular dynamics. 
		

		
			A large area of application for reaction kinetics studies can be found in bio-chemistry, medicine, etc., where enzymatically catalysed reactions are of prime importance. A thorough introduction to this topic from the perspective of sys-tems biology can be found in [ Sauro 2019]. 
		

		
			13.3.2 Quantum chemistry 
		

		
			Direct analog computers proved very useful in the early days of quantum chem-istry, where solutions of the Schrödinger equation, which are wave func-tions, are of prime interest. These solutions determine the electronic structure of molecules, which in turn determine their respective properties. 
		

		
			In 1944, Gabriel Kron suggested a direct analog electronic analog com-puter to model the behaviour of the Schrödinger equation under different bound-
		

		
			73 [Anders] gives a good description of the historical development of quantum chemistry. 74 Erwin Schrödinger, 08/12/1887–01/04/1961 
		

		
			75 See [Preuss 1962] and [Preuss 1965] for the basics of quantum chemistry. 
		

		
			76 12/01/1901–10/25/1968 
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			Fig. 13.18. Reaction kinetics simulation program (see [Dornier/2, p. 4]) 
		

		
		
			Fig. 13.19. Analog model of Schrödinger’s equation with three independent variables (see [Kron 1945/1, Fig. 7]) 
		

		
			ary conditions. A typical circuit derived for this purpose is shown in figure 13.19. 
		

		
			77 
		

		
			Later, Hans Kuhn developed an acoustical analog computer containing a mul-titude of coil springs mounted on a carrier. These springs were interconnected horizontally by leaf springs of equal moduli of resilience. This particular machine is described in detail in [Preuss 1962, pp. 291 f.] and was used to simulate state transitions of π -electrons in complex shaped molecule chains. An easy treatment of the one-dimensional Schrödinger equation for educational purposes can be 
		

		
			found in [Müller 1986] and [Hund 1982]. 
		

		
			79 
		

		
			13.4 Mechanics and engineering 
		

		
			Problems emerging from mechanics and engineering, ranging from vibrating cou-pled mass systems to the simulation of surge chambers and many more, are also 
		

		
			well suited for treatment by analog computers. 
		

		
			80 
		

		
			77 See [Kron 1945/2] and [Kron 1945/1]. 
		

		
			78 12/05/1919–11/25/2012 
		

		
			79 [Ulmann 2019] shows a more recent implementation. 
		

		
			80 A wealth of information on these subjects as well as example programs can be found in [Mahrenholtz 1968]. 
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			Fig. 13.20. Typical solution for the one-dimensional Schrödinger equation 
		

		
			13.4.1 Vibrations 
		

		
			The treatment of vibrating systems is a typical application for an analog computer as the examples in sections 8.3 and 8.7 demonstrated. Vibrations are highly unde-sirable in certain applications, ranging from mere inconveniences to real hazards, while they are a necessity in other areas, such vibratory conveyors. Accordingly, the commercial impact of such studies was, and still is, high. Depending on the complexity of the underlying mechanical system, these problems can be quite challenging as [Sankar et al. 1979, p. 11.] notes: 
		

		
			“The control of vibration in mechanical systems is a serious and challenging design problem.” 
		

		
			A notorious example for unwanted vibrations is the Pogo effect that was expe-
		

		
			rienced in early large rockets, which used liquid fuels. 
		

		
			81 
		

		
			This effect was caused 
		

		
			by pressure variations in the feed lines for the rocket engines which caused un-steady combustion. This resulted in varying accelerations of the rocket which in turn tended to amplify these pressure variations and so on. In extreme cases the resulting forces can reach levels capable of destroying the rocket or at least damag-ing sensitive payloads such as satellites or astronauts. Other examples involve the stability of tall buildings subjected to wind forces, earthquakes, etc. In the case of a vibrating conveyor the isolation of the vibrating machine parts from their mountings is a critical design parameter. 
		

		
			81 See [Bilstein 2003, pp. 360 ff.] and [Woods 2008, pp. 83 ff.]. 
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			In general, machines can be considered as vibrating multi-mass systems with 
		

		
			spring and damper elements coupling the various parts of the overall system. Treat-ing systems like this with analog computers is described in detail in [Dornier/3], [Macduff et al. 1958], [Tse et al. 1964], and [Trubert 1968, pp. 416 ff.], while [Jackson 1960] focuses on the analysis of vibrating truss structures. 
		

		
			13.4.2 Shock absorbers 
		

		
			[Sankar et al. 1979] describes an interesting optimisation problem: A shock ab-sorber is to be designed, which should impose minimal accelerations on the at-tached mass while simultaneously limiting the distance the damped mass travels under an excitation impulse. The simulations for determining the parameters of this system were performed on a hybrid computer. The task was considerably complicated by the necessity of implementing an accurate model of dry friction 
		

		
			requiring many non-linear computing elements. 
		

		
			82 
		

		
			[Mezencev et al. 1978] describes the development of an adaptive hydropneu-matic anti-vibration device for marine propulsion systems using an analog com-puter. 
		

		
			13.4.3 Earthquake simulation 
		

		
			The analysis of the behaviour of buildings excited by Love- and Rayleigh-waves resulting from an earthquake is of great importance, especially in countries with high seismic activity, such as Japan, where pioneering work in this area was done. [Hitachi 200X, p. 17] describes the simulation of a multi-story building which is modelled as a multi-mass vibrating system where each floor is lumped together as a single mass. The walls act as spring-damper systems connecting adjacent floors. 
		

		
			A simple building with two floors is characterized by the weights of the floors, m1 and m2 , the moduli of resilience s1 , s2 , and the damping coefficients d1 , d2 . 
		

		
			With y 
		

		
			1 
		

		
			and y 
		

		
			2 
		

		
			denoting the horizontal displacements of the respective floors, the 
		

		
			building dynamics are described by the following two coupled differential equations 
		

		
			m1 y ¨ 1 + d1 y ˙ 1 + d2 (y ˙ 1 − y ˙ 2 ) + s1 y1 + s2 (y1 − y2 ) = m1 α(t) and 
		

		
			m2 y ¨ 2 + d2 (y ˙ 2 − y ˙ 1 ) + s2 (y1 − y1 ) = m2 α(t) 
		

		
			with α(t) representing the ground motion induced by the earthquake. In practi-cal applications real seismic data stored on analog magnetic tapes was used to generate α(t). 
		

		
			82 Cf. [Dornier/4]. 
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			Fig. 13.21. Computer setup to simulate a two-story building excited by horizontal ground movements (see [Hitachi 200X, p. 17]) 
		

		
		
			Fig. 13.22. Results of an earthquake simulation (see [Hitachi 200X, p. 17]) 
		

		
			Based on these equations, the program shown in figure 13.21 can be derived. 
		

		
			83 
		

		
			The two function generators on the right hand side are used to implement two hysteresis curves modelling the non-linear stiffness of the building structures. The 
		

		
			results of a typical simulation run are shown in figure 13.22. 
		

		
			84 
		

		
			A special purpose analog computer, SERAC, was developed by Hitachi in the late 1960s. This system featured a photoelectric curve follower, which directly generated the excitation signal α(t) based on actual seismograms. 
		

		
			13.4.4 Rotating systems and gears 
		

		
			Rotating systems are of great importance in many areas, ranging from large posi-tioning systems, to centrifuges, to jet engines, etc. These systems are often critical in the sense that human lives depend on their flawless operation. 
		

		
			Bearings are some of the most critical parts in rotating systems. Long shafts, common in turbines and similar machines, are prone to bending vibrations, which 
		

		
			83 The analog computer used in this example, a Hitachi 200X, features summers and integra-tors each providing normal and inverted outputs, thus simplifying computer setup considerably, which is reflected in the program shown. 
		

		
			84 A similar simulation of a three-story building is described in [James et al. 1971, pp. 168 ff.]. 85 Short for Strong Earthquake Response Analog Computer . 
		

		
			86 See [Hitachi 1969, pp. 6 ff.]. 
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			subject the bearings to additional and sometimes critical loads. Consequently, 
		

		
			many studies were performed to simulate the behaviour of such systems. 
		

		
			87 
		

		
			Gas and steam turbines often use hydrodynamic bearings since traditional bearings would fail rapidly in such applications due to disturbances of the oil film. The simulation of such hydrodynamic bearings on analog computers is described in [McLean et al. 1977] and [Rieger et al. 1974]. 
		

		
			Some rotating systems achieve extremely high speeds. A turbomolecular pump with a rotor weight of 1.7 kg, described in [ Fremerey, p. 33], operates at 51,600 revolutions per minute. Ultra centrifuges for the enrichment of uranium run at even higher speeds. Applications like these require magnetic bearings, of which active and passive variants exist. Passive magnetic bearings were developed in the 1960s and rely on permanent magnets, while active magnetic bearings use electromagnets controlled by a servo loop. Analog computers were not only used to determine the basic parameters of bearing systems like these but were also employed to model the servo circuits for active magnetic bearing systems. Often the analog computer was used in hardware in the loop simulation setups where the analog computer is an active part of the system to be analysed. In this case the analog computer was used to control the current energising the electromagnets of a real magnetic bearing in operation. In such a setup the consequences of parameter variations can be directly explored using real hardware. 
		

		
			[Okah-Avae 1978] focuses on the effects on bearings caused by transverse cracks in turbine shafts. The goal of this work was to develop methods allowing an early detection of such damages. The simulation results were compared with actual data gathered from a damaged turbo generator and showed a high degree of correlation. 
		

		
			13.4.5 Compressors 
		

		
			A complex centrifugal compressor simulation is desribed in [ Davis et al. 1974]. Interestingly, this simulation does not just model the macroscopic behaviour of the compressor system itself but also the gas dynamics of medium to be com-pressed. Another analog centrifugal compressor system simulation can be found in [Schultz et al. 1974]. 
		

		
			87 See [Rieger et al. 1974]. 
		

		
			88 See [Fremerey] and [Fremerey 1978]. 
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			Fig. 13.23. Curves of motion obtained through the simulation of a four joint linkage (see [Crossley 1963]) 
		

		
			13.4.6 Crank mechanisms and linkages 
		

		
			Many systems such as reciprocating pumps or piston compressors use a crank mechanism like a sliding crank to transform a rotary motion into a linear move-ment. In the simplest case, this type of transformation can be achieved with a scotch yoke mechanism as shown in figure 2.16 in section 2.6. In most cases, more complex mechanisms are required since a scotch yoke develops high forces on the mechanism’s bearings. Additionally, many commercial applications require special curve progressions of the linear movement based on the rotary input of the 
		

		
			mechanism. 
		

		
			90 
		

		
			[Crossley 1963] and [Crossley 1965] describe an interesting approach for the simulation of complex path generating linkages using inverse functions on an analog computer. Figure 13.23 shows typical curves of motion obtained by the simulation of a four joint linkage on a Telefunken RAT 700 table top computer. A further example of a linkage simulation can be found in [ Mahrenholtz 1968, pp. 179 ff.]. 
		

		
			89 Cf. [Hütte 1926, pp. 82 ff.] for basic information on crank mechanisms and [Mahrenholtz 1968, pp. 129 ff.] or [Mahrenholtz 1968, pp. 79 ff.] for examples of analog computer simulations of such systems. 
		

		
			90 A simple example can be found in [Dornier/5]. 
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			13.4.7 Non-destructive testing 
		

		
			Non-destructive testing is frequently cheaper and safer than testing systems to destruction. Typical application areas are listed by [Landauer 1975]: 
		

		
			“A speeding automobile goes out of control on a test track and crashes violently. A reactor vessel ruptures at a process plant when unstable conditions are reached. Or, a 650-MW generator loses bearing lubricant and goes into uncontrollable vibration. Each of these occurrences represents destructive testing at its best [ . . . ] or worst. ” 
		

		
			In the majority of cases, hybrid computers were used in this context since often functions of more than one variable have to be generated. The analog computer 
		

		
			was often also closely tied to the system being analysed. 
		

		
			91 
		

		
			13.4.8 Ductile deformation 
		

		
			In 1956 General Electric implemented a comprehensive analog computer based rolling mill simulation for the Sharon Steel Corporation to optimise operating and startup procedures for a newly planned rolling mill. As a result of this extensive simulation, a tune-up time of only one day, much lower than the seven to ten days normally required, was achieved. 
		

		
			Steel rolling processes can be described by the Karman differential equa-tion. Its implementation and treatment on analog computers is described in [Hitachi 1968]. Another practical example can be found in [ Golten et al. 1967] where a hybrid computer is used. The mathematical principles for the simula-tion of cold rolling are described in [Heideprim 1976]. A thorough treatment of the simulation of drag rolling processes can be found in [ Mahrenholtz 1968, pp. 122 ff.]. 
		

		
			[Darlington 1965] describes a complex analog simulation for a multistand cold rolling mill. An interesting aspect of this work is that the analog simulation is based on coefficients obtained by a digital computation. 
		

		
			The ideal velocity for roller drives can also be determined using analog com-puters as [Rohde 1977] and [Rohde et al. 1981] show. The hybrid computer sys-tem used in these simulations is described in detail in [Schloemann-Siemag 1978]. [Mahrenholtz 1968, pp. 117 ff.] focuses on determining optimal parameters for convex dies, while [Ovsyanko] describes the analysis of plastic deformations on an analog computer. [Ramirez 1976, pp. 22 f.] covers the simulation of injec-
		

		
			91 See [Landauer 1975] for more details. 
		

		
			92 See [N. N. 1958/1]. 
		

		
			93 Tune-up time described the timespan elapsing between parameter changes in a complex industrial installation until normal operation is reached again. 
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			tion molding processes. The analysis of the deformation of steel plates subjected to the forces of an explosion by means of an analog computer is described in [James et al. 1971, pp. 175 ff.]. An interesting investigation of the forces exerted 
		

		
			by shearing processes is given in [Dornier/6]. 
		

		
			94 
		

		
			13.4.9 Pneumatic and hydraulic systems 
		

		
			Hydraulic elements are of prime importance in many application areas, and conse-quently much research on these devices was done on analog and hybrid computers. [Cohen 1971] describes the development of a pneumatic relay based on simulation runs on a hybrid computer, while more complex hydraulic switching elements are analysed in [Hannigan]. General information about the treatment of hydraulic systems on analog and hybrid computers can be found in [ Sankar et al. 1980]. [Nolan 1955] and [Ameling 1962/2] focus on the simulation of liquid flows (with an emphasis on complex piping networks). 
		

		
			Large-scale hydraulic problems, such as flood simulations or the behaviour of sewage systems, have been treated with indirect as well as with direct analog computers. Examples for such studies can be found in [Hitachi 1969, pp. 1 ff.] and [Paynter ed. 1955, pp. 239 ff.]. 
		

		
			An interesting application is the simulation of surge chambers, reservoirs placed at the end of pipes to absorb shock waves generated by the closing of valves, etc. Simulating the generation, distribution and elimination of these shock waves is of prime importance as these can destroy even large and sturdy machines 
		

		
			and piping systems. 
		

		
			95 
		

		
			A nice example is given in [Meissl 1960/1] and [Meissl 1960/2] where the focus is on the water level in a differential surge chamber as described in [Johnson 1915] and shown in figure 13.24. Such a differential surge chamber can 
		

		
			be described by the following system of differential equations 
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			94 This last example is a rare case in which an explicit differentiation of a variable is necessary. 95 See [Valentin 2003, p. 135]. 
		

		
			96 See [Meissl 1960/2, p. 76]. 
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			Fig. 13.24. Surge chamber (see [Meissl 1960/2, p. 76]) 
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			Fig. 13.25. Program for the surge chamber simulation (see [ Meissl 1960/2, p. 76]) 
		

		
			with z 
		

		
			1 
		

		
			and z 
		

		
			2 
		

		
			denoting the respective water levels. The corresponding computer 
		

		
			setup is shown in figure 13.25. Typical simulation results for z 
		

		
			1 
		

		
			and z 
		

		
			2 
		

		
			of a 100 
		

		
			second run are shown in figures 13.26 and 13.27. 
		

		
			97 
		

		
			The simulation of the behaviour of the Appalachian surge tank operated by the Tennessee Valley Authority on an analog computer is described in [ Jackson 1960, pp. 403 ff.]. General information about the use of analog computers for the 
		

		
			97 These simulations were performed on a Telefunken RA 463/2 analog computer, see section 6.1. It should be noted that this particular analog computer only allowed for a maximum of 110 seconds of computing time as its the operational amplifiers were not chopper-stabilised and integration errors due to drift effects became excessive after about 100 seconds. 
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			Fig. 13.26. Water-level z1 for 0 ≤ t ≤ 100 s (see [Meissl 1960/2, p. 77]) 
		

		
		
			Fig. 13.27. Water-level z2 for 0 ≤ t ≤ 100 s (see [Meissl 1960/2, p. 77]) 
		

		
			analysis of water hammer problems can be found in [ Paynter et al. 1955], [Paynter 1955/1], and [James et al. 1971, pp. 184 ff.]. The design of surge tanks for hydro stations is covered in [Ando 1971]. [Sorondo et al.] describes the simulation of the piping system in a thermal power plant. The focus here is on the effects of the short run-up times of only 3.5 seconds the pumps are capable of. This placed extreme stresses on the piping network which had a total length of about four miles. 
		

		
			The problem of sloshing in a steel converter is treated in [ Barth 1976, pp. 600 f.]. In this simulation, not only the sloshing itself is simulated but also its effect on the tilting control system for the converter. In addition to a direct analogy model consisting of a scaled down version of the converter, an indirect analog model was used for the simulations. 
		

		
			A very interesting one-of-a-kind analog computer was the Dutch Deltar, short for Delta Getij Analogon Rekenmachine used from 1960 until 1984 at the Deltaw-erken for the planning of dams, storm surge barriers, etc., which is shown in 
		

		
			98 Given the high density of molten steel the resulting forces are quite considerable. 
		

		
			99 Delta tide analog computer. 
		

		
			100 The Deltawerken are a complex of large-scale construction projects in the Netherlands aimed at the protection against storm surges, floods, etc. 
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			Fig. 13.28. The Deltar analog computer (picture by Erik Verhagen) 
		

		
			figure 13.28. It was based on the seminal works of Johan van Veen, see 
		

		
			[van Veen 1947/1], [van Veen 1947/2], and [van Veen 1947/3]. 
		

		
			102 
		

		
			13.4.10 Control of machine tools 
		

		
			Analog computers were also used for the development and implementation of machine tools. Two interesting analog interpolation systems for the control of turbine blade milling machines were developed at the Lewis Flight Propulsion Laboratory and are described in [Johnson 1962]. One of the systems implements a cubic interpolator using three mechanical integrators to generate a polynomial of third degree thus interpolating a function specified by values given at equidistant sampling points. The other system was based on a direct analogy using a flexible steel ruler to implement a spline interpolation. This ruler was bent into position by a punch card controlled servo system controlling a number of linear actuators. 
		

		
			101 12/21/1893–12/09/1959 
		

		
			102 [van Santen 1966] describes resistor networks for modeling water systems in general. 
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			The bent ruler was then used as a model to control the milling process using a magnetic pickup in a servo loop. 
		

		
			13.4.11 Servo systems 
		

		
			Servo systems are central to nearly every technical system. Consequently the sim-ulation of such systems using analog computers was of high importance and nu-merous studies deal with related topics. Servo systems are divided into linear and non-linear systems. Linear servo systems use actuators operating in a continuous way while non-linear servo systems often use actuators supporting only a lim-ited number of states such as valve actuators for reaction control engines, etc. The simulation of such systems is described in [ McLeod 1962, pp. 92 ff.] and [Korn et al. 1956], while [ McLeod et al. 1958/2, pp. 297 f.] treats instabilities of servo systems. 
		

		
			[Klittich 1974] describes the design and simulation of a positioning system for a large radio telescope antenna. This study was done during the design and development of the Effelsberg radio telescope in Germany. Positioning systems like this are quite complicated as they usually employ multiple motor drive systems for moving the large and heavy (the parabolic dish of this particular installation has a diameter of 100 m with an overall system weight of about 3 200 tons) rotating structure. In systems this large, the elastic properties of the drive train become a problem and can cause underdamped parasitic oscillations. This study not only describes the simulation itself but also compares simulation results with actual measurements taken after completion of the installation in 1971. 
		

		
			A similar study is described in [von Thun] where the attitude control system of another large radio telescope dish antenna is modelled. It covers effects such as the inertia of the antenna itself, wind load, achievable accuracy, as well as the generation of non-linear antenna movements required for certain tracking tasks. 
		

		
			103 
		

		
			[Bekey et al. 1960] describe an interesting technique for generating Bode and Nyquist diagrams by means of an analog computer. 
		

		
			103 A Bode diagram consists of two function graphs – one showing the amplitude and the other showing the phase shift of a system with the x-axis representing frequency. It was developed by Hendrik Wade Bode (12/24/1905–06/21/1982). 
		

		
			104 A Nyquist diagram shows the locus curve of a control system. It was conceived by Harry Nyquist (02/07/1889–04/04/1976). 
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			13.5 Colour matching 
		

		
			A very interesting and arcane application of analog computers was the task of colour matching. The problem is to find the proportions of a number of pigments so that the resulting colour matches a given colour sample. This is not a simple task as in both cases of additive as well as subtractive mixing an under-determined system of equations must be solved. Colour matching finds application in a variety of applications including blood tests, making false teeth, etc. 
		

		
			This problem can be solved by applying the Kubelka-Munk theory, devel-oped in 1931 by Paul Kubelka and Franz Munk in 1931. The first simple analog device for solving the resulting equations, which were previously 
		

		
			solved by graphical techniques, was developed in 1955. 
		

		
			108 
		

		
			In 1958, Hugh R. Davidson and Henry Hemmendinger developed COMIC (Colorant Mixture Computer ), a sophisticated specialised analog com-puter for colour matching. This system was used extensively in various industries well into the 1970s with about 200 machines sold before it was eventually replaced by digital systems. It reduced the time for a typical colour matching task from hours to a maximum of 5 to 20 minutes. 
		

		
			13.6 Nuclear technology 
		

		
			Although many problems related to nuclear reactors and the like are not well suited for an analog computer due to vastly different time-scales, analog and hybrid computers nevertheless played a vital role in the early decades of nu-clear technology. These systems were used for basic research as well as training aids, etc. A lot of general information about the application of analog computers in nuclear technology can be found in [ E. Morrison 1962], [Frisch 1971], and 
		

		
			[Dagbjartsson et al. 1976]. 
		

		
			112 
		

		
			105 04/17/1900–1956 
		

		
			106 04/29/1900–02/24/1964 
		

		
			107 See [Kubelka et al. 1931]. 
		

		
			108 See [Atherton 1955] and [Hemmendinger 2014]. 
		

		
			109 05/11/1918–04/02/2010 
		

		
			110 04/01/1915–08/16/2003 
		

		
			111 A hybrid computer for the same task, the Redifon Redi-colour was developed in 1965, see [Cutler 1965]. 
		

		
			112 The necessary basics of reactor physics are covered in [Markson 1958]. 
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			13.6.1 Research 
		

		
			Analog and hybrid computers were irreplaceable tools in fundamental nuclear technology research – not least because safety constraints often forbid performing experiments on actual reactors. Typical application examples are 
		

		
			– the analysis of neutron generation and distribution in reactor cores, 
		

		
			113 
		

		
			– the consequences of changes in reactor geometry due to temperature variations 
		

		
			and the generation of delayed neutrons, 
		

		
			114 
		

		
			– heat-transfer problems in pressurized-water reactors, 
		

		
			115 
		

		
			– xenon-poisoning, 
		

		
			116 
		

		
			– control system development, 
		

		
			117 
		

		
			etc. 
		

		
			Most of these applications make heavy use of an analog computer’s capability to scale machine time in order to speed up or slow down simulation runs, thus allowing the study of phenomena occurring too quickly in real time to be actually 
		

		
			observable by changing k0 
		

		
			of the integrators accordingly. 
		

		
			Figure 13.29 shows a program used to analyse the stability of a research reactor in Hanford (USA). Of special interest was the behaviour of the reactor in the case of a rapid depressurization of the primary coolant loop occurring in conjunction with an increase in reactivity. The resulting power gain in output power spans three decades in a one second time frame, which is about the maximum that can be handled even on a precision analog computer without either having the variables exceeding the range of ±1 machine units or introducing exceedingly large errors. Simulations like this, covering longer time intervals, often have to be split into smaller steps, typically requiring rescaling between successive steps. 
		

		
			[Gallagher et al. 1957] describes basic techniques for nuclear reactor stud-ies, while [Lotz et al.] treats the simulation of a digital control system for a fast nuclear reactor on a Telefunken hybrid computer based on an RA 770 precision analog computer. [Just et al. 1962] describes a comprehensive simulation of a multiple-region reactor, while the simulation of steam pressurizing tanks by ana-log computers is treated in [ Bosley et al. 1956]. 
		

		
			113 See [E. Morrison 1962]. The simulations described there make extensive use of complex passive feedback networks to model the neutron flux densities, etc. 
		

		
			114 Cf. [Sydow 1964, pp. 225 f.]. 
		

		
			115 [Sydow 1964, pp. 230 ff.]. 
		

		
			116 See [Frisch 1971, pp. 72 ff.], [Sydow 1964, pp. 233 f.], and [Bryant et al. 1962, pp. 49– 51]. 
		

		
			117 See [Sydow 1964, pp. 234 ff.], [Frisch 1968], [Brey 1958], and [Scott 1958]. 
		

		
			118 See [Jones 1961]. 
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			Fig. 13.29. Nuclear reactor simulation (see [ Jones 1961, p. 17]) 
		

		
			Another interesting simulation is described in [ Hansen et al. 1959], where the dynamic behaviour of a sodium cooled reactor is studied. The simulation is very detailed, even taking hydraulic effects in the piping system, etc., into account. 
		

		
			13.6.2 Reactor/neutron kinetics 
		

		
			Neutron kinetics is a central aspect of reactor design and simulation. The chain reaction in a typical nuclear reactor is based on two groups of neutrons, the over-whelming majority of prompt neutrons, which are released basically in the instant when fission takes place, and a tiny fraction of delayed neutrons, released with some delay by the decay of unstable fission products. This can be described 
		

		
			by 
		

		
			120 
		

		
			n ˙ = 
		

		
			n 
		

		
			∗ 
		

		
			(δK − β ) + 
		

		
		
			i 
		

		
			λ 
		

		
			i 
		

		
			ci 
		

		
			+ s and c ˙ i 
		

		
			= 
		

		
			nβi 
		

		
			∗ 
		

		
			− λ 
		

		
			i 
		

		
			ci 
		

		
			119 The basics of neutron kinetics are covered in [ Weinberg et al. 1958]. 120 See [Fenech et al. 1973, p. 128]. 
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			with n and s representing the neutron density and an external neutron source. 
		

		
			121 
		

		
			l is the effective neutron lifetime, the ci 
		

		
			represent the precursors of the i-th group 
		

		
			of delayed neutrons, and βi is the decay constant of this i-th group. Most practical simulations use six of these delayed neutron groups. 
		

		
			Although these equations can be implemented in a straightforward fashion, this requires quite a lot of computing elements. Consequently, specialized com-puting elements, using a number of RC-combinations in the feedback path of an operational amplifier, were used to model the neutron kinetics of certain nuclear fuels such as U or Pu. Practical examples of this approach are described in [Tyror et al. 1970] and [Ulmann 2021/2]. 
		

		
			[Bryant et al. 1962, pp. 18–26] describes a reactor kinetics simulation of a reactivity transient caused by the sudden removal of a control rod, which is then quenched by the intrinsic negative temperature coefficient of the reactor under consideration. 
		

		
			13.6.3 Training 
		

		
			Training reactor operators is of prime importance and requires simulators to be as realistic as possible. An early such simulator was built to train the operators of the nuclear reactor aboard the N. S. Savannah, the first nuclear powered merchant ship, which was launched on 07/27/1959. This simulator is described as follows in [N. N. 1964/3]: 
		

		
			“Through the use of an operator’s control console identical to the one aboard the 
		

		
			SAVANNAH, the two PACE 231R 
		

		
			122 
		

		
			General-Purpose Analog Computers [allow. . . ], 
		

		
			trainees [to] acquire operating experience just as if they were actually on board the ship. The analog computers, which are programmed to represent the complete reactor ki-
		

		
			netics, as well as primary and secondary heat balances, activate all the recording instru-ments and dials on the control panel and respond to the student’s manipulation of the operating controls just as the real reactor would. ” 
		

		
			In addition to the operator consoles, this simulator featured an additional con-sole where instructors could introduce faults to be handled by the operators in training. A much simpler reactor simulator setup is shown in figure 13.30. This particular system was based on a minor variant of the Telefunken RA 463/2 analog 
		

		
			computer. 
		

		
			123 
		

		
			121 Such external neutron sources are typically used during the startup process of a nuclear reactor. 
		

		
			122 See section 6.3. 
		

		
			123 See section 6.1. 
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			Fig. 13.30. AEG reactor simulator based on a Telefunken RA 463/2 (see [Gerwin 1958]) 
		

		
		
			Fig. 13.31. Typical reactor control analog computer modules (General Dynamics) 
		

		
			Figure 13.32 shows the complex ML-1 reactor simulator developed for the Army Gas-Cooled Reactor Systems Problem in the early 1960s, which is described in detail in [Calamore et al. 1963]. The analog computer at its heart is an Aerojet system with several large consoles. 
		

		
			[Fenech et al. 1973] describes an interesting small-scale analog reactor sim-ulator that is realistic enough to train operators, yet small enough to fit on a medium-scale EAI TR-48 analog computer. A complex large-scale analog com-puter based atomic power plant reactor is described in [ Irwin et al. 1960]. This system was not only used as a training facility but also as a research tool for further reactor developments. 
		

		
			13.6.4 Control 
		

		
			Analog computer elements were also used as building blocks for actual nuclear reactor control systems – a natural step, given that analog computers had played an important role during the development of early nuclear reactors. Figure 13.31 shows some typical analog control elements. These particular modules were used in the control system of two research reactors installed at the University of Vir-
		

		
			ginia. 
		

		
			124 
		

		
			A comprehensive description of the simulation of the movement of a control rod in a nuclear reactor can be found in [ Bryant et al. 1962, pp. 6–12]. The rod under consideration is cushioned by a hydraulic system suppressing shocks from rapid stops. 
		

		
			124 Modules like these were, of course, also developed based on analog computer studies, see [Cameron et al. 1961]. 
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			Fig. 13.32. ML-1 reactor simulator – the reactor control panel can be seen on the left next to the Aerojet analog computer (see [Calamore et al. 1963, p. viii]) 
		

		
			13.6.5 Enrichment 
		

		
			Uranium enrichment plays a central role in nuclear technology. The task of sep-arating different isotopes from elements such as Uranium is extremely difficult due to the incredibly tiny differences in mass on which the separation process is typically based. Classic approaches are separation by ultra centrifuges, by mass spectrometer techniques, and gaseous diffusion. [Delarousse et al. 1962] de-scribes a large complex special purpose analog computer for the simulation of gaseous diffusion plants based on a complex finite difference system. 
		

		
			125 Nowadays, ultra centrifuges are the technology of choice in Uranium enrichment. 
		

	
		
			284 
		

		
			13 Applications 
		

		
			13.7 Biology and medicine 
		

		
			There are abundant opportunities for applying analog and hybrid computers in medicine and biology. The earliest attempts to analyse complex biological systems were performed by Britton Chance using a mechanical differential analyser in 1943 to investigate some aspects of enzyme kinetics. The following sections 
		

		
			focus on some later analog computer applications in medicine and biology. 
		

		
			128 
		

		
			13.7.1 Ecosystems 
		

		
			A simple example of the simulation of a closed ecosystem has already been dis-cussed in section 8.4. A much more complex and interesting simulation is described in [Rigas et al.] where a food chain spanning from phytoplankton to salmon in an aquatic ecosystem is modelled. This study focuses on external influences such as the effects of fertilizers like phosphates emerging from detergents washed into rivers and eventually the sea, seasonal effects due to incident solar radiation, etc. Interestingly, this study was initially performed on a stored-program digital com-puter with a graphical display but was then transferred to a mid-range hybrid 
		

		
			computer: 
		

		
			130 
		

		
			“[ . . . ] The initial programming was laborious and the memory requirements were such that the use of the model was restricted to certain hours of the day. Eventually, 
		

		
			rental on the CRT 
		

		
			131 
		

		
			was terminated and the interactive capability was lost. At about 
		

		
			the same time, a [. . . ] hybrid computer became available and the development of an interactive hybrid computer model of the same system became a reasonable alternative. ” 
		

		
			It turned out that this hybrid approach outperformed its algorithmic predecessor and even the restricted precision offered by the hybrid computer had no perceptible influence on the results obtained in these simulation runs. 
		

		
			126 07/24/1913–11/16/2010 
		

		
			127 See [Knorre 1971, p. 107]. 
		

		
			128 A wealth of information on these topics can be found in [ Knorre 1971] and [Röpke et al. 1969]. 
		

		
			129 An IBM 360/67. 
		

		
			130 See [Rigas et al., p. 95]. 
		

		
			131 Short for Cathode Ray Tube – in this case an IBM 2250 display was used. 
		

		
			132 An EAI 690 hybrid computer, see [Rigas et al., p. 95]. 
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			13.7.2 Metabolism research 
		

		
			The study of the metabolism of pharmaceuticals is highly important in mod-ern medicine. The development of radioactive tracers made it possible to gather metabolic data from organisms, which formed the basis for extensive analog and hybrid simulations. Many of these studies are multi-compartment models where substances are transported between various parts (compartments) of an organism during their metabolism. A number of examples of such studies is de-scribed in [Habermehl et al. 1969] and [Habermehl et al. 1969]. [Knorre 1971, pp. 201 ff.] describes the simulation of the metabolism of Paracetamol in an or-ganism. 
		

		
			13.7.3 Cardiovascular systems 
		

		
			Multi-compartment models are also used to simulate cardiovascular systems, enabling lesions to be studied in detail on an analog or hybrid computer. A complex system simulation based on seven compartments is described in [Benham et al. 1973]. Direct analogies involving intricate hydraulic systems were also used to model cardiovascular systems as shown in [ Stewart 1979, p. 43]. 
		

		
			Another application area for analog computers was the preprocessing and analysis of ECG data. Operations such as filtering, peak detection, jitter analysis, 
		

		
			etc., have been successfully implemented on analog computers. 
		

		
			134 
		

		
			The following example shows how respiratory arrhythmia 
		

		
			135 
		

		
			has been studied 
		

		
			on analog computers. The first such study is described in [ Clynes 1960] while a later study can be found in [Albrecht 1968]. Picture 13.33 shows the program used in this study. Its purpose is to determine the parameters controlling the heartbeat function a(t). 
		

		
			The integrator in the lower left of this figure is used to generate a(t) 
		

		
			real 
		

		
			based 
		

		
			on real ECG data of a test subject. This function can then be compared to a 
		

		
			function a(t) 
		

		
			simulated 
		

		
			generated by the remaining circuit based on the respiratory 
		

		
			activity r (t) of the same test subject. 
		

		
			133 Cf. [Habermehl et al. 1969]. 
		

		
			134 These techniques have also been used to process EEG data, see [ Feilmeier 1974, p. 30]. 135 This term describes the effect that the interval ∆t between two successive heartbeats is decreased during inhaling and is increased during exhaling. 
		

		
			136 The integrator’s mode of operation is controlled by a signal derived from the ECG signal. Normally the R wave of the signal is used for this purpose. Every occurrence of this R spike resets the integrator, which yields a ramp function at its output linearly increasing with the time elapsing between two successive heartbeats. 
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			Fig. 13.33. Simulation program for the respiratory arrhythmia (see [Albrecht 1968, p. 2]) 
		

		
			Based on this, the parameters of the simulator circuit can be tweaked until 
		

		
			a(t) 
		

		
			real 
		

		
			and a(t) 
		

		
			simulated 
		

		
			are in good accordance. The resulting parameter set char-
		

		
			acterizes the behaviour of the sinu-atrial node of the test subject and the effects the subject’s vagus nerve has on this. 
		

		
			13.7.4 Closed loop control studies 
		

		
			A nice example of the simulation of closed loop control in organisms is featured in 
		

		
			[Stewart 1979, pp. 46 f.], which describes the regulation of CO 
		

		
			2 
		

		
			in the lung. 
		

		
			The simulation of the adaptation process of the pupil to changes in environ-mental brightness is described in [ Giloi 1975, pp. 157 ff.], [ Künkel 1961], and [Lunderstädt et al. 1981]. 
		

		
			13.7.5 Neurophysiology 
		

		
			A central question in neurophysiology is how action potentials in nerve cells are generated and propagated. In 1952 Alan Lloyd Hodgkin and Andrew Fielding Huxley developed a mathematical model describing signal gener-
		

		
			137 02/05/1914–12/20/1998 
		

		
			138 11/22/1917–05/30/2012 
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			ation and propagation in squid giant axons. This model is described by the 
		

		
			following differential equation 
		

		
			140 
		

		
			C V = −g 
		

		
			Na 
		

		
			m h(V − V 
		

		
			Na 
		

		
			) − gK 
		

		
			n (V − V 
		

		
			K 
		

		
			) − gL 
		

		
			(V − V 
		

		
			L 
		

		
			) + Ia 
		

		
			, 
		

		
			where gi 
		

		
			represents the conductivity caused by the potassium and sodium ions and 
		

		
			the unavoidable leakage current in the axon, while (V − Vi ) represent differences 
		

		
			i 
		

		
			. The coefficients 0 ≤ m, h, n ≤ 1 are determined 
		

		
			to the equilibrium potentials V by 
		

		
			m ˙ = αm 
		

		
			(V )(1 − m) − βm 
		

		
			(V )m, 
		

		
			h = αh 
		

		
			(V )(1 − h) − βh 
		

		
			(V )h, and 
		

		
			n ˙ = αn 
		

		
			(V )(1 − n) − βn 
		

		
			(V )n 
		

		
			where αi 
		

		
			(V ) and βi 
		

		
			(V ) are determined through experiments. This model ex-
		

		
			plains many experimental observations and formed the basis of later research by 
		

		
			Richard FitzHugh 
		

		
			141 
		

		
			and Jin-ichi Nagumo, 
		

		
			which resulted in the following 
		

		
			set of differential equations that was extensively studied using analog comput-
		

		
			ers: 
		

		
			143 
		

		
			v ˙ = v (a − v )(v − 1) + w − Ia w ˙ = bv − γw 
		

		
			A more complex model for neural bursting and spiking was devised by James L. Hindmarsh and R. M. Rose in the first half of the 1980s. This model is 
		

		
			described by the following three coupled differential equations: 
		

		
			144 
		

		
			x ˙ = −ax + bx + y − z + Iext 
		

		
			y ˙ = −dx + c − y 
		

		
			z ˙ = r (s(x − xr 
		

		
			) − z ) 
		

		
			These can be mechanised as shown in figure 13.34. Figure 13.35 shows a typical simulation result for the membrane potential x. 
		

		
			139 These giant axons were often used in early neurophysiology research due to their size reaching up to 10 cm in length and up to 1 mm in diameter. 
		

		
			140 Cf. [Brouwer 2007, p. 3]. 
		

		
			141 03/30/1922–11/21/2007 
		

		
			142 1929–03/10/1999 
		

		
			143 More information regarding these analog computer studies can be found in [ Bekey 1960]. 144 See [Hindmarsh et al. 1982] and [Hindmarsh et al. 1984] for details on the actual model. 145 See [Ulmann 2021/1]. Scaling this model is quite involved and was done in this instance using a numeric solver to explore the value ranges of the various variables. 
		

		
			146 [Ochs et al. 2021] describes a recent electric circuit implementation of the Hindmarsh-Rode model. 
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			Fig. 13.34. Scaled analog computer setup for the Hindmarsh-Rose model 
		

		
		
			Fig. 13.35. Typical simulation result for a spiking and bursting neuron according to the Hindmarsh-Rose model 
		

		
			13.7.6 Epidemiology 
		

		
			A simple example for the application of analog computers in epidemiological re-search is given in [Hitachi 200X, p. 14], which describes a closed system containing a number of individuals, a few of whom are initally infected with a contagious dis-ease. An infected individual can then infect other persons who are not already 
		

		
			immune. The output of a typical simulation run is shown in figure 13.37. 
		

		
			148 
		

		
			147 The analog computer used in this study was a Hitachi 200X featuring non-inverting integrators and summers, which has to be taken into account for the program shown. 
		

		
			148 A more realistic approach to simulating the spreading of contagious disaeses is the SEIR -model, taking susceptible, exposed, infected, and recovered persons into account. This can be easily implemented on an analog computer. The basics of this model are described in [Bärwolff 2021]. 
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			Fig. 13.36. Setup for an infection spreading simulation (see [Hitachi 200X, p. 14]) 
		

		
		
			Fig. 13.37. Results of a simulation run for the infection spreading simulation ([Hitachi 200X, p. 14]) 
		

		
			13.7.7 Aerospace medicine 
		

		
			Analog computers were also used extensively in aerospace medicine research. [Paynter ed. 1955] describes the analysis of the forces acting on a pilot bail-ing out with an ejection seat. For this study a special-purpose analog computer was developed to model the effects of accelerations, which typically arise during ejection. The purpose of such body dynamics studies is to determine optimal ac-celeration curves that guarantee a quick and safe separation of the ejection seat 
		

		
			from a failing plane, while not harming its passenger. 
		

		
			149 
		

		
			Analog computers were also used to control large-scale centrifuges used to determine the performance of pilots subjected to high and varying accelerations as would be encountered during emergency situations, rocket launches, or re-entry manoeuvres. A highly complex centrifuge control system based on a large-scale analog computer installation is described in [ Stone et al.]. 
		

		
			13.7.8 Locomotor systems 
		

		
			Analog computers were also used at the boundary between biology and mechanics in locomotor studies. [Tomovic et al. 1961] performed simulations to determine the degree of autarky in typical locomotor systems. Similar studies are described 
		

		
			in [Bekey et al. 1968, pp. 417 ff.]. 
		

		
			150 
		

		
			149 See [Payne 1988, p. 272]. The parameter of interest in such studies is the first derivative of the acceleration experienced by a body, the jerk or jolt. 
		

		
			150 Based on these a mechanical quadruped was developed. 
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			13.7.9 Dosimetry 
		

		
			Analog Computers were heavily used in nuclear medicine as an example from the University of Chicago hospital shows. Here a Beckman EASE 2132 analog computer was used from the mid 1960s well into the 1970s to perform dosimetry calculations, a task required for cancer treatments. In addition to that, this par-ticular machine was also used for basic research involving nuclear and non-nuclear 
		

		
			applications. 
		

		
			151 
		

		
			13.8 Geology and marine science 
		

		
			Analog computer applications in the fields of geology and marine sciences were often of great commercial value, especially with respect to prospecting tasks. 
		

		
			13.8.1 Oil and gas reservoirs 
		

		
			Oil and gas production relies heavily on hydraulic models of real oil and gas fields. These models are highly complex and require the solution of partial differential equations, typically with four variables. Since good models result in better rev-enues, several very large and complex direct analog computers have been built to study the effects caused by oil wells to the below-ground distribution of oil and gas. 
		

		
			An impressive example for such a direct analog computer is the ZI-S system, which was developed in 1958 at the All-Union Scientific Research Oil-Gas In-stitute in the Soviet Union. This machine consisted of a three-dimensional grid of passive computing elements with about 20,000 vertices. In addition to this, it also contained a large number of operational amplifiers and other active compo-nents. Such a large number of components was required to achieve a sufficiently high resolution of the model. 
		

		
			This ZI-S analog computer shown in figure 13.38 was based on 
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			151 Greg Parkhouse, personal communication to the author. 152 See [Ushakov 1958/1]. 
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			Fig. 13.38. Overview of the ZI-S computer ([Ushakov 1958/1, p. 1812]) 
		

		
		
			Fig. 13.39. Structure of the ZI-S computer ([Ushakov 1958/1, p. 1813]) 
		

		
			respectively, where x and y represent coordinates in a single layer of the oil or gas 
		

		
			reservoir, while P and A 
		

		
			i 
		

		
			denote pressures and hydraulic conductivities. 
		

		
			Using this system, reservoirs with a radius of up to 120 km were studied. These simulations considered up to 750 wells depleting the reservoir. The passive analog computer simulating the reservoir itself can be seen in the middle of figure 13.39. The reservoir is modelled with a three-dimensional mesh of resistors and capaci-tors, which implement lag phenomena, etc. The surrounding modules implement 
		

		
			the wells and the instrumentation of the simulation circuits. 
		

		
			153 
		

		
			13.8.2 Seismology 
		

		
			Prospecting typically relies heavily on the analysis of seismograms to detect below-ground reservoirs. This task traditionally requires the fastest stored-program com-puters available and was thus done, or at least supported by, analog and hybrid computers in the years before the mid 1970s. 
		

		
			[Evans 1959] describes a special-purpose analog computer developed and used to generate seismic weathering time corrections for refraction and reflection stud-ies. The implementation of this analog computer is quite similar to the BPRR-2 system described in section 13.1.9. Indirect analog computers were used by [Sutton et al. 1963] for filtering tasks, as well as spectrum analyses on seismic 
		

		
			data sets. 
		

		
			155 
		

		
			153 The rather unique developments of analog computing the Soviet Union are described in detail in [Abramovitch 2005]. 
		

		
			154 This correction takes the properties of a low-velocity zone, a weathering layer, into ac-count. 
		

		
			155 This study also contains a comparison of spectral data generated by an analog computer approach with data generated on a digital computer. 
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			13.8.3 Ray tracing 
		

		
			Acoustic ray tracing is a common task in marine applications using sonar data and of high commercial and especially military value. This task is quite complex due to varying salt concentrations, temperature differences between water layers, etc. 
		

		
			[Light et al. 1966] describes a ray tracer based on a small EAI TR-10 
		

		
			156 
		

		
			analog computer. The task of tracing a single acoustic wave from a transmitter through a complex medium like open sea to a pickup involves the solution of a second degree differential equation. The analog computer used in this setup contained 17 operational amplifiers and a special function generator to model the structure of the ocean bed reflecting acoustic waves. A typical simulation run took about 15 minutes to complete. Figures 13.40 and 13.41 show the analog computer setup as well as a typical simulation result. 
		

		
			13.9 Economics 
		

		
			Alban William Phillips, a New Zealand economist, was one of the first people to build economic models using analog computers. Being a trained engineer, the idea of applying engineering principles to economic problems was an obvious approach. Consequently, in 1949 he developed and built MONIAC, a hydraulic 
		

		
			analog computer, whose structure is shown in figure 13.42. 
		

		
			159 
		

		
			This system, of which eventually ten were built, was affectionately known as the financephalograph and was not only used for early research in mathematical economics but also, due to its structural clearness, for teaching purposes. The flow of money in an economy is represented by coloured water flowing through various hydraulic computing elements. MONIAC features nine control variables represent-ing tax load, import/export subsidies, and the like. Recent detailed descriptions 
		

		
			of the overall system can be found in [ Ryder 2009] and [Ryder et al. 2021]. 
		

		
			161 
		

		
			In later years, Philipps used an electronic analog computer at the National Physical Laboratory (NPL ) as well as a stored-program digital computer, for his 
		

		
			156 Cf. section 6.4. 
		

		
			157 11/18/1914–03/04/1975 
		

		
			158 Short for Monetary National Income Automatic Computer . 
		

		
			159 See [Phillips 1950], [Fortune 1952], [Swade 1995], and [Care 2006]. 
		

		
			160 MONIAC also inspired some caricatures like that shown in [ Swade 1995, p. 16] as well as the analog computer sitting in the basement of the bank in Terry Pratchett’s (04/28/1948– 03/12/2015) novel Making Money. 
		

		
			161 [Engel et al. 1964] and [Zhang 2015] give a comprehensive introduction to the descrip-tion of economic systems by means of differential equations. 
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			Fig. 13.40. The ray tracer developed by Light, Badger, and Barnes (see [Light et al. 1966, p. 724]) 
		

		
		
			Fig. 13.41. Result of a simulation run of the ray tracer (see [ Light et al. 1966, p. 724]) 
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			Fig. 13.42. Phillips’ hydraulic simulator for economic dynamics (see [ Phillips 1950, p. 302]) 
		

		
			research. Interestingly, he still preferred the hydraulic MONIAC despite its shortcomings with respect to accuracy, which were more than outweighed by its high clarity. He characterized his models as being “ exposition[s] rather than accu-
		

		
			rate calculation[s] ”. 
		

		
			163 
		

		
			Analog computer models for the study of economic problems were still used in later years as a number of publications like [Hülsenberg et al. 1975], [Herschel 1961], [Kregeloh 1956], and [Jackson 1960, pp. 363 ff.] show. 
		

		
			162 See [Swade 1995, p. 17]. 
		

		
			163 See [Swade 1995, p. 17]. 
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			An interesting little preprogrammed “personal analog computer” was the ISEC 250. This machine was aimed at stock investment analysis and used an ISEC index, a weekly index table distributed by the manufacturer, as well as real-time inputs based on current market behaviour entered through means of some potentiometers and switches, to give an “ instant evaluation of any programmed 
		

		
			stock ”. 
		

		
			165 
		

		
			[Strotz et al. 1951], [Strotz et al. 1953], and [Engel et al. 1964] contain a wealth of practical examples for the application of analog computers to problems in economics such as the effects of marketing and production inertias, national income models, a nonlinear theory of the business cycle, the effects of policy decisions, and many more. The analog simulation of a colonial socio-economic system is described in detail in [ Howard 1961]. 
		

		
			13.10 Power engineering 
		

		
			In the early 20 century, the field of power engineering developed a demand for computational power that could only be fulfilled by analog and later hybrid com-puters. As with nuclear reactors, many questions regarding power systems cannot be analysed using real equipment due to the inherent dangers of such experi-ments. Consequently, simulation techniques were, and still are, the only way to solve a number of vital problems in this field. The following sections describe typical simulation tasks. 
		

		
			13.10.1 Generators 
		

		
			A study of the dynamic behaviour of generators feeding large power grids con-taining only asynchronous machines as loads, is described in [ Juslin 1981]. The main problem of such power grids is that asynchronous machines exhibit vastly different load characteristics depending on their state of operation. A starting asynchronous machine behaves like a transformer with its secondary shorted, an effect vanishing with increasing motor speed. This study’s focus is on severe faults influencing large parts of the simulated power grid, which will result in oscillatory behaviour that might be unstable. 
		

		
			164 See [isec/1] and [isec/2]. 
		

		
			165 See [isec/1, p. 33]. 
		

		
			166 See [Noronha]. 
		

		
			167 These constraints are not unrealistic in a mostly industrial environment. 
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			[Gilbert 1970] describes the simulation of a generator with a parasitically 
		

		
			loaded speed controller to be used in aerospace applications. This model consists of the turbine driven alternator, a voltage regulator and exciter, a parasitic load speed controller, and the load itself. 
		

		
			13.10.2 Transformers 
		

		
			Although a transformer might appear simple at first sight, its behaviour is non-trivial to model and predict. Many studies into the dynamic characteristics of transformers have been conducted. [Giloi 1960] and [Telefunken 1963/2] cover the simulation of a transformer under mixed resistive/inductive or resistive/capacitive loads. In this study, which also takes the dynamic B -H magnetisation curve of the transformer into account, the primary and secondary currents are simulated. 
		

		
			13.10.3 Power inverters and rectifiers 
		

		
			Much more complex than this is the simulation of power inverters and (controlled) rectifiers. Devices like these are essential for high-voltage direct current systems, which were first developed in the early 20 century. Inverters are also commonly used to drive induction motors, etc. 
		

		
			The analysis of a controlled three-phase rectifier by an analog computer model is described by [Eyman et al. 1976], while similar studies can be found in [Blum et al.], [Tisdale], and [Nava-Segura et al.]. The latter focuses on fault situations such as shorted thyristors. [Shore 1977] describes a hybrid computer based simulation as well as an online digital computer control setup for a high voltage direct current link. 
		

		
			The conversion of a direct current into alternating or three-phase current by power inverters has been analysed in analog computer studies such as [Krause 1970], where basic simulation techniques in this field are described, and [Fornel et al. 1981], where a power inverter loaded by an asynchronous machine is modelled. [Bellini et al. 1975] describes the analysis of an inverter driving electromechanical actuators, while [ Winarno 1982] focuses on the special requirements posed by large photovoltaic systems. The analog model of a complex high-voltage direct current system is described in [ Sadek 1976]. 
		

		
			[Borchardt et al. 1977] gives a detailed description of the simulation of a high-power inverter system driving the magnets of a large synchrotron at DESY. 
		

		
			168 This magnetization curve is implemented by a diode function generator. It should be noted that this study contains a good example of the implementation of implicit functions. 
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			This study was done with the synchrotron already in operation as the need for significant changes in the power supply system for the magnets arose during its operation. The system itself could not be used to take measurements during pa-rameter changes since this would have shortened its beam-time. Thus, an extensive simulation was performed on a HRS 860 Telefunken hybrid computer consisting of a RA 770 precision analog computer and an attached TR-86 stored-program digital computer. This model even took care of intrinsic effects of heavily loaded thyristors and other parts of the inverter system and proved to be so accurate that the conversion of the system was performed successfully mainly relying on the simulation results from this study. 
		

		
			Another interesting analog computer study regarding the behaviour of invert-ers during severe fault scenarios is described by [Borchardt et al. 1969]. The simulation focused on the development of suitable protection measures for large inverter systems. [Borchardt et al. 1976] describes an analog computer model of a quadrupole magnet power supply used for ejecting the beam from a synchrotron. 
		

		
			13.10.4 Transmission lines 
		

		
			Long power lines are elaborate structures exhibiting a complex behaviour with phenomena such as traveling waves, etc. A summary of typical hybrid computer approaches for modeling power lines can be found in [ Baun 1970]. A study with special emphasis on traveling wave phenomena is described by [ Thomas 1968]. An interesting aspect of simulations like these is that time delay units are required to accurately model the delays encountered in long power line systems. Magnetic tape units and capacitor wheels have been used successfully for this. 
		

		
			13.10.5 Frequency control 
		

		
			While power grids are complicated dynamic systems already, things get even more complicated when multiple power grids are coupled together, as [Paynter 1955/2, p. 229] notes: 
		

		
			“[. . . ] the [. . . ] problem is fundamentally complex due to the multiplicity of generally disparate machines and regulators coupled together by a large number of ‘elastic’ links. ” 
		

		
			Early work on the analysis of coupled power grids using direct as well as indirect analog computers was begun in 1947 at MIT. [Krause et al. 1977] describes a study of shaft distortion in generators caused by misaligned grid frequencies when 
		

		
			169 Cf. section 4.11. 
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			disjunct grids are coupled. Special topics regarding the synchronization and control of such coupled power grids are treated in [Sydow 1964, pp. 214 ff.]. 
		

		
			13.10.6 Power grid simulation 
		

		
			Equally complex is the study of whole power grids. Such studies are of great importance due to the dependency of our culture on the ubiquitous availability of electric energy. Since no analytic solutions are possible for complex systems like these, simulations based on analogies are a suitable approach to gain deeper insight into the intricate behaviour of such systems. A good overview of the historical development of such simulation techniques can be found in [ Krause 1971] and [Krause 1974]. 
		

		
			Driven by the rapidly rising complexity of the United States’ power grid, the first special purpose analog computer, a network analyser, was conceived in 1925. The purpose of such analysers has been described by [ Nolan 1955, pp. 111 f.] as follows: 
		

		
			“Network analyzers have been used to solve quickly the many and various problems concerned with the operation of power systems. They are practical, adjustable miniature power systems. They can be used to analyze results during the progress of a system study and therefore play an active part in system planning as well as checking the performance of completed systems. ” 
		

		
			Early network analysers were direct analog computers, modeling the power grid by means of discrete and mostly passive computing elements. Later studies made ex-tensive use of indirect analog computers such as the Beckman EASE 1032 system shown in figure 13.43, which was used by the Bonneville Power Administration for power grid simulations. A typical problem arising in such simulations on indi-
		

		
			rect analog computers are algebraic loops. 
		

		
			170 
		

		
			Basic techniques for avoiding such 
		

		
			loops in power grid simulations are described in [Giloi et al. 1963, pp. 326 ff.] and [Giloi 1962]. 
		

		
			An example of a power grid simulator can be found in [ Michaels] and [Michaels et al.] where a high-voltage distribution system consisting of five power stations and about a dozen transmission lines is simulated. This system was used to train switch room operators. An even more complex system based on a hybrid computer is described in [Enns et al.]. This hybrid simulation was able to determine the state of a power grid containing 181 power lines from a given 
		

		
			170 Direct analog computers can tolerate such loops due to their lack of amplifying stages coupling the passive computing elements. 
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			Fig. 13.43. EASE 1032 analog computer used at the Bonneville Power Administration for power grid simulations (see [N. N. 1957/2]) 
		

		
			set of initial conditions in 20 seconds, while the same computation using only the digital computer part of the hybrid installation required 30 minutes of run time. 
		

		
			The effect of transients caused by breaking conductors, short-circuits, etc., are studied in [Thomas et al. 1968]. These simulations also required time delay units, which were implemented with a capacitor-wheel containing 24 capacitors. The simulation of transients caused by lightning strikes in electric power transfor-mation substations is described in detail in [ Hedin et al.]. 
		

		
			The effects of capacitive and inductive crosstalk between high-voltage power lines have been studied by simulating a power grid consisting of one 500 kV section and two 250 kV sections on a large analog computer installation. These studies are described in [Thomas et al./1] and [Thomas et al./2]. This analog computer contained 180 operational amplifiers, 350 coefficient potentiometers, and 24 time delay units – telltale signs of the complexity of the problem under consideration. 
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			Fig. 13.44. Power station simulator (cf. [Whitesell et al. 1969, p. 85]) 
		

		
			A large power grid simulator, the Hybrid Computer Power Simulator (HCS ), was proposed in 1976 and is described in [ Janac 1976]. This system would have consisted of a special purpose analog computer containing specialized computing elements representing typical analogies found in such simulations. Instead of a traditional patch panel, an automatic patch panel, an autopatch, was proposed. Unfortunately, this machine was never built and autopatch systems did not prove commercially viable due to the extremely large number of switching elements 
		

		
			required. 
		

		
			171 
		

		
			13.10.7 Power station simulation 
		

		
			[Whitesell et al. 1969] describes an analog computer based training system for power station operators. It modelled the “two separate, but tightly interconnected, steam and electric power generating stations at the Whiting refinery ”. Learning how to control such a complex system is a daunting task and learning-by-doing is not an option in the demanding environment of a refinery. The impressive analog computer setup for this simulator is shown in figure 13.44. 
		

		
			171 An interesting study on autopatch systems was performed by George Hannauer on behalf of NASA, cf. [Hannauer 1968]. 
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			13.10.8 Dispatch computers 
		

		
			There are a lot of optimisation problems ranging from scheduling questions to the supply of combustibles, etc., to be solved for running power systems efficiently. An analog computer study aimed at the computation of optimal schedules for a 
		

		
			hydrothermal power plant is described by [Perera 1969]. 
		

		
			172 
		

		
			Special purpose analog computers, Electronic Dispatch Computers (EDC ), have been developed to perform such optimisation tasks and are described by [Washburn 1962]. The savings made possible by the application of analog com-puting techniques were remarkable and justified the development of large analog 
		

		
			computer installations: 
		

		
			173 
		

		
			“Estimated annual fuel savings obtainable with EDCs may approach US$50 per megawatt installed. For a typical 1,000-megawatt system this saving can amount to US$30,000 to US$50,000 per year and thus may warrant an investment of US$250,000.” 
		

		
			Figure 13.45 shows an example of an electronic dispatch computer, the Goodyear Electronic Differential Analyser (GEDA). This power dispatch computer saved US$ 200,000 annually (see [N. N. 1957/4]). A not-too-complex optimisation ex-ample regarding a thermal plant is described in [ Heinhold et al., pp. 224 ff.]. 
		

		
			13.11 Electronics and telecommunications 
		

		
			The rapid development of electronics and especially telecommunication technology since World War II resulted in an ever-increasing demand for component and circuit simulations. As [ Kettel et al. 1967, p. 3] put it, the more complex electronic circuits get, the more important it is to gain insight in their respective behaviour by mathematical models and analogies instead of building breadboard prototypes. The following sections give some examples of such work. 
		

		
			13.11.1 Circuit simulation 
		

		
			An interesting analysis of the behaviour of a transistorised circuit subjected to short transients is described by [Ranfft et al. 1977]. This simulation makes ex-tensive use of the ability of an analog computer to perform temporal expansions 
		

		
			172 This study is based on the coordination equations developed by Chandler, Dandeno, Glimn, and Kirchmayer, see [Chandler et al. 1961]. 
		

		
			173 See [Washburn 1962, p. 5-155]. 
		

		
			174 This work contains a good overview of typical applications of analog and hybrid comput-ers in these fields. 
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			Fig. 13.45. GEDA power dispatch computer (see [N. N. 1957/4]) 
		

		
			since the effects of interest, which are analysed by the simulation, take only a few nanoseconds (10 s). This study strikingly shows the remarkable complexity of such circuit simulations. As [ Ranfft et al. 1977, p. 76] put it, 
		

		
			“[s]tandard analog computers are normally not well suited for simulation of transis-tor circuits.” 
		

		
			[Balaban, p. 771] remarks that 
		

		
			“a six to eight transistor circuit can be patched on a large analog computer. ” 
		

	
		
			13.11 Electronics and telecommunications 
		

		
			303 
		

		
			Roland Ranfft and Hans-Martin Rein set out to develop a special-purpose 
		

		
			analog computer aimed at the simulation of electronic circuits: 
		

		
			175 
		

		
			“Its advantages, when compared to the usual digital computer simulation, are low costs, simple operation, and short simulation time, allowing a fast man-machine dialog. This simulation method has already been successfully used in the design of several high-speed integrated circuits. ” 
		

		
			The main advantage of this system was not only its high simulation speed but also the high degree of interactivity made possible by the analog computer. The projected cost for an implementation containing 20 transistor models, 12 Schott-
		

		
			ky 
		

		
			176 
		

		
			diodes, 24 resistors, and two current/voltage sources was only US$ 3,600. 
		

		
			The same amount of money would have had to be spent to perform 100 to 200 transient analyses on a rented stored-program digital computer. 
		

		
			Another simulator, HYPAC, short for Hybrid PACTOLUS, is described by [Balaban]. This system was basically a hybrid computer with a special setup on the analog part simulating basic electronic circuit elements. Using the digital computer of the hybrid computer setup, the analog computer’s elements were time-shared between the various circuit elements of the circuit to be simulated. This made it possible to simulate circuits of nearly unlimited complexity given enough time. 
		

		
			An extensive simulation study of mixer circuits using a Telefunken RA 463/2 analog computer can be found in [Sierck 1963]. This study was unique at its time as it was the first all-embracing simulation of such circuits and showed that the results achieved by means of analog computers were meaningful and could be used for actual circuit design. 
		

		
			[Beck et al. 1970] describes a hybrid computer approach to circuit design with a number of practical examples. 
		

		
			13.11.2 Frequency response 
		

		
			Before spectrum analysers were introduced as independent devices into laborato-ries, determining the frequency response of electronic circuits was a laborious task that could be simplified considerably by an analog computer. Depending on the complexity of the circuit to be analysed and the frequency range of interest, the frequency/phase response of a prototype circuit could be measured and processed 
		

		
			175 See [Ranfft et al. 1977, p. 76]. 
		

		
			176 Walter Hans Schottky, 07/23/1886–03/04/1976 
		

		
			177 See chapter 12 for more information about PACTOLUS. 
		

		
			178 See section 6.1. 
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			directly on an analog computer. It is also possible to simulate the device on the same analog or hybrid computer performing the processing of the data obtained. The advantage of the latter approach is the possibility to change the time-scaling, which is not possible when working with an actual prototype circuit. 
		

		
			Typical analog computer setups for performing a spectral analysis are de-scribed in [Bard 1965, pp. 212 f.] and [ Giloi et al. 1963]. These analog computer programs are often based on a maximum detector circuit, which is basically a delay circuit. Using a sweep generator as shown in section 8.2 the frequency response of a circuit, be it real or simulated, can then be determined. Another example for such a technique can be found in [ Schüssler 1961] where a sampling process is used to generate a frequency response plot. 
		

		
			13.11.3 Filter design 
		

		
			The design of filter circuits is not too different from the problems described above. An example of such a simulation can be found in [ Larrowe 1966], which describes the design of a quadrature band-pass filter. [Wadel 1956] describes the simu-lation of digital [sic] filters on an analog computer. 
		

		
			A very complex example of filter design is given in [ Giloi 1961]. This study describes the development of a Wiener filter on an analog computer, which re-quires the solution of integral equations. The technique used in this paper is to have the machine time running backwards, which was done by using an analog tape drive on which values were prerecorded in a preliminary step and played back in reverse direction for the actual determination of the filter parameters. A similar technique used to determine solutions of optimum control problems is described in [Anderson et al. 1967]. 
		

		
			13.11.4 Modulators and demodulators 
		

		
			Modulator and demodulator circuits were also developed by means of analog com-puter simulations. The design of phase detectors and frequency discriminators is described in [Manske 1968]. In this study the circuit under development as well as the processing of measurement data has been implemented on an analog com-puter. The analog simulation of a frequency modulation based communication 
		

		
			179 Cf. [Sydow 1964, pp. 265 f.]. 
		

		
			180 The methods described in section 13.1.7 can also be used in this context. 
		

		
			181 Such a filter basically consists of two separate filters yielding a signal pair with a phase difference of π/2. 
		

		
			182 See section 13.1.2. 
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			system is described in [Hu 1972]. [Kettel 1960, pp. 170 f.] describes the study of modulators and demodulators for telemetering applications on an analog com-puter. 
		

		
			13.11.5 Antenna and radar systems 
		

		
			Around 1950 J. A. Hammer developed an analog computer for the simulation and study of radar antenna systems at the Nederlands Radar Proefstation , which is described in detail in [Hammer 1956], [Pronk 2019], and [Goldbohm 1993]. Radar antennas pose some special problems such as sidelobes, which must be minimised to obtain a beam as narrow as possible. The antennas under considera-tion here were slot antennas with up to 41 slots. Calculating the resulting radiation pattern is a formidable task, which justified the construction of a special purpose analog computer. The Hammer computer as it became known used electronic as well as electromechanical computing elements effectively implementing a complex series analyser. Computing the E-field of an antenna took 12 seconds on this ma-chine while contemporary digital computers required up to 700 seconds for the same task. 
		

		
			[Mitchell 1960] describes an analog computer for the simulation of the di-rectivity characteristics of complex antenna arrays. The electromechanical analog computer built for this purpose was capable of simulating arrays with 50 to 200 aerials. 
		

		
			[Bickel et al. 1957] describes a complex radar simulation system taking into account a variety of adverse effects such as target scintillation, various fading effects, and receiver noise. 
		

		
			13.12 Automation 
		

		
			There are many applications for analog and hybrid computers in the fields of industrial process measurement and control technologies. Obviously, the develop-ment of new processes and new control systems can profit from analog computer studies. Analog computers were sometimes even used as integral parts of complex control systems as [Kettel 1960, p. 165] noted: 
		

		
			183 Short for radio detection and ranging . 
		

		
			184 Sidelobes are local maxima of emission of an antenna except the desired mainlobe. 185 This term describes the effect that the amplitude of the signal reflected by a target depends heavily on its attitude and can change quickly. 
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			Fig. 13.46. Data capturing and preprocessing system TRS-2 (Rhode & Schwarz, see [N. N. 1961]) 
		

		
			“Not only can an analog computer serve as a computer to simulate control systems, but can also be part of a control system itself. As such it allows the optimisation of the 
		

		
			control system in place.” 
		

		
			186 
		

		
			13.12.1 Data processing 
		

		
			An example for such an embedded analog computer is the TRS-2 data acquisition and processing system shown in figure 13.46. This system was developed and man-ufactured by Rohde & Schwarz and contained standard analog computer compo-nents manufactured by EAI for their TR-10 and TR-20 tabletop analog computers. The system could be equipped with standard analog computer modules as well as 
		

		
			with user specific modules implementing programs for special applications. 
		

		
			187 
		

		
			13.12.2 Correlation analysis 
		

		
			[Wierwille et al. 1968] describes the use of a hybrid computer for performing autocorrelation analyses on vibration data gathered during rocket tests. A fully digital implementation is also described and both methods are compared. 
		

		
			186 “Ein vorhandener Analogrechner ist nicht nur ein Rechengerät, das z. B. die Berechnung eines Regelsystems erlaubt, sondern es kann ebensogut, vor allem wenn es klein und trans-portabel ist, als elektrischer Regler in ein Regelsystem eingefügt werden, damit in Verbindung mit der echten Regelstrecke der Regler optimal dimensioniert werden kann. ” 
		

		
			187 Cf. [N. N. 1961]. The system shown in figure 13.46 contains from left to right two coeffi-cient potentiometers, a couple of fixed resistors, and two chopper-stabilised dual operational amplifiers. 
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			13.12.3 Closed loop control and servo systems 
		

		
			The earliest example of an analog computer used to analyse and demonstrate closed loop control systems is George A. Philbrick’s Polyphemus, described in section 3.2. Another early analog process simulation system, the Electro-Analogue, is described by [Janssen et al. 1955]. This process and control simulator consisted of three largely independent subsystems: A model of the control circuit, a model of the process being controlled, and an output system containing an oscilloscope display, some panel meters, and recorders. An interesting aspect is the implemen-tation of time delays, which are often required in control system simulations to model transport delays, etc. These time delay units were implemented as a string of capacitors and inductors with switch-selectable taps representing various delay times. 
		

		
			Further examples can be found in [James et al. 1971, pp. 215 ff.] and [Worley 1962], covering bang-bang servos, proportional controllers, etc. The sim-ulation and development of governors is described in detail by [ Ammon et al. 1959]. [Lotz 1969, pp. 211 ff.] describes the simulation of a control system for a hydraulic system. [Sydow 1964] describes a complex control system study for a paper ma-chine. The emphasis of this study is on the control of 40 steam heated cylinders, which must run at precisely controlled speeds to avoid tearing the paper running through the machine. [Koenig et al. 1955] describes the treatment of flyweight governors used in a hydroelectric power station by means of an analog computer. 
		

		
			The analysis of damped, non-linear servo systems using an analog computers is described in detail by [Caldwell et al. 1955]. Non-linear servo systems are of great importance for practical applications but are notoriously complex to model and analyse. Additional information on such systems can be found in [ Hurst]. The determination of parameters for a non-linear control system using an EAI 231R 
		

		
			analog computer 
		

		
			188 
		

		
			is covered by [Suryanarayanan et al. 1968]. 
		

		
			13.12.4 Sampling systems 
		

		
			Many control systems are, in fact, sampling systems where input signals are sam-pled at discrete time intervals. These values are then used to control an underlying process. The simulation and analysis of these sampled data systems is difficult to perform on an analog computer since the sampling process has to be implemented by trick circuits such as bucket-brigade circuits consisting of chained integrators under individual control. Typically, hybrid computers were used to model sam-pling systems since their digital part is well suited to implement the sampling 
		

		
			188 See section 6.3. 
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			process, while the underlying process can be modelled on the analog system. Typ-ical examples for this can be found in [ Schneider 1960] and [Simons et al.]. 
		

		
			13.12.5 Embedded systems 
		

		
			Analog computers were used early on as embedded components of complex control systems, as described in [Korn et al. 1956, pp. 109 f.]: 
		

		
			“D-c analog representation of automatic control systems has proved to be a pow-erful aid in the design of prototype models and pilot plants and in the determination of starting procedures and of optimum controller settings after changes in raw materi-als or other conditions. But the utility of d-c analog techniques for automatic control applications is not restricted to computations of this type. Special-purpose d-c analog computers, which may often be conveniently assembled from the standard components of commercially available machines, can themselves serve as control-system elements in many applications suited to their characteristics.” 
		

		
			An example for such modules has already been shown in figure 13.31 in section 13.6.4. Other examples include the computing elements developed by Telefunken for the RA 800 analog computer, which were also sold as building blocks for 
		

		
			industrial applications. 
		

		
			190 
		

		
			The basics of analog process computers are covered in [ Ludwig et al. 1974], while [Weitner 1955] describes the actual implementation of a closed loop model. The design and implementation of a special purpose amplifier with a characteris-
		

		
			√ 
		

		
			tic of x is described in [Kinzel et al. 1962/1] and [ Kinzel et al. 1962/2]. This amplifier was actually used to control injection parameters in large diesel engines. 
		

		
			13.13 Process engineering 
		

		
			Analog computers were invaluable tools for process engineering applications and consequently most chemical companies set up dedicated analog computing centers to aid their development departments. The importance of analog computers in this area can be seen by the following quotation from [Holst 1982, pp. 316 f.]: 
		

		
			“Analog computing capacity [at Foxboro] has increased from some 8-10 operational amplifiers in 1938 to more than 150 thirty years later.” 
		

		
			189 Cf. section 6.4. 
		

		
			190 See [N. N. 1960]. 
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			Table 13.1 gives an overview of the analog computing capacity installed at some 
		

		
			major chemical companies in 1961. 
		

		
			191 
		

		
			A wealth of information and examples regarding the use of analog computers in process engineering applications can be found in [ Wagner 1972], [Worley 1962], [Holst 1982], and [Ramirez 1976]. A small, yet powerful, process simulation sys-tem based on an EAI TR-48 analog computer was introduced at the Systems Engineering Conference in 1964 by EAI. 
		

		
			A highly complex simulation of a solvent recovery process is described by [Lewis 1958]. It requires 120 summers/integrators, 120 limiters, 48 summers, 28 servo multipliers, 16 photoformers, 300 coefficient potentiometers, and 186 exter-nal precision capacitors. Another example for a complex process engineering simulation can be found in [Graefe et al. 1974] where a copper melting process is modeled, even taking the discontinuous flow of materials into account. 
		

		
			13.13.1 Mixing tanks, heat exchangers, evaporators, and distillation columns 
		

		
			A common and basic element in every chemical plant is the mixing tank, which can be simulated quite straightforwardly on an analog computer as described in [Ramirez 1976]. 
		

		
			The simulation of heat exchangers and evaporators is more complex since these are described by partial differential equations. The simulation of an evapora-tor on an EAI 590 hybrid computer system is described by [ Oliver et al. 1974], while a more complex example involving a heat exchanger reactor can be found in 
		

		
			[Carlson et al. 1968]. The very complex simulation of a Fischer-Tropsch 
		

		
			196 
		

		
			reactor for coal liquefaction is treated in [ Govindarao 1975]. The main challenge in this type of simulation is the fact that gaseous, liquid, and solid phases of the 
		

		
			reactants coexist simultaneously in the reactor system. 
		

		
			197 
		

		
			This particular sim-
		

		
			ulation required 33 integrators, twelve sample and hold elements, 13 summers, ten inverters, 18 multipliers, 80 coefficient potentiometers, and a digital control system. 
		

		
			191 Equally large installations were used in other countries including the Soviet Union (see [Ushakov 1958/1] and [Ushakov 1958/2]). 
		

		
			192 This medium-scale analog computer contains 48 operational amplifiers. 
		

		
			193 Such complex simulations were the exception. 
		

		
			194 Basic information about this problem can be found in [ Billet 1965]. 
		

		
			195 Cf. [Schöne 1976/2] for a general presentation of the mathematical modeling of heat exchangers. 
		

		
			196 Franz Fischer, 03/19/1877–12/01/1947, and Hans Tropsch, 10/07/1889–10/08/1935 197 The basics of the simulation of chemical reactor systems are described in [ Starnick 1976]. 
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						Company 

					
				
					
					
						Year 

					
				
					
					
						Number of amplifiers 

					
				
					
					
						Manufacturer 

					
				
			

			
					
					
						Dow Chemical Co. 

						Midland Division 

						Texas Division 

						E. I. du Pont de Nemours & Co. 

						Newark, Del. 

						Experimental Station, Wilmington, Del. 

						Monsanto Chemical Co. 

						St. Louis, Mo. 

						Ohio Oil Co. 

						Denver, Colorado 

						Humble Oil & Refining Co. 

						Baytown, Texas 

						Baton Rouge, La. 

						Esso Research & Engineering Co. 

						Florham Park, N.J. 

						American Oil Co. 

						Whiting, Ind. 

						Standard Oil Co. 

						Cleveland, Ohio 

						Union Carbide Olefins Co. 

						South Charleston 

						Thiokol Chemical Corp. 

						Brigham City, Utah 

						Phillips Petroleum Co. 

						Bartlesville, Okla. 

						Chemstrand Corp. 

						Decatur, Ala. 

						Shell Oil Co. 

						Shell Chemical Corp. 

						Development Corp. 

						Hercules Powder Co. 

						Wilmington, Del. Daystrom, Inc. 

						La Jolla, Calif. 

					
				
					
					
						1954 

						1961 

						1956 

						1961 

						1950 

						1955 

						1958 

						1960 

						1960 

						1957 

						1958 

						1959 

						1957 

						1960 

						1961 

						1959 

						1960 

						1959 

						1959 

						1960 

						1960 

						1955 

						1957 

						1955 

						1957 

						1961 

						1956 

						1958 

						1959 

						1959 

						1959 

						1960 

						1960 

						1960 

						1956 

						1957 

						1960 

						1960 

						1960 

						1960 

					
				
					
					
						20 

						140 

						30 

						80 

						30 

						50 

						120 

						300 

						70 

						116 

						24 

						88 

						56 

						80 

						80 

						80 

						40 

						40 

						40 

						80 

						80 

						– 

						168 

						90 

						10 

						170 

						30 

						60 

						60 

						168 

						80 

						80 

						80 

						120 

						24 

						24 

						10 

						10 

						44 

						100 

					
				
					
					
						Beckman (Berkeley) 

						EAI 

						Daystrom (Heath) 

						Philbrick 

						Beckman (Berkeley) 

						Beckman (Berkeley) 

						EAI 

						EAI 

						Computer Systems 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						Beckman (Berkeley) 

						Beckman (Berkeley) 

						Beckman (Berkeley) 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						EAI 

						Goodyear 

						Goodyear 

						Donner Scientific 

						Donner Scientific 

						Beckman (Berkeley) 

						Computer Systems 

					
				
			

		

		
			Table 13.1. Analog computer installations for research in petrochemistry in 1961 (see [Carlson et al. 1967, p. 356]) 
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			Even more complex are simulations of fractionating columns containing many column trays. A simulation involving three trays is described in [N. N. 1958/2], 
		

		
			while [Williams et al. 1958] describes a more complex system with five trays. 
		

		
			198 
		

		
			The complexity of such simulations is caused by the complex mixing processes and phase transitions taking place at the column trays. A six tray fractionating 
		

		
			column simulation is described in [ Ramirez 1976, pp.28 ff.]. 
		

		
			199 
		

		
			13.13.2 Adaptive control 
		

		
			The implementation and analysis of an adaptive control system is described in [Powell]. The system covered in this study operates in two timescales: A short timescale subsystem implementing a predictor and a slow running subsystem implementing the actual control loop using the values generated by the predictor as its inputs. 
		

		
			13.13.3 Parameter determination and optimisation 
		

		
			Another important application area for analog computers was the determination and optimisation of process control parameters. The complexity of such control problems often exceeds that of other optimisation tasks and typically uses hybrid computers to implement gradient methods. Examples of these techniques and applications can be found in a variety of sources such as [Kopacek ], [Troch 1977], [Woźniakowski 1977], [Gröbner 1961], [Kramer 1968], [Kramer], and finally [Jamshidi 1976]. 
		

		
			[Piceni et al. 1975] describes the evaluation of operating parameters for in-dustrial processes in general. An interesting aspect of this study is the comparison of a priori and a posteriori values to determine a measure for the quality of the underlying model. Optimal process control by analog computer studies is the fo-cus of [Miura et al. 1967]. An interesting optimisation technique restricting its parameters to binary values ( 0 and 1) is described in [O’Grady 1967]. 
		

		
			198 A similar simulation is described in [Worley 1962, pp. 5-80 ff.]. 
		

		
			199 More realistic simulations involving many more column trays are usually out of reach of classic analog computer installations. Using hybrid computers, a resource-sharing approach can be implemented, thus allowing the treatment of problems with large numbers of trays. 200 The development of adaptive control systems began in the 1960s. 
		

		
			201 Annotations to this can be found in [Rosko 1968], while similar studies are described by [Feilmeier 1974, pp. 259 ff.] and [Michaels et al. 1971]. 
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			Fig. 13.47. Process plant simulator ([ Lieber et al. 1969, p. 78]) 
		

		
			A very interesting optimisation scheme based on random generators is de-veloped in [Korn et al. 1970]. The basic idea is to perform random parameter variations and test their respective performance. If one of these variations results in a better overall performance, this parameter set is used as the base for the next variation cycle, otherwise the old parameters are restored. Interestingly, it can be shown that parameters determined by such a stochastic process are often superior to parameters that are the result of a deterministic process. 
		

		
			13.13.4 Plant startup simulation 
		

		
			The startup of complex chemical plants is a very complex and error prone pro-cess. Consequently, analog computers were used to simulate startup processes and to train operators. Figure 13.47 shows an analog computer coupled with typical plant monitoring and control devices. This setup, described in detail in 
		

		
			202 See section 4.12. 
		

		
			203 This method can be seen as a precursor to genetic programming. 
		

		
			204 See [Tacker et al.]. 
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			[Lieber et al. 1969], allowed the study of complex startup processes in oil refiner-ies and the training of operator personnel. 
		

		
			13.14 Transport systems 
		

		
			Transport systems of all sorts can benefit from the application of analog and hybrid computers as the following sections demonstrate. 
		

		
			13.14.1 Automotive engineering 
		

		
			Until the 1980s, analog computers were a crucial part of the engineering depart-ments of all major vehicle manufacturers. A simplified basic application was de-scribed in section 8.7, where the dynamic behaviour of a vehicle, modelled as a two-mass system, was simulated. A more realistic, but still simplified, three-mass simulation is described in [Sydow 1964, pp. 245 ff.] while [ McLeod et al. 1958/6, p. 1992] covers the specific problems of the simulation of shock absorbers for heavy lorries and excavators. [Gumpert 1972] describes an analog computer simula-
		

		
			tion of self-excited vibrations in cars. 
		

		
			206 
		

		
			[Dornier/7] describes the application of an analog computer for data process-ing in a runout inspection. The ability to perform real-time spectral analysis using the analog computer is of particular importance in this type of application. 
		

		
			13.14.1.1 Steering systems 
		

		
			Steering systems are a central part of every car and analog computers were often used to simulate steering systems giving the freedom to vary and optimise param-eters prior to building actual prototype systems. A special purpose analog steering simulator developed by General Motors is shown in figure 13.48. It allowed to anal-yse the dynamic behaviour of a steering system with respect to yaw, roll, and slip moments. The importance of this system is described by [ McLeod et al. 1958/6, p. 1995] as follows: 
		

		
			“As a result of this work, an understanding has been gained of the effects of the various car parameters on the car’s lateral response. In addition, a number of general observations have been made: Yaw and sideslip are strongly coupled, but there is only a weak coupling linking the roll to the yaw and sideslip. However, this weak coupling is often the reason that a particular automobile is stable or unstable, particularly in yaw. ” 
		

		
			205 Similar studies were performed for railway vehicles, too. 
		

		
			206 In this study a soviet made MN-7 analog computer was used. 
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			Fig. 13.48. Steering simulator (see [McLeod et al. 1958/6, p. 1995]) 
		

		
			[Zimdahl 1965] describes an automatic control system enabling cars to follow a buried cable by means of an inductive pickup. 
		

		
			13.14.1.2 Transmissions 
		

		
			An interesting example of the application of analog computers in automotive en-gineering, namely the simulation of a four-speed automatic transmission, is de-scribed in [Dornier/1]. This example is especially noteworthy due to the high 
		

		
			number of comparators required to model the discrete gearshift points. 
		

		
			207 
		

		
			The simplified motor driven car underlying this simulation is described by 
		

		
			mx ¨ = F 
		

		
			drive 
		

		
			− F 
		

		
			drag 
		

		
			− F 
		

		
			rolling drag 
		

		
			− F 
		

		
			road slope 
		

		
			. 
		

		
			To simplify matters further, F 
		

		
			rolling drag 
		

		
			and F 
		

		
			road slope 
		

		
			are assumed to be zero, 
		

		
			yielding 
		

		
			mx ¨ − F 
		

		
			drive 
		

		
			+ F 
		

		
			drag 
		

		
			= 0 
		

		
			or, in more detail 
		

		
			mx ¨ − 
		

		
			ηiJ 
		

		
			k 
		

		
			r 
		

		
			M (n) + Ccw 
		

		
			Av = 0, (13.9) 
		

		
			207 A similar, although more complex, simulation of an automatic transmission was imple-mented at Daimler Benz using a Telefunken RA 800 (see section 6.4). This analog computer system was also used to develop one of the first anti-lock braking systems ( Bernd Acker, personal communication, 08/23/2007). 
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			❥ 
		

		
		
		
			❅ 
		

		
			❍ 
		

		
			✟ 
		

		
		
			❅ 
		

		
			✁ 
		

		
			❆ 
		

		
			❳ 
		

		
			IIIb 
		

		
			0.202 
		

		
			0.0216 
		

		
			200 
		

		
			V 2 
		

		
			0.156 ❥ ❥ ✘ 0.102 ✘ ❅ ✘ ❅ ❍ ✟ ❍ ✟ ❍ ✟ 
		

		
			0.0758 
		

		
			0.29 Ia ❥ 0.207 IIa ❥ 0.394 ❥ 0.59 
		

		
			❥ IIIa 
		

		
			0.2656 
		

		
			0.406 
		

		
			❥ ✟ ✟ ✟ 10 ❅ ❅ 
		

		
			200 +1 +1 +1 
		

		
			❅ ❳ ❅ ❳ 0.4106 ❥ ❍ ❍ ❍ ❥ 0.25 
		

		
			0.269 
		

		
			❥ 
		

		
			Fig. 13.49. Program for the simulation of a four-speed automatic transmission (see [Dornier/1, p. 5]) 
		

		
			with m = 1120 representing the car’s mass, η = 0.9 the efficiency factor, i = 4.11 
		

		
			the axle ratio, r the wheel diameter, Jk 
		

		
			the four gear transmission ratios, M (n) = 
		

		
			5.306 + 50n − 81.25n the rotation speed dependent moment of force, and Ccw Av 
		

		
			2 
		

		
			the drag, approximated by 0.003421v 
		

		
			2 
		

		
			. The gear transmission ratios are defined 
		

		
			as J1 
		

		
			= 3.8346, J2 
		

		
			= 2.0526, J3 
		

		
			= 1.345, and J4 
		

		
			= 1. The transmission performs 
		

		
			an upshift every time the rotational speed of the motor reaches n = 6000 min 
		

		
			−1 
		

		
			corresponding to the following velocities: v1 = 41.4 km/h, v1 = 78.8 km/h, and v1 = 118 km/h. 
		

		
			Based on equation (13.9) the program shown in figure 13.49 can be derived. A typical simulation output is shown in figure 13.50. 
		

		
			[Klittich 1966] contains a comprehensive treatment of the simulation of transmissions in general by means of analog computers. 
		

		
			13.14.1.3 Ride simulation systems 
		

		
			A large-scale automobile ride simulation system is described by [ Kohr 1960]. This system, built and used by the engineering mechanics department of General Mo-tors, was capable of carrying two passengers in a car frame mounted on top of a hydraulic actuator system and could simulate the overall behaviour of a car with respect to actual road “waves”, which were read from a magnetic tape unit and fed to an analog computer. This computer then determined the actual car motions by implementing a seven degree of freedom suspension system. It also controlled the hydraulic motion simulator. The overall system required only 82 operational amplifiers. 
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			Fig. 13.50. Results of a simulation run for the four-speed automatic transmission (see [Dornier/1, p. 4]) 
		

		
			13.14.1.4 Traffic flow simulation 
		

		
			Interestingly, even dynamic systems with strong discrete properties such as traffic flows, were analysed using analog computers. A complex example can be found in [Landauer 1974] where the simulation of a transportation system consisting of 40 stations, 600 vehicles, each of which able to transport up to twelve persons, ten crossroads, and 23 junctions is described. The goal of this simulation is the development of an optimal schedule ideally avoiding traffic jams or at least min-imising such effects. A much simpler simulation is described in [ Jackson 1960, pp. 371 ff.], which deals with a light signaling system and its parametrisation. 
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			13.14.2 Railway vehicles 
		

		
			Railway vehicle simulations are quite similar to those encountered in automotive 
		

		
			applications. Notable exceptions include the simulation of marshaling humps 
		

		
			208 
		

		
			and the treatment of motor coach trains. [ Sydow 1964, pp. 238 ff.] describes the simulation of a direct-current railroad engine with emphasis on braking proce-dures. Two different braking techniques are analysed: Braking by placing a resistive load in parallel to the motor acting as a generator and braking with recuperation of the energy dissipated by the deceleration. 
		

		
			[Lotz 1970/2] describes an interesting application of an analog computer for fabrication quality control of motor vehicle wheels. One of the most important parameters here is the eccentricity of the wheel. An automated wheel test rig yields acceleration signals, which are then analysed by performing a Fourier analysis. The results obtained by this are then used as the base for the actual eccentricity computation. All of these steps are done on an analog computer. 
		

		
			13.14.3 Hovercrafts and Maglevs 
		

		
			Analog and hybrid computer systems were also used in the development of hov-ercraft and maglevs. [Leatherwood 1972] describes the simulation and analysis of a tracked hovercraft with the goal of developing an active control system for the vehicle. [Thaler et al. 1980] describes a complex hovercraft simulation system in which the actual simulation was implemented on three stored-program digital computers with a COMCOR CI-5000 analog computer being mainly used as an interface to the operators of the simulator. 
		

		
			The simulation of maglevs is more complex than that of hovercrafts although their basic principle is similar. Most of the additional complexity results from the possibility of coupling several cars together to form a train. Coupled systems like these cannot be treated analytically so that large analog computer instal-lations were used in early maglev developments. An example can be found in [Meisinger 1978] where a simplified one-mass maglev is modelled. This maglev hovers over a long track, which bends under the weight of the maglev. 
		

		
			208 Such a simulation is described in [Giloi et al. 1963, pp. 45 ff.]. 
		

		
			209 Although this sounds like a contradiction, such vehicles were explored since they promised very low frictional losses and offered better lateral stability than many traditional railway systems. 
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			13.14.4 Nautics 
		

		
			The development of ships and vessels also benefitted from analog and hybrid computers as the following examples show. 
		

		
			13.14.4.1 Dynamic behaviour 
		

		
			A complex simulation of the dynamic response of a ship subjected to waves is described in [Maslo 1974]. Such studies are of high relevance with regard to loading and unloading operations as well as military applications. Parameters of interest are the ship’s geometry and dimensions with respect to the wavelengths encountered in the sea, etc. The partial differential equations involved in this type of problems were typically solved on hybrid computers where the discretisation process was left to the stored-program digital computer. This particular simulation required 22 integrators, 42 summers, 28 inverters, 75 coefficient potentiometers, 30 comparators, 15 ADCs, and nine DACs clearly showing the complexity of this type of problem. 
		

		
			[Glumineau et al. 1982] describes another interesting study in which the dy-namic response of an oil tanker is analysed. The tanker is to be loaded and is anchored and subjected to wind and wave forces. Since the forces of interest in this system have most of their respective energies concentrated at frequencies of about 1/200 Hz, the time-scaling ability of the analog computer is used to shorten the simulation time considerably. 
		

		
			13.14.4.2 Propulsion systems 
		

		
			The analysis of a complex turbine fuel system is described in [ Horling et al.]. This simulation was implemented on a hybrid computer, which was capable of yielding results in real-time. A comparative study implemented on a Control Data CDC 6800 digital computer only achieved 10 % of real-time while a third implemen-tation on a UNIVAC 1110 was timed at 1 % of real-time, clearly demonstrating the superiority of this hybrid simulation approach. 
		

		
			The simulation of a military vessel powered by twin diesel engines and a gas turbine is described in [Thompson]. Of special interest in this study is the behaviour of the vessel while changing from one propulsion system to the other since the diesel engines are used for low and medium speed with the gas turbine only being used at high speeds. For a military vessel it must be guaranteed that 
		

		
			210 Higher frequencies can be mostly neglected due to the long time-constant of the oil tanker itself. 
		

		
			211 This system was later known as the CDC 7600. 
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			there is no loss of thrust in all modes of operations and under all conditions and circumstances. 
		

		
			13.14.4.3 Ship simulation 
		

		
			While the simulations described above focus on specific aspects of ships’ be-haviours, some applications, especially the training of skippers and the like, require 
		

		
			complex and comprehensive full ship motion simulation systems. 
		

		
			212 
		

		
			A simple sub-
		

		
			marine simulation with only one degree of freedom is described in [ Jackson 1960, pp. 384 ff.]. 
		

		
			The simulation of an assault boat LCM-6 is described in [Kaplan]. The focus of this study is on the dynamic behaviour of the boat due to forces exerted by waves. The simulation of the waves is done on the digital portion of a hybrid computer while the analog computer is used to implement a six degree of freedom simulation of the ship. 
		

		
			[Griswold et al. 1957] describes an early mechanical ship motion simulator 
		

		
			“intended to duplicate the essential features of the motions of a ship, so that these motions may be studied with reference to their influence on the handling, servicing, and launching characteristics of a missle or of any other device where these ship motions will affect performance. ” 
		

		
			Only limited degrees of freedom are taken into account in this simulator, namely, roll, pitch, and heave motions. The actual system was built by Chrysler Corpo-ration Missile Operations and featured a large platform capable of supporting a missile under test with a weight of up to 150 000 pounds, that could by hydrauli-cally moved according to simulated (or actual measured) ship motions. 
		

		
			[Kastner 1968] describes an electromechanical analog computer for the anal-ysis of the motion of the sea. This motion is represented by an input voltage obtained by measurements on a research vessel. The analog computer then com-puted the Fourier coefficients of this signal and its power density spectrum. 
		

		
			In his Ph.D. thesis, 
		

		
			214 
		

		
			Kastner describes an analog computer setup for the 
		

		
			simulation and analysis of a capsizing ship. 
		

		
			[Takaishi 1965] describes the analog simulation of a rolling vessel with large, partially filled tanks for fluids. Special emphasis is put on the effects of non-linear damping effects on the rolling of the vessel. 
		

		
			212 The basic requirements for such systems are described in [McCallum]. 
		

		
			213 Short for Landing Craft Mechanized , colloquially also known as Mike Boat. 
		

		
			214 See [Kastner 1968/2]. 
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			13.14.4.4 Torpedo simulation 
		

		
			The development of torpedoes relied heavily on analog simulation techniques since tests involving real devices are extremely costly. Analog computers were used at the Naval Undersea Center for the simulation of torpedoes from the early 1950s 
		

		
			onwards. 
		

		
			215 
		

		
			The complexity of this area of application is illustrated by the amount of ana-log computing equipment in use in the 1970s. All in all, two EAI 8800 hybrid 
		

		
			computers 
		

		
			216 
		

		
			each with 350 operational amplifiers, three EAI 231R analog com-
		

		
			puters , each with 250 operational amplifiers, and two stored-program digital computers, a UNIVAC 1110 and a UNIVAC 1230, were used. The first of these digital computers was coupled to 64 ADCs and 120 DACs while the second had 32 ADCs and 24 DACs. 
		

		
			This impressive installation allowed two torpedo simulations to be run si-multaneously in real-time. These simulations also included models of the various seeker heads as well as the noise emission by the targets and the torpedoes. 
		

		
			13.15 Aeronautical engineering 
		

		
			Applications of analog and hybrid computers in the field of aeronautical engineer-ing are manifold. Many of the driving forces for analog computer development actually came from this application area as the problems to be solved were ex-tremely complex and money typically was not a limiting factor during the Cold War. Consequently, some of the first commercially available analog computers were developed and built by companies such as Boeing, Goodyear, Short Brothers, and Reeves, all strong players in aviation and space flight. 
		

		
			Simulations in aeronautical engineering and space flight often pose special requirements, which must be borne in mind when analog and hybrid computers are to be used. First of all many problems involve variables with large domains, often too large to be handled by an analog computer directly. 
		

		
			To complicate things further, many simulations involve various coordinate transformations and coordinate system rotations, requiring either special analog computing elements such as resolvers, or many sine/cosine function generators, 
		

		
			215 Cf. [Lowe]. 
		

		
			216 These fully transistorised machines used a machine unit of ±100 V, very unusual for transistorised analog computers, and were mainly used in applications where precision and compatibility with older external equipment was of prime importance. 
		

		
			217 See section 6.3. 
		

		
			218 See section 4.10. 
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			multipliers, etc. In addition to this, many aerospace simulations also involve functions of more than one variable, which either requires a vast amount of analog 
		

		
			computer hardware or a digital computer as part of a hybrid computer. 
		

		
			220 
		

		
			The importance of analog computers in these areas of application has been emphasized by [Levine 1964, p. 2]: 
		

		
			“Ehricke believes that the accelerated development of American Missiles would not have been possible without [analog] computers. ” 
		

		
			Figure 13.51 shows an early REAC 100 used by NACA as early as 1949. For its time this machine was remarkably large and complex. 
		

		
			Two interesting sources are [ Barnett 1963] and [EAI 1964], the first giving an account of the NASA-AMES hybrid computer facilities and their application to problems in aeronautics, the latter detailing on the application of hybrid comput-ers in aerospace engineering in general. The following sections show some typical application examples of analog computers in this field. Basic information on these topics can be found in [Bauer 1962/1]. 
		

		
			13.15.1 Landing gears 
		

		
			The development of landing gear for high-performance aircraft is an astonishingly complex and dangerous task if it is based on experiments with real flight hard-
		

		
			ware. 
		

		
			225 
		

		
			As early as 1953, analog computers were used to simulate the dynamic 
		

		
			behaviour of this aircraft subsystem at the Wright Air Development Center. 
		

		
			219 [Howe 1957] details on coordinate systems and transformations suitable for flight simu-lator systems. 
		

		
			220 This is one of the reasons why the idea of hybrid computers initially emerged at companies such as Ramo-Wooldridge Corporation and Convair Astronautics, cf. section 9. 
		

		
			221 Krafft Arnold Ehricke, 03/24/1917–12/11/1984, see [Ehricke 1960]. 
		

		
			222 See https://www.nasa.gov/centers/ames/multimedia/images/2010/iotw/reeves.html, 
		

		
			retrieved 08/07/2022 
		

		
			223 This first Reeves Electronic Analog Computer system was developed in 1947 by Reeves Instrument Corporation. 
		

		
			224 NACA; the National Advisory Committee for Aeronautics was established on March 3 , 1915, to direct research and development in the field of aerospace technology. In 1958, the National Aeronautics and Space Act was passed by congress as a reaction to the fear of the United States falling behind the Soviet Union from a technology perspective. This became the foundation of NASA into which NACA was incorporated subsequently. 
		

		
			225 A good example for this is the landing gear of the Me 262 jet, which was plagued by a variety of problems, all of which could, and often did, result in fatal accidents. 
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			Fig. 13.51. Very early REAC analog computer (most probably a REAC 100) used by NACA as early as 1949 
		

		
			The first simulations of landing gear were performed on analog computers un-der the auspices of Professor W. J. Moreland. These were based on systems of differential equations with four degrees of freedom and 14 parameters. An in-teresting detail of these studies is that the shock absorbers used, and modelled, often had different dynamic behaviour depending on the direction of movement of 
		

		
			the piston, further complicating the simulation task. 
		

		
			227 
		

		
			Since no hybrid computers were available in these early days, the necessary pa-rameter variations were done manually, which nevertheless quickly yielded feasible 
		

		
			landing gear configurations as the following quote shows: 
		

		
			228 
		

		
			226 See [McLeod et al. 1958/6, p. 1995]. 
		

		
			227 Cf. [Johnson 1963, p. 223]. 
		

		
			228 See [McLeod et al. 1958/6, p. 1996]. 
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			“For the past three years all new landing gear designs have been evaluated according to Professor Moreland’s method, thus eliminating the dangers that accompany violent shimmy.” 
		

		
			13.15.2 Aircraft arresting gear systems 
		

		
			Aircraft arresting gear systems aboard aircraft carriers are highly complex sys-tems. They must withstand the immense forces exerted by aircraft being quickly decelerated. Further, they must also exhibit a force characteristic that prevents damage to aircraft structure during its deceleration. Consequently, control of the braking system used to tension the arresting cable is a difficult task that has been successfully modelled and analysed using analog computers. Such a simulation, focusing on two types of aircraft, a jet fighter and a light bomber, is described in [Carlson et al. 1967, pp. 296 ff.]. 
		

		
			The opposite system, a take-off catapult for aircraft carriers, is described and analysed in [Addicott et al. 1968]. 
		

		
			13.15.3 Jet engines 
		

		
			The simulation of a turbo jet engine with afterburner on an analog computer is described by [Jackson 1960, pp. 426 ff.]. This study focuses on the design of a control system for the variable-geometry exhaust of this particular engine. The simulation requires function generators for functions of more than one variable, substantially complicating the computer setup. 
		

		
			A simplified jet engine simulation is covered in [ Schweizer 1976/1, pp. 422 ff.]. A study to test the compatibility of a particular jet engine and a special inlet is described in [Costakis 1974]. A comprehensive treatment of the simulation of a turbojet engine can be found in [Rockcastle et al. 1956]. Another jet engine simulator is described in [Skramstad 1957, pp. 92 ff.]. 
		

		
			13.15.4 Helicopters 
		

		
			The analysis of bending and torsion effects in helicopter rotor blades using an analog computer is described in [McLeod et al. 1958/4, pp. 1222 f.]. Mechanical systems such as rotor blades are described by partial differential equations and are thus not well suited for direct treatment with an indirect analog computer. 
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			Accordingly, the system used in this study was a direct analog computer similar 
		

		
			in its structure to the HETAC and EAFCOM. It was described as follows: 
		

		
			230 
		

		
			“The direct analog computer consists of an assemblage of passive electrical circuit elements (resistors, capacitors, inductors and transformers), amplifiers, signal generators and control equipment. [ . . . ] The electrical analogy for the bending of beams has great importance in the direct analog method of dynamic analysis for lifting surfaces, since many lifting surfaces can be replaced by lifting lines with bending and torsional flexibility. This is certainly true of the helicopter rotor blade which characteristically has a very large span-to-chord ratio. ” 
		

		
			The system consisted of about 100 inductors and 50 resistors and capacitors rep-resenting seven discrete sections of a rotor blade. 
		

		
			13.15.5 Flutter simulations 
		

		
			A complex direct analog computer for the “study of supersonic flutter of elastic delta wings ” is described in [Basin 1954]. Here, the pressures acting on various positions on the wing are derived as power series, which can be handled quite easily. From this the resulting lift is computed, forming the base for dividing the wing into small cells which are then represented by electrical analogs consisting 
		

		
			of passive elements. 
		

		
			231 
		

		
			[Smith et al. 1959] describes a large and complex flutter simulator capable of up to six degrees of freedom, which is shown in figure 13.52. A typical simulation result obtained for a problem with four degrees of freedom is shown in figure 13.53. It shows the response amplitude “ as a function of excitation frequency at 
		

		
			three different air-speed settings. 
		

		
			232 
		

		
			Flutter simulations are complicated as this effect causes parts of an aircraft’s structure to oscillate in a variety of modes while being coupled mechanically as well as by aerodynamic effects. This system was basically a large indirect analog computer – probably the first of its kind for this type of problems. 
		

		
			An even more complex successor of this system is described in [ Hicks 1968]. Vacuum tubes as well as transistors were used to implement this system, which 
		

		
			229 See section 13.2.4. 
		

		
			230 Cf. [McLeod et al. 1958/4, p. 1222]. 
		

		
			231 Flutter effects in aircraft became a major problem early in World War II. In 1940 Kon-rad Zuse (06/22/1910–12/18/1995) was approached by Alfred Teichmann (11/24/1902– 09/21/1971) one of the leading German airframe specialists who realized that a relay based digital computer could be successfully applied to flutter problems. This led to the development of Zuse’s Z3 computer. 
		

		
			232 See [Smith et al. 1959, p. 12]. 
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			Fig. 13.52. Front view of the R.A.E. electronic simulator for flutter investigations in six degrees of freedom (see [Smith et al. 1959, p. 44]) 
		

		
		
			Fig. 13.53. Typical simulation obtained by the R.A.E. flutter simulator [ Smith et al. 1959, p. 42]) 
		

		
			was capable of simulating the behaviour of up to twelve coupled linear differential equations of second order. 
		

		
			13.15.6 Flight simulation 
		

		
			One of the most fascinating applications for analog computer are flight simulators, in which aircraft are modelled with typically five or six degrees of freedom. This allows the behaviour of various aircraft configurations to be studied, without the necessity of building complex, costly, and sometimes outright dangerous proto-
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			types risking the lives of test pilots. Analog computer based flight simulation systems are characterized as follows by [ Korn et al. 1956, p. 119]: 
		

		
			“The operation of a flight simulator on the ground is vastly cheaper as well as safer than operation of actual aircraft.” 
		

		
			Consequently, the US-Air Force acquired a GEDA analog computer in the early 1950s, which would eventually become the first in a long series of increasingly 
		

		
			complex air force flight simulation systems. 
		

		
			235 
		

		
			A very simple flight simulation in the vertical plane, taking only the move-ments of the elevator into account, is described in [ Wass 1955, p. 39]. Figure 13.54 shows the basic setup of this simulation. Here, u denotes the speed along the x-axis, Θ is the inclination, while q represents the angular rate with respect to the y -axis. Based on this, a simple simulation with the elevator angle η as its input can be derived from the following simplified set of equations: 
		

		
			m(u ˙ + w (0)q ) = −mg cos(Θ(0))Θ + uX 
		

		
			u 
		

		
			+ wX 
		

		
			x 
		

		
			m(w ˙ + u(0)q ) = −mg sin(Θ(0))Θ + uZ 
		

		
			u 
		

		
			+ wZ 
		

		
			w 
		

		
			B q ˙ = wM 
		

		
			w 
		

		
			+ qM 
		

		
			q 
		

		
			+ ηM 
		

		
			η 
		

		
			Θ(0) is the initial angle of inclination, Θ the change of inclination, u(0) and w (0) represent the initial speed components along the x- and z -axis. B is the 
		

		
			moment of inertia, Zu 
		

		
			, Zw 
		

		
			and X 
		

		
			u 
		

		
			, X 
		

		
			w 
		

		
			represent the aerodynamic forces along 
		

		
			the z - and x-axis per unit of u and w . Finally, Mw , Mq , and Mη are the moments about the y -axis per unit of w , q , and η . 
		

		
			Based on these equations, the program shown in figure 13.55 can be derived. Using η as its input value the movements of the aircraft in the vertical plane can be determined. This computer setup can now be extended to include a simple autopilot as shown in figure 13.56. The autopilot shown will hold the line of flight constant. The term for the required elevator setting to be determined by this 
		

		
			simple autopilot is 
		

		
			237 
		

		
			η = k 
		

		
		
			w ˙ − u(0)q dt dt. 
		

		
			233 The basics of such flight simulation systems are described in [ Bauer 1962/1], [Wass 1955, pp. 39 ff.], and [Korn et al. 1956, pp. 115 ff.]. 
		

		
			234 See section 13.10.8 and [Hansen 2005, p. 147]. 
		

		
			235 The development of analog flight simulation at NASA’s flight research center is described in [Waltman 2000]. Typical analog computer application examples at Autonetics (this was a division of North American Aviation that primarily developed avoinics systems and inertial navigation systems) are described in [McLeod et al. 1958/1, p. 122]. 
		

		
			236 A more detailed description of the simulation of autopilots on analog computers can be found in [Korn et al. 1956, pp. 128 ff.]. 
		

		
			237 See [Wass 1955, p. 43]. 
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			Fig. 13.54. Longitudinal motion of an aircraft (see [Wass 1955, p. 40]) 
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			Fig. 13.55. Simulation circuit for the longi-tudinal motion component of an aircraft (see [Wass 1955, p. 40]) 
		

		
			The variables w ˙ and u(0)q in this equation are readily available from the previous computer setup. 
		

		
			A much more complex simulator system is described in [Nosker 1957] – the Dynamic Systems Synthesizer. This system is especially noteworthy as it aban-doned the classic patch panel, which was replaced by a punch card configuration system shown in figure 13.57, thereby allowing rapid reconfiguration of the sys-tem. It also featured a trigonometric resolver, which generates sin(φ) and cos(φ) with φ given as the quotient of two values x and y . 
		

		
			Of course most of the analog and hybrid computer based flight simulators 
		

		
			238 
		

		
			were much more complex than these examples might suggest. One machine, TRI-DAC, is particularly interesting due to its sheer size and complexity. It was inaugurated on 10/08/1954 at the Royal Aircraft Establishment, Farnborough, and was described as follows in The Times : 
		

		
			“He was introducing Tridac [ . . . ] which is ten times larger than anything else of its kind in this country and one of the biggest computers in the world. It has been in-stalled by the Ministry of Supply at a cost of about £750 000 and within its massive form – the equipment would fill six ordinary three-bedroomed houses – there are mechanical computing elements which need 400-horse power to drive them. The total electricity con-
		

		
			238 A good introduction to the mathematical modeling of aircraft and missiles can be found in [Schweizer 1976/5], while [Schweizer 1976/4] describes the implementation of a flight simulation system on a hybrid computer. 
		

		
			239 Short for Three-Dimensional Analogue Computer . See [Wass 1955, p. 213] for additional information. 
		

		
			240 See [The Times 1954]. 
		

	
		
			328 
		

		
			13 Applications 
		

		
			♠ 
		

		
			♠ 
		

		
			♠ 
		

		
			♠ ✑ 
		

		
			♠ ✑ 
		

		
			✟ ✟ 
		

		
			❍ ❍ 
		

		
			❍ ❍ 
		

		
			♠ ✑ 
		

		
			♠ ✑ 
		

		
			♠ ◗ 
		

		
			❍ 
		

		
			❍ 
		

		
			✟ 
		

		
			✟ ✟ 
		

		
			❍ 
		

		
			♠ ✑ 
		

		
			♠ ◗ 
		

		
			❍ 
		

		
			❍ 
		

		
			✟ 
		

		
			✁ ❆ 
		

		
			❍ 
		

		
			✟ 
		

		
			❍ 
		

		
			✟ 
		

		
			✟ 
		

		
			✟ 
		

		
			❍ 
		

		
			✟ 
		

		
			♠ ✟ 
		

		
			❍ 
		

		
			❍ ❍ 
		

		
			✟ 
		

		
			u0 q 
		

		
			mg sin(Θ(0)) 
		

		
			Xw 
		

		
			Xu 
		

		
			mw 
		

		
			0 
		

		
			mg cos(Θ(0) 
		

		
			Zu ◗ 
		

		
			mu0 
		

		
			Mn 
		

		
			−η 
		

		
			−h ˙ ✟ 
		

		
			h 
		

		
			◗ −mu ˙ ◗ 
		

		
			♠ −mw ˙ Zw ◗ 
		

		
			Mw ◗ −B q ˙ ✑ 
		

		
			1 
		

		
			m 
		

		
			1 
		

		
			m 
		

		
			1 
		

		
			B 
		

		
			u 
		

		
			w 
		

		
			❍ −Θ 
		

		
			♠ u 
		

		
			0 
		

		
			−w ˙ 
		

		
			♠ ◗ 
		

		
			Fig. 13.56. Longitudinal motion simulation with simple autopilot (see [ Wass 1955, p. 43]) 
		

		
			sumption would light a small town. As an example of its capacity, in 20 seconds Tridac could achieve as much as 100 girls using calculating machines in eight hours. ” 
		

		
			Figure 13.58 shows the basic structure of TRIDAC. In contrast to general pur-pose analog computers, most of TRIDAC’s computing elements were grouped into building blocks performing basic operations required for flight simulation. These building blocks could then be configured and coupled together arbitrarily. 
		

		
			The central element was the aerodynamical unit surrounded by blocks of inte-grators, which integrated rotational and translational movements of the simulated flight vehicle. There were also resolver blocks, which derived the necessary signals for an aircraft position computer. Units to simulate autopilots, the dynamic be-haviour of control surface motors, etc., were also available. All in all, TRIDAC 
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			Fig. 13.57. Punch card programming system of the Dynamic Systems Synthesizer (see [Nosker 1957, 156]) 
		

		
			contained about 650 chopper-stabilised operational amplifiers and a plethora of 
		

		
			hydraulic function generators and resolvers. 
		

		
			241 
		

		
			LACE, the Luton Analogue Computing Engine, is described in detail in [Gomperts et al. 1957] and [Jones et al. 1957]. It was a general purpose analog computer, which found many applications in the field of flight simulation and was built by the Guided Weapons Division of the English Electric Company, Luton. 
		

		
			In cases where an analog or hybrid simulation required hardware-in-the-loop, flight tables were employed. The earliest such flight table was developed in Peen-emünde (Germany) during the development of the A4 rocket. The idea was to mount the gyro system of a rocket or aircraft system under investigation on a platform that could be tilted under control of an analog computer to simulate the movements of the rocket and thus evaluate the performance of the gyro and other guidance system components. While this first flight table, being used until the mid 1950s at the Redstone Arsenal during the development of the Redstone 
		

		
			241 Just the hydraulic subsystem for TRIDAC required 400 hp (about 300 kW) while the overall TRIDAC system was rated at 650 kW. 
		

		
			242 See [Lange 2006, pp. 249 ff.], [Tomayko 1985, p. 233], and [Hoelzer 1992, p. 18]. 
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			Fig. 13.58. Structure of the TRIDAC simulator (see [ Wass 1955, Fig. 141]) 
		

		
			missile, only offered one degree of freedom, later systems could be moved in three 
		

		
			axes. 
		

		
			243 
		

		
			Not all problems required such large analog computers for their solution. Fig-ure 13.59 shows an inertia coupling simulation performed at the NACA High-Speed Flight Station in 1955 during the development of the Bell X-2 plane. Richard E. Day, one of the pioneers of analog flight simulation at NACA and later NASA, can be seen on the control stick, with two GEDA analog computers in the background. The high speed of analog computers made it possible to implement man-in-the-loop simulations where the dynamic response of a simulated aircraft could be experienced directly. 
		

		
			TASS, a large hybrid computer based simulation system, is shown in figure 13.60. This system consisted of several EAI 231R analog computers, a DOS-350 digital subsystem, and several digital computers such as an EAI 8400 and a 
		

		
			DDP-24, etc. 
		

		
			247 
		

		
			243 A plethora of information about flight tables can be found in [ Bauer 1962/2]. 
		

		
			244 His obituary, which is very worth reading, can be found at https://www.nasa.gov/ centers/dryden/news/X-Press/stories/2004/073004/new_day.html, retrieved 02/23/2022. 245 Short for Tactical Avionics System Simulator . 
		

		
			246 An EAI 231R coupled with a DOS-350 forms a HYDAC 2000 computer system, see section 6.3. 
		

		
			247 A detailed description of the system can be found in [ Kenneally et al. 1966]. 
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			Fig. 13.59. Inertia coupling simulation (Richard E. Day at the control stick, see [Waltman 2000, p. 6]) 
		

		
		
			Fig. 13.60. The Tactical Avionics System Simulator (photo from Bruce Baker, reprinted with permission) 
		

		
			Another impressive analog computer system, a Beckman EASE 2133, was operated at the MBB Aircraft Division and is shown in figure 13.61. This system featured 520 operational amplifiers, 72 multipliers, 64 function generators, ten sine-/cosine-function generators, 24 limiters, 240 servo coefficient potentiometers, 112 manual coefficient potentiometers, and a variety of digital control elements. 
		

		
			The simulation of a complex aircraft such as the VJ 101C-X2 vertical take-off plane required even larger analog computers. During the development of this particular plane, an analog computer installation containing more than 1 000 op-
		

		
			erational amplifiers was used at MBB. 
		

		
			249 
		

		
			The accuracy of early analog computer simulations was demonstrated in a striking, yet tragic, way in 1956 when test pilot Mel Apt died as the result of a stability problem of the X-2 plane that had been predicted previously by a 
		

		
			simulation: 
		

		
			251 
		

		
			“We showed him if he increased AOA to about 5 degrees, he would start losing directional stability. He’d start this, and due to adverse aileron, he’d put in stick one way 
		

		
			248 MBB, Messerschmitt-Bölkow-Blohm, was one of the largest German aerospace compa-nies. 
		

		
			249 A list of analog and hybrid computer installations in use for aeronautical research in 1971 can be found in [Pirrello et al. 1971]. 
		

		
			250 04/09/1924–09/27/1956 
		

		
			251 See [Waltman 2000, p. 138] and [Hansen 2005, p. 148]. 
		

		
			252 Short for angle of attack. 
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			Fig. 13.61. Beckman EASE 2133 analog computer installed at MBB Aircraft Division (see [MBB]) 
		

		
			and the plane would yaw the other way [ . . . ] We showed Apt this, and he did it many times.” 
		

		
			At that time test pilots did not show much trust in the results of such simulations, 
		

		
			which clearly were not “the right stuff ” as Richard E. Day remembers: 
		

		
			253 
		

		
			“Well, the simulator was a new device that has never been used previously for training or flight planning. Most pilots had, in fact, expressed a certain amount of distrust in the device.” 
		

		
			During Mel Apt’s test flight, he encountered the critical region at Mach 3 where roll-coupling set in, as predicted by the analog model, and the X-2 entered a fatal spin. This fatal accident was then analysed by the very same analog computer 
		

		
			model. 
		

		
			254 
		

		
			As a result, flight simulation played an increasingly central role in the 
		

		
			following years in aircraft development, as well as in pilot training. Eventually, Neil A. Armstrong spent about 50 to 60 hours of simulator training for each of his flights with the X-15, while every real flight only lasted about ten 
		

		
			minutes: 
		

		
			256 
		

		
			253 See [Waltman 2000, p. 138]. 
		

		
			254 See [Waltman 2000, p. 140]. 
		

		
			255 08/05/1930–08/25/2012 
		

		
			256 See [Hansen 2005, p. 148]. The analog X-15 flight simulation system is described in [Cooper 1961]. 
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			“[ . . . ] our simulators in the space program were so much more sophisticated and accurate, and our preparation was so much more intense, that we convinced ourselves that the pilots could handle whatever situation we might encounter in flight.” 
		

		
			A description of the simulation techniques used during the X-15 project can be found in [Day 1959]. [Mitchell et al. 1966] covers additional details of the sim-ulation implementations. Analog computer studies regarding the X-15’s reaction control system are described in [ Stillwell 1956], while [Stillwell et al. 1958] deals with basic aspects of such simulations. 
		

		
			A central problem in the early days of analog flight simulation was how to display information in the cockpit. Simple, yet readily available, analog instru-ments proved to be insufficient, since pilots were, and still are, used to the special 
		

		
			instruments found in real cockpits: 
		

		
			257 
		

		
			“Presenting the pilot with the necessary flight instruments was a problem of major concern. Originally galvanometer-type meter movements were used. This type of display seemed satisfactory to the analysts and engineers with no actual flight experience. How-ever, serious objections were raised when experienced test pilots were asked to evaluate the simulator’s performance. Even though the necessary information was being presented to the pilot, the unrealistic instruments distracted the pilot so much that they impeded his efforts to truly evaluate the flight condition. ” 
		

		
			Consequently, adapters were required to interface the analog and hybrid com-puters at the heart of these simulations to traditional cockpit instruments. Later systems used universal graphic display units as described in [ Schweizer 1976/6, 
		

		
			pp. 531 ff.]. 
		

		
			258 
		

		
			To create a realistic impression for the pilot, a flight simulator not only requires a cockpit, which is ideally mounted on a hexapod platform providing realistic movement, but also needs a realistic representation of the outside world. Figure 13.62 shows the overall structure of the hybrid flight simulation system installed at Martin Marietta’s Simulation & Test Laboratory (STL ). The picture generation system is based on a large terrain model, which is traversed by a video camera system capable of moving in three axes. This particular model measures 80 by 40 feet. A scale of 1200:1 was used for aircraft simulations while a scale of 225:1 was used for helicopter simulations. Figure 13.63 shows the terrain model in detail 
		

		
			257 See [McLeod et al. 1958/5, pp. 1387 f.]. 
		

		
			258 An interesting study of the impact of instrumentation on a pilot’s performance can be found in [Schweizer 1976/3, pp. 561 ff.]. 
		

		
			259 The basics of such picture generation systems are described in [Schweizer 1976/7, pp. 394 ff.]. 
		

		
			260 See [Baker 1978]. 
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			Fig. 13.62. Flight simulation with terrain model (see [Baker 1978, p. 9]) 
		

		
			with a person standing on the far right giving an impression of its size. 
		

		
			261 
		

		
			The 
		

		
			hybrid computer system used at Martin Marietta consisted of a three-CPU Sigma-5 digital computer and six EAI 231RV analog computers with 1 496 operational 
		

		
			amplifiers in all. 
		

		
			262 
		

		
			[Sherman et al. 1958] describes the simulation and analysis of the exit phase of flight of a hypersonic aircraft. A very simple analog simulation of the flight of a paper glider is described in [ Ulmann 2020/3], which is based on [Lanchester 1908] and [Simanca et al. 2002]. 
		

		
			13.15.7 Airborne simulators 
		

		
			Even more fascinating than these ground-based flight simulators are airborne sim-ulators, also known as in-flight simulations . Here, an analog or hybrid computer aboard an aircraft was used to actively change the behaviour of the plane in a 
		

		
			261 Bruce Baker remarks on this model (see [Baker 1978, p. 2]): “Topography is rolling hills modelled after West Germany.” 
		

		
			262 See [Baker 1978, pp. 5 f.]. 
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			Fig. 13.63. Terrain model (see [Baker 1978, p. 10]) 
		

		
			way that made the simulation of a wide variety of other aircraft possible. Such simulators are also known as variable-stability aircraft. 
		

		
			A basic requirement for such a simulator is an aircraft with a fly-by-wire system. The signals generated by the pilot controls in the cockpit are then fed to the analog computer, which in turn generates the necessary output signals to control the aircraft’s actuator systems. Normally two cockpits and two pilots were used with one set of controls wired directly to the plane’s control motors, etc., while the second set of controls delivered the input signals to the analog computer. 
		

		
			One of the earliest such systems is the General Purpose Airborne Simulator (GPAS ), which was based on a Lockheed JetStar aircraft. Development of this system began in 1960 and many studies were performed with this particular 
		

		
			airborne simulator. 
		

		
			265 
		

		
			Airborne simulators were not without risks as one of the GPAS programmers, 
		

		
			Bob Kempel, remembers: 
		

		
			266 
		

		
			263 Cf. [Schweizer 1976/7, pp. 396 f.]. 
		

		
			264 See [Waltman 2000, pp. 59 ff.] and [Berry et al. 1966] for a detailed description of the overall system. More information about this type of simulator can be found in [Armstrong et al. 1962], [McFadden et al. 1958], and [Kidd et al. 1961]. 
		

		
			265 [Szalai 1971] describes such a study in which the JetStar was validated for the simulation of the handling qualities of large transport aircraft. 
		

		
			266 See [Waltman 2000, p. 64]. 
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			“I remember the incident when we were airborne and we [ Larry Caw and Bob Kempel] were looking at different feedback schemes. [ . . . ] Well, as you know, signs were sometimes confusing. Fitzhugh Fulton was the pilot. The sign on beta was wrong, and we ended up with a dynamically unstable airplane because of it. We turned on the system for Fitz to evaluate, and the airplane immediately began an oscillatory divergence! Larry and I were in the back hollering to Fitz to turn it off, but Fitz was intrigued with the thing so he wanted to watch it as it diverged or maybe just teach us a lesson. He finally punched the thing off and Larry and I sighed in relief. Larry changed the beta-input sign, and we proceeded with the test. [ . . . ] The JetStar was a fun airplane to fly in, but I always had a feeling of impending doom or something else going wrong. ” 
		

		
			The vibrations were so violent, that an observer in a chase plane worried about an impending crash: “Stan told me [ . . . ] he just looked out of the window to see 
		

		
			where they would crash as he believed the wings would be torn off.” 
		

		
			268 
		

		
			13.15.8 Guidance and control 
		

		
			Analog computers and computing elements were frequently used as integral ele-ments of guidance and control systems aboard aircraft and missiles, with the A4 rocket being the first rocket to be controlled by a fully electronic analog onboard computer. 
		

		
			An example of a mechanical analog subsystem is shown in figure 13.64. It is a mechanical resolver module used in the PHI-4 dead reckoning computer of the Starfighter. The resolver assembly basically contains a rotating ball, which splits a flight velocity signal into x- and y -components, both which are then fed to further subsystems of the onboard computer. 
		

		
			One of the most influential analog computer based missile guidance systems was developed for Nike missiles. Due to space constraints, a command guidance system was developed. At its heart was a large ground based analog computer fed with target data from various radar sources. The system then generated steering 
		

		
			commands for the missile. 
		

		
			269 
		

		
			This approach not only made the missiles lighter 
		

		
			and cheaper but also allowed for improvements of the guidance system without requiring modifications to already deployed missiles. 
		

		
			The analog computer computed a course, which was significantly better than a 
		

		
			plain pursuit curve, thus rendering evasive manoeuvres of the target ineffective. 
		

		
			270 
		

		
			267 06/06/1925–02/04/2015 
		

		
			268 See [Waltman 2000, p. 64]. 
		

		
			269 Cf. [Department of the Army 1956]. 
		

		
			270 See [N. N. 1956, p. 4]. 
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			Fig. 13.64. Resolver module of the PHI-4 navigation system that was used in the Starfighter 
		

		
			Such a control system requires some kind of memory to store past movements of the target and the missile. Remarkably, the Nike analog computer used differ-
		

		
			entiators with large time-scale factors to implement these memory functions. 
		

		
			271 
		

		
			In contrast, the Polaris missile, whose development started in 1956, employed an onboard guidance system based on a DDA. These missiles were launched from ballistic missile submarines, thus a self-contained onboard guidance system was required as no command guidance system could be implemented for a sub-merged submarine. The required high accuracy of the missile system further forced the development of a digital guidance system. Since the researchers at MIT’s In-strumentation Laboratory mostly had an analog computer background, the deci-
		

		
			sion to develop a DDA was obvious. 
		

		
			273 
		

		
			The resulting bit-serial DDA featured a word length of 17 bit corresponding to a resolution of about 10 and twelve words of memory implemented as shift registers. The first incarnation of this DDA had a volume of 11,000 cm , contained 
		

		
			271 See [N. N. 1956, p. 3]: “[T]he computer needs a memory. [ . . . ] It must receive and re-member position data for 4 seconds until it knows exactly the direction and speed of the motion involved. The memory of the computer lies in its differentiating circuits. ” 
		

		
			272 See section 10. 
		

		
			273 See [Hall 1996, pp. 38 ff.]. 
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			about 500 NOR-gates implemented with germanium transistors, and required about 80 W of electrical power. A later implementation based on silicon transistors and an improved module packaging technology only required a quarter of this volume and only about half of the electrical power. 
		

		
			The trigonometric operations performed by this onboard computer for steering the Polaris missiles were based on CORDIC, an algorithm developed by Jack E. Volder. This algorithm was subsequently extensively used in early scientific pocket calculators such as the HP-35, introduced by Hewlett-Packard in 1972. It is still widely used to compute trigonometric functions and logarithms on digital computers. 
		

		
			Another High Speed Differential Analyzer (HSDDA) for use in airborne sys-tems was developed in the early 1960s by the Guidance and Control Systems Division of Litton Systems, Inc., and is described in detail in [Litton 1963]. 
		

		
			13.15.9 Miscellaneous 
		

		
			The applications described in the preceding sections are not exhaustive – there were many more – sometimes quite arcane – areas of application of analog and hybrid computers in aerospace engineering. An example of this is a study on parachute stability using analog as well as digital computers, which is described in [Ludwig 1966]. This paper focuses on the strongly non-linear oscillations induced by parachute systems. 
		

		
			13.16 Rocketry 
		

		
			The development of rockets offered an equally fertile ground for the application of large analog and hybrid computer installations as the following sections show. 
		

		
			13.16.1 Rocket motor simulation 
		

		
			Liquid-propellant rocket motors exhibit an extremely complex dynamic behaviour that is impossible to study using purely analytic methods. The particular value of (analog) computer simulations for the development of rocket motors has been described by [Szuch et al. 1965, p. 2] as follows: 
		

		
			274 A NOR-gate is an OR-gate with an inverter connected to its output. 
		

		
			275 Short for Coordinate Rotation Digital Computer. 
		

		
			276 See [Volder 1959]. 
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			“A computer simulation, when properly used, can be a powerful tool in guiding an engine development program. It provides an easy and economical means for evaluating various design approaches and forewarns the designer of possible problem areas before costly hardware is developed and subsequently scrapped. Once a qualitative design is es-tablished, the system may be ‘tuned’ for optimum performance by varying the system parameters about their design values.” 
		

		
			This study describes the simulation of the M-1 LH2 /LOX-rocket motor, 
		

		
			277 
		

		
			which 
		

		
			was intended to be used in the NOVA rocket and was eventually superseded by the highly successful family of Saturn rockets. This study is quite remarkable since apart from the analog computer, a digital computer was used to study details of the dynamic behaviour of the rocket motor that could not be treated directly on the analog computer due to its limited precision. 
		

		
			The analog part of this simulation required about 250 operational amplifiers, 50 multipliers, 20 variable, and five fixed diode function generators, demonstrating the complexity of the problem. It turned out that one of the most useful features of the analog computer was its ability to study short-lived effects during engine startup through time-scaling. 
		

		
			Another interesting source is [ Fox et al. 1969], which describes an analog com-puter study of low-frequency fluid dynamics encountered in nuclear rockets, while [Hart et al. 1967] focuses on frequency responses and transfer functions of such rockets. [Norum et al. 1962] describe the simulation of particle trajectories in fluid flow governed by Laplace’s equation with a detailed error analysis. 
		

		
			13.16.2 Rocket simulation 
		

		
			The requirements for the simulation and analysis of the dynamic behaviour of rockets are quite similar to those encountered in aircraft flight simulations, al-though normally there is no pilot in the loop in a rocket simulation. The basics of such simulations are described in [Jackson 1960, pp. 390 ff.]. The number of computing elements necessary for such simulations is as equally impressive as for aircraft flight simulators. An early rocket simulation performed on a REAC ana-log computer required 304 operational amplifiers, 369 coefficient potentiometers, 25 servo multipliers, eight resolvers, eight diode function generators, and two ran-
		

		
			dom signal generators. 
		

		
			278 
		

		
			The following quotation from [ Bilstein 2003, p. 72] 
		

		
			emphasizes these vast hardware requirements: 
		

		
			277 LH 
		

		
			2 
		

		
			denotes liquid hydrogen, LOX is liquid oxygen. 
		

		
			278 See [Jackson 1960, p. 393]. 
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			Fig. 13.65. Laboratory for three-dimensional guided missile simulation (see [ Bauer 1953, p. 195]) 
		

		
			“For modifications and installation of new equipment, MSFC spent over $ 2 000 000 after acquiring the site in the summer of 1962. The array of digital and analog computers for test, checkout, simulation and engineering studies made it one of the largest computer installations in the country. ” 
		

		
			The advantage of high speed operation of analog computers, compared with their contemporary program digital computer counterparts, has been noted by [Biggs, p. 6]: 
		

		
			“Because of the random nature of some of the missile system inputs the prediction or extrapolation work may require a large number of runs. AGWAC should compute these runs in real time or something like real time, whereas fast digital machines at present 
		

		
			available would be at least one hundred times slower. ” 
		

		
			279 
		

		
			The setup of an early laboratory for three-dimensional guided missile simulation is described by [Bauer 1953]. This development was the objective of Project Cyclone at Reeves Instrument Corporation. The simulation system was put into operation in 1952 and consisted of 13 REAC systems, each containing seven integrators, seven summers, six inverters, and 23 coefficient potentiometers. In addition to this, 14 servo units containing a mix of servo multipliers and servo function generators, and three cabinets for additional devices like uncommitted operational amplifiers, 
		

		
			279 AGWAC contained more than 400 operational amplifiers, 20 fully electronic multipliers, six servo multipliers (each having about 20 ganged potentiometers), and some resolvers as well as other special computing elements (see [Benyon 1961]). 
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			limiters, etc., were used. Most of this installation is shown in figure 13.65. It was 
		

		
			described in the original press release as follows: 
		

		
			280 
		

		
			“ The Navy revealed a guided missile ‘launching site’ right in the heart of New York city today – but the launchings are all on paper and nobody gets hurt. The hitherto top secret research program – ’Project Cyclone’ – is centered in what has become known as ‘the house of 91 street’. There is a sort of brainlike machine [which] is fed flight problems and comes up with mathematical computations. From these figures, scientists can tell what a certain type of guided missile can do in flight – even though the missile doesn ’t exist except on paper. With the paper work out of the way, exact specifications and plans are read and the missiles can be build. It’s a big money-saver, the Navy said. It would cost millions to build the missiles, try them out and then correct their shortcomings. It would take a lot of time, too. The Reeves Instrument Corp., a subsidiary of Claude Neon, Inc., created the computing center in 1946 at the direction of the Navy. Capt. J. R. Ruhsenberger, a naval research expert, said project Cyclone has given the United States a big head start in the development of guided missiles. ‘We are not tipping out hand to our enemies by unveiling project Cyclone’, he told newsmen. ‘We are showing the American taxpayer through you what has been going on these past ‘peacetime’ years. ” 
		

		
			A comprehensive description of typical large-scale problems simulated at project Cyclone can be found in [Bauer et al. 1957]. Some of the conclusions of this report 
		

		
			were: 
		

		
			281 
		

		
			“The feasibility of solving full, three-dimensional problems has been established. Ac-curacy has not been impaired in problems requiring as many as 300 amplifiers. The time spent in maintenance, trouble-shooting and checking is not disproportionate to the size of the problem.” 
		

		
			A comprehensive treatment of mathematical vs. physical simulations can be found in [Hintze 1957]. [Elfers 1957] gives details on the simulation of spacecraft, eventually leading to the first US satellites in orbit. Putting the first success-ful US satellite, Explorer I, into orbit required the attitude control system of the Jupiter C rocket to tilt the rocket gradually into the required injection attitude. [Hosenthien et al. 1962, pp. 454 ff.] describes the attitude control system simu-lations performed for this project. 
		

		
			Part of a large-scale analog computer system for the simulation of the dynamic behaviour of the Saturn V rocket is shown in figure 13.66. This General Purpose Simulator (GPS ) was used to implement a twelve degree of freedom simulation of the first stage of a Saturn V rocket, taking effects such as dynamic winds, bending of the rocket structure, and fuel sloshing into account. 
		

		
			280 Associated Press, July 26 , 1950. 
		

		
			281 See [Bauer et al. 1957, p. 239]. 
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			Fig. 13.66. The GPS-system, used to simulate the Saturn V rocket’s dynamic behaviour ([Teuber 1964, p. 26]) 
		

		
			Using real wind data stored on analog tape drives, this analog computer could simulate the performance of a S-IC first stage up to 3 000 times faster than real-time. The system contained 50 integrators, 50 summers, 350 coefficient poten-tiometers, 20 quarter square multipliers, and 15 function generators, each contain-ing an additional 70 operational amplifiers. To make simulations with stochastic inputs possible, the system also featured random generators, high- and low-pass filters, etc. It allowed 50 complete flight simulations per second, making it possible 
		

		
			to generate a flicker-free display of the solutions on oscilloscopes. 
		

		
			282 
		

		
			The simulation of a two-stage satellite launch vehicle on an analog computer is described in [Jackson 1960, pp. 261 ff.]. The focus of this study is primarily on possible abort scenarios. The possibility of a piloted rocket flight was analysed in a study described in [Waltman 2000, pp. 34 f.]. A centrifuge was used in these simulations to exert gravitational forces of up to 14 G on the pilot while studying his performance in controlling a simulated rocket in various adverse flight regimes. 
		

		
			[Kraft et al. 2002, p. 209] remembers that these simulations of the dynamic behaviour of rockets and associated systems also resulted in frequent changes to the systems based on results of these simulations: 
		

		
			282 Cf. [Teuber 1964]. 
		

		
			283 14 times of earth’s gravitation. 
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			“When we first used the word dynamic to describe the simulators, it meant that they acted pretty much like the real thing. But in practice dynamic also applied to design because we discovered things in simulations that needed to be changed. ” 
		

		
			13.16.3 Real-time data analysis 
		

		
			Another interesting application of analog computers in the development of guided missiles is the real-time analysis of flight data transmitted in-flight by telemetry systems from a missile to a ground station. The need for such a system was recognised in the late 1940s which led to a sophisticated system consisting of two UNIVAC 1103A digital computers, a three-axis flight table, and several analog 
		

		
			computers. This system and its purpose is described in [ Steinhoff et al. 1957]: 
		

		
			284 
		

		
			“The function of the loop [consisting of the aforementioned digital and analog com-puters] is to perform the analysis of the missile behavior by comparison of the actual behavior with the simulated behavior. If one has been completely accurate in setting up his missile simulation then the performance of the actual missile and the simulated missle would be identical. This perfect match is highly unlikely, so the analysis task is that of making adjustments in the simulated missile so as to effect simulated performance match-ing with the actual performance [. . . ] ” 
		

		
			13.16.4 Spacecraft manoeuvres 
		

		
			Although the limited precision of electronic analog computers places severe con-straints on orbital simulations and similar calculations, analog simulations were nevertheless used to obtain at least rough estimates for orbital elements, etc. If the orbit radii are restricted to a small range and if the number of circuits is small (less then 10 e. g.), solutions obtained by analog computers are often sufficiently 
		

		
			exact to gain valuable insight into spacecraft manoeuvres. 
		

		
			285 
		

		
			Basic information on such simulations can be found in [ Schweizer 1976/2], while [Telefunken/7] describes the computation of the orbital elements for the early passive satellite Echo-1. A trajectory optimisation for a Mars mission is described in [Giloi 1975, pp. 161 ff.]. The much more complicated fine-positioning of a geostationary satellite is simulated on an analog computer and described in [Telefunken/6]. Figure 13.67 shows the simulation results of the final positioning phase of the satellite. 
		

		
			[Reinel 1976] describes the analog simulation of the onboard attitude control system of the European communication satellite Symphony. This simulation re-
		

		
			284 See [Steinhoff et al. 1957, p. 243]. 
		

		
			285 See [Telefunken/6, p. 1]. 
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			Fig. 13.67. Positioning of a satellite into a geostationary orbit (see [Telefunken/6]) 
		

		
			quired a flight table as well as a sun and earth simulator to generate proper input signals to the satellite’s sensor elements, which were part of the simulation setup. 
		

		
			A comparative study regarding the application of a reaction wheel for attitude control of a satellite was performed on a hybrid computer as well as on several digital computers and is described in [ Grierson et al.]. While the hybrid com-puter was able to solve the equations in real-time, a Cray-1 vector processor, the 
		

		
			fastest digital computer of its day, only achieved a tenth of this speed. 
		

		
			286 
		

		
			[Krause 1964] describes the simulation of the dynamic behaviour of a rotating space station with astronauts on board. To compensate for oscillations in roll direction induced by movements of the astronauts, control systems using flywheels 
		

		
			were suggested and extensively 
		

		
			or even “corrective motion of the astronauts ” simulated. 
		

		
			A comprehensive study of large angle attitude manoeuvres of bodies in space can be found in [Krause et al. 1963]. Attitude manoeuvres like this are common-place in rendezvous operations, preparation of re-entry of a spacecraft, soft landing on the moon, midcourse corrections, etc. This study also takes stability issues of an asymmetric spacecraft into account. 
		

		
			286 The only other digital computer capable of competing with the Cray-1 solving problems like this was an AD-10, developed by Applied Dynamics. This system was optimised for the solution of problems typically solved on analog computers. 
		

		
			287 See [Krause 1964, p. 39]. 
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			Fig. 13.68. Analog computer setup used during the development of the Mercury control stick (author’s archive) 
		

		
			13.16.5 Mercury, Gemini, and Apollo 
		

		
			Analog and hybrid computers played a central role in the Mercury, Gemini, and Apollo space flight programs of the United States. Apart from applications like those described above, sophisticated training simulators were built to gain an understanding of the special requirements and problems posed by manned space vehicles. Figure 13.68 shows such a simulation system, which was used in the early phases of the Mercury program to develop the control stick used in the Mercury capsules. A complex mission simulator for the Mercury project, based on an EAI 231R analog computer, was developed at Bell Laboratories. 
		

		
			Following Project Mercury, one of the main goals of Project Gemini was to work out procedures for docking spacecraft in orbit, a central requirement for the subsequent Apollo moon landing project. Simple rendezvous simulations on 
		

		
			288 See [222, p. 569]. 
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			analog computers were performed as early as in the late 1950s. The importance of such simulations cannot be overestimated as [ Hansen 2005, p. 248] explains: 
		

		
			“Without extensive simulator time, it is doubtful that any astronaut could ever have been truly ready to perform a space rendezvous. ‘Rendezvous simulation in Gemini was really quite good’, Armstrong notes. ‘We achieved fifty to sixty rendezvous simulations on the ground, about two-thirds of which were with some sort of emergency. ’ ” 
		

		
			The simulation of a pilot controlled rendezvous manoeuvre is described in detail in [Brissenden et al. 1961]. This study not only focused on the performance of the pilot during the manoeuvre but also helped developing suitable display instru-ments for use during the piloted approach. In addition to this, boundary conditions of trajectory errors, which could make a successful rendezvous manoeuvre impos-sible were determined. A highly complex rendezvous simulation system was put into operation at the TRW Systems Group in the 1960s. This system featured a TV camera motion unit similar to that used in the terrain generator described in section 13.15.6. [Fox et al. 1963] describe a six degree-of-freedom feasibility study of a manned orbital docking system. This study, too, has its focus on pilot performance. 
		

		
			A comparable hybrid simulation system was developed by McDonnel Aircraft Corporation and IBM, which was used for re-entry simulations during Project 
		

		
			Gemini. 
		

		
			292 
		

		
			An interesting in-flight simulator system was developed to train the pilots of the Lunar Excursion Module (LEM ). This system, affectionately known as the flying bedstead due to its peculiar appearance, was in fact a flight vehicle mimicking the dynamic behaviour of the LEM under the constraints of earth’s gravitation. This was done by an onboard special purpose analog computer. The resulting 
		

		
			system proved very valuable as a research and training device: 
		

		
			293 
		

		
			“The notation of attacking the unique stability and control problems of a machine flying in the absence of an atmosphere, through an entirely different gravity field, ‘That was a natural thing for us, because in-flight simulation was our thing at Edwards’, Arm-strong relates. ‘We did lots and lots of in-flight simulations, trying to duplicate other vehicles, or duplicate trajectories, making something fly like something else. ’ ” 
		

		
			289 See [Waltman 2000, p. 107]. 290 Thompson -Ramo -Wooldridge 291 See [Bekey et al. 1968, p. 392]. 292 See [Bekey et al. 1968, p. 394]. 293 See [Hansen 2005, p. 314]. 
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			13.17 Military applications 
		

		
			Although analog and hybrid computer based flight and rocket simulations were used extensively in a military context, too, there were also problems unique to military applications that were tackled using analog simulation techniques. An interesting example can be found in [EAI Primer 1966, pp. 13 ff.], which describes the simulation of a setback leaf system used as a safety mechanism in a projectile fuse. This mechanism arms the fuse only after a sufficient acceleration profile has been experienced by the projectile. 
		

		
			Studies of projectile trajectories are described in [ Korn et al. 1956, pp. 110 ff.] and [Johnson 1963, pp. 175 ff.]. Of prime importance is the accurate representa-tion of aerodynamic properties and forces acting on the projectile, often involving functions of more than one variable, which required a large number of computing elements. 
		

		
			The implementation of a simplified naval gunnery problem on an analog com-puter is covered by [Wass 1955, pp. 57 ff.], while [ Demoyer 1980] describes a highly complex interactive anti-aircraft gun fire control simulation developed in the late 1970s. 
		

		
			The Cold War gave rise to the development of one of the earliest military computer games: HUTSPIEL. Developed in 1955, it is a 
		

		
			“theater-level war game [. . . ] directed to the study of the effects on a defense of stabilized positions in Western Europe of various employments of tactical atomic weapons 
		

		
			and conventional air support ,” 
		

		
			294 
		

		
			implemented on several GEDA systems. Two combatants, blue representing NATO troops and red representing Soviet forces, face each other in HUTSPIEL. One minute of computer time corresponds to one day of battle action with a pause after each simulated day to give the opponents the chance to plan their next moves. The current states of blue and read troops is represented by about 40 individual variables each. 
		

		
			This remarkable system is described in detail in [ Clark et al. 1958]. Figure 
		

		
			13.69 shows the overall setup during an actual run of the game. 
		

		
			296 
		

		
			294 See [Clark et al. 1958, p. 1]. 
		

		
			295 More background information can be found in https://if50.substack.com/p/hutspiel-and-dr-dorothy-k-clark, retrieved 08/28/2022. More information on Dr. Dorothy Knee-land Clark can be found in [N. N. 2020]. 
		

		
			296 See [Clark et al. 1958, p. 16]. 
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			Fig. 13.69. The HUTSPIEL system 
		

		
			13.18 Education 
		

		
			One of the main advantages of analog computers in education is their intuitive way of operation. Being mathematical machines at their heart, they avoid the additional abstraction layer of the algorithmic approach imposed by digital com-puters. This was first noted by Warren Weaver after the dismantling of the 
		

		
			Rockefeller differential analyser: 
		

		
			297 
		

		
			“[I]t seems rather a pity not to have around such a place as MIT a really impressive Analogue computer; for there is vividness and directness of meaning of the electrical and mechanical processes involved [. . . ] which can hardly fail, I would think, to have a very considerable educational value. A Digital Electronic computer is bound to be a somewhat abstract affair, in which the actual computational processes are fairly deeply submerged. ” 
		

		
			297 See [Owens 1986, p. 66]. 
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			A further advantage of analog computers is their unmatched degree of interactivity which allows students to gain insight into the behaviour of complex dynamic 
		

		
			systems in a very hands-on way. 
		

		
			298 
		

		
			More general information about the application of analog computers in ed-ucation can be found in [Martin 1969] and [Martin 1972]. Educational exam-ples in mathematics are described in [Dornier/8], [Dornier/9], [ Rasfeld 1983], [Blum 1982], and [Dornier/10]. The simulation of mechanical systems is covered in [Park et al. 1972] and [Spiess 2005]. Educational applications in process con-trol are the focus of [Nise] and [ Medkeff et al. 1955], while [Tabbutt 1967] and [Hamori 1972] describe some examples from chemistry. [ Müller 1986] contains a collection of physical problems and their solution by means of an analog computer. 
		

		
			[Tabbutt 1969] describes the plan for a time-shared analog computer to be used in science education. This system would have a number of graphical display terminals connected to it, each of which would serve an individual student who could experiment with parameter settings for a given science problem. This would make use of the high speed of an analog computer – the proposed system would be able to support up to 20 student terminals to be used at once without notice-able delay in the system’s response. [ Martin 1970] describes the development of analog/hybrid terminals for use in a teaching environment. 
		

		
			A modern educational analog computer, THE ANALOG THING, 
		

		
			299 
		

		
			was in-
		

		
			troduced to the market in 2022 by anabrid GmbH, a German research company and manufacturer of analog computers. It comes with a booklet containing several 
		

		
			introductory examples. 
		

		
			300 
		

		
			13.19 Arts, entertainment, and music 
		

		
			Analog computers also found extensive applications in arts, entertainment, and music as shown in the following sections. 
		

		
			13.19.1 Arts 
		

		
			In the 1940s, Ben Laposky developed the first analog computer solely in-tended for artistic purposes. In the late 1950s, the computer graphics pioneer 
		

		
			298 An early analog computer aimed at engineering education is the Comdyna GP-6, devel-oped in the late 1960s by Ray Spiess, see [Spiess 1992] and [Spiess 2005]. 
		

		
			299 See section 6.6. 
		

		
			300 See [Fischer 2022]. 
		

		
			301 09/30/1914–2000 
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			John Whitney built an electromechanical analog computer from parts of an M-5 antiaircraft director that had been used during World War II and was sold for 
		

		
			scrap afterwards. 
		

		
			302 
		

		
			Heinrich Heidersberger 
		

		
			303 
		

		
			was charged with the creation of a large wall 
		

		
			painting for the School of Engineering in Wolfenbüttel (Germany). His first ideas for this work were based on Lissajous figures. These figures are described by 
		

		
			x = a sin(αt + φ) and 
		

		
			y = b cos(βt). 
		

		
			Based on this idea, Heidersberger built a mechanical analog computer, the Rhythmograph, which could generate much more complex figures than plain Lis-sajous figures. Figure 13.70 shows him working on the Rhythmograph. A typical picture generated by this setup can be seen in figure 13.71. The device exposed photographic paper to a fine spot of light that was deflected by its swinging booms and mirrors. The Rhythmograph was itself a piece of art. After setting its parameters, which influenced the periods of the various mechanical oscillators, the Rhythmograph was set into motion by electromagnets and then started to “paint” 
		

		
			a picture by light. 
		

		
			306 
		

		
			An electronic analog computer, built by Franz Raimann, was used in the early 1960s by the scientist, author, and artist Herbert W. Franke to gen-erate pictures such as the one shown in figure 13.72 on an oscilloscope screen. In contrast to Heidersberger’s Rhythmograph, this analog computer offered the high degree of interactivity that is characteristic of electronic analog computers, giving the artist more freedom to experiment with the mathematical parameters of an artwork. Figure 13.73 shows Herbert W. Franke working with this analog 
		

		
			computer. 
		

		
			308 
		

		
			In 1979, Benjamin Heidersberger started the development of an elec-tronic analog computer resembling the Rhythmograph. This machine contains three oscillators, which can be controlled separately with respect to frequency, phase, and damping. Additional modules implement the necessary control cir-
		

		
			302 See [Somers 1980] and http://en.wikipedia.org/wiki/John_Whitney_(animator), re-trieved 03/03/2013. 
		

		
			303 06/10/1906–07/14/2006 
		

		
			304 See [Heidersberger, p. 7] and [ Hoffmann 2006, p. 35]. 
		

		
			305 These are named after Jules Antoine Lissajous (03/04/1822–06/24/1880). 
		

		
			306 More information about this can be found in [Hoffmann 2006]. 
		

		
			307 05/14/1927–07/16/2022 
		

		
			308 See [Hobby 1969, p. 43] and [Deken 1984] for more examples and background informa-tion. 
		

		
			309 Son of Heinrich Heidersberger. 
		

	
		
			13.19 Arts, entertainment, and music 
		

		
			351 
		

		
		
			Fig. 13.70. Heinrich Heidersberger work-ing on the Rhythmograph (Archiv Nr. 9179/1, self-portrait, Wolfsburg 1962, reprinted with permission from Benjamin Heidersberger) 
		

		
		
			Fig. 13.71. Rhythmogramm #229, Arabeske, 1950s/60s (reprinted with permission from Benjamin Heidersberger) 
		

		
		
			Fig. 13.72. “Dance of the elec-trons” – an artwork of Her-bert W. Franke, 1961/1962 (reprinted with permission of the artist) 
		

		
		
			Fig. 13.73. Herbert W. Franke with his special purpose analog computer (reprinted with permission of the artist) 
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			Fig. 13.74. Benjamin Heidersberger’s ana-log computer (reprinted with permission) 
		

		
		
			Fig. 13.75. Graphic, generated with Benjamin Heidersberger’s analog computer (reprinted with permission) 
		

		
			cuitry for repetitive operation, function generators, multipliers, etc. The machine is shown in figure 13.74 while figure 13.75 shows an example of a typical artwork generated with it. 
		

		
			13.19.2 Entertainment 
		

		
			Probably the first special purpose analog computer exclusively built for entertain-ment purposes was the Cathode-Ray Tube Amusement Device patented in 1948 and described as follows in [Goldsmith et al. 1948]: 
		

		
			“This invention relates to a device with which a game can be played. The game is of such a character that it requires care and skill in playing it or operating the device with which the game is played. Skill can be increased with practice and the exercise of care contributes to success. ” 
		

		
			The goal of this game is to hit targets displayed on an oscilloscope screen by firing a beam, which can be controlled in its length and angle by the player. To generate a flicker-free picture, the analog computer operates in a high-speed repetitive mode. Clearly, this device was motivated by analog training devices for gunners developed during World War II. The patent specifications suggest the use of small, adhesive aircraft-shaped stickers on the oscilloscope tube to denote the targets. 
		

		
			Ten years later, William Higinbotham independently developed a two-player game aptly called Tennis for Two, which was demonstrated during an 
		

		
			310 10/25/1920–11/10/1994 
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			Fig. 13.76. Cartoon still showing a rabbit driving a car ([ Miura et al. 1967/2, p. 143]) 
		

		
			open house presentation of the Brookhaven National Laboratories ; previous events had shown that the public was not too interested in purely static displays as 
		

		
			Higinbotham remembers: 
		

		
			311 
		

		
			“I knew from past visitors days that people were not much interested in static exhibits, so for that year I came up with an idea for a hands-on display - a video tennis game. [ . . . ] It was wildly successful, and Higinbotham could tell from the crowd reaction that he had designed something very special. ‘But if I had realized just how significant it was, I would have taken out a patent and the U.S. government would own it!’ he said. ” 
		

		
			An analog electronic replica of Higinbotham’s game, which was originally imple-mented on a small Systron Donner tabletop analog computer, has been developed by the Museum of Electronic Games & Art . 
		

		
			A much more complex game based on an electronic analog computer is the “Golf Game Computing System” described by [Russel et al. 1971]. This golf sim-ulator is characterized by the unusual high simulation fidelity. Even effects like the change from laminar to turbulent air flow around the ball, spin, and many more were taken into account for the trajectory computation. 
		

		
			[Russell 1978] describes a simple homebrew analog computer implementing a moon landing simulation. A very complicated billiard simulation is described in [Lotz 1970/1]. 
		

		
			A fascinating application of analog computer was the animation of cartoons described in [Miura et al. 1967/2]. Figure 13.76 shows a rabbit driving a car, animated on a Hitachi ALS-2000 analog computer running in repetitive mode with a repetition rate of 3 kHz. 
		

		
			311 See [N. N. 2006]. 
		

		
			312 See http://www.m-e-g-a.org/de/research-education/research/t42-tennis-for-two/, 
		

		
			retrieved 03/03/2013. 
		

		
			313 A similar example can be found in [Fischer 2022, p.12]. 
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			13.19.3 Music 
		

		
			Although analog synthesizers can be justifiably regarded as being special purpose analog computers, not much use has been made of general purpose analog comput-ers in this area. One notable exception of this is the work of the Dutch composer Hans Kulk, who has used Hitachi-240 analog computers to create music since the late 1980s. The high degree of interactivity offered by analog computers is exploited extensively in his work by using special input devices such as a three-dimensional manual controller, which enables the composer to become part of the composition and sound generation process by changing various parameters of the analog computer setup with simple hand movements. The advantages and the pos-sibilities of using analog computers in musical applications has been summarized 
		

		
			by Kulk as follows: 
		

		
			315 
		

		
			“One main conclusion is that the use of an analog [. . . ] computer in analog sound synthesis is very effective, [yet] has been highly ignored by the electronic music community for long, but is slowly gaining interest as the concepts of analog technique become valuable tools in current developments. The 1970s dual Hitachi 240 set-up in this sound synthesis lab will continue to be an inspiring and open system with still many hours of fun to 
		

		
			come.” 
		

		
			316 
		

		
			13.20 Analog computer centers 
		

		
			A typical phenomenon in the heyday of electronic analog and hybrid computers were computer centers set up by the major manufacturers of these systems such as Electronic Associates Inc., Beckman, etc. These computer centers served a dual purpose: First, potential customers were able to get hands-on experience with the latest machines and could solve practical problems in order to decide whether a particular analog computer met their needs. Second, these computer centers offered analog computer time on a rental basis for customers who either had no analog computer installation at all or required additional computing power for the solution of certain problems. 
		

		
			The first analog computer center in Europe was set up in 1957 in Brussels by EAI. Figure 13.77 shows part of the EAI Pace 96 analog computer which 
		

		
			314 This early work was stimulated by [Appleton et al. 1975]. 
		

		
			315 A more recent discussion on the application of analog computers in music, involving Hainbach, Hans Kulk, and Bernd Ulmann, has been recorded on 08/30/2020 and can be viewed at https://www.youtube.com/watch?v=bgyzeyatS-0 (retrieved 08/07/2022). 
		

		
			316 Personal communication to the author. 
		

		
			317 This was, in fact, the world’s third analog computer center – two earlier computer centers were setup in Princeton (New Jersey) and Los Angeles (California). 
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			Fig. 13.77. EAI Pace 96 analog computer, installed in Europe’s first analog computer center in Brussels (see [N. N. 1957/3]) 
		

		
			was installed in Brussels and contained 96 operational amplifiers, 120 coefficient potentiometers, 20 servo multipliers, four quarter square multipliers, five function generators, two digital voltmeters, a two-channel xy -plotter, two single channel 
		

		
			xy -plotters, two six-channel recorders, and two electronic noise sources. 
		

		
			318 
		

		
			EAI’s 
		

		
			computer center in Brussels was always equipped with their latest systems. In 1964 a HYDAC 2000, shown in figure 6.8, was installed. 
		

		
			One year later, Beckman opened their first analog computer center in Los Angeles, which mainly offered computer time for paying customers. Figure 13.78 shows the EASE 1132, the first computer installed there. One year before its inauguration, this computer center was announced in [N. N. 1957/6]: 
		

		
			“It will be available to business, industry and educational institutions for solution of complex problems relating to aircraft, jet engines, guided missiles and industrial pro-cesses.” 
		

		
			Figure 13.79 shows one of the large US domestic analog computer centers, equipped with several fully equipped EAI 231RV analog computers and many additional components. 
		

		
			318 This model was a precursor of the highly successful model EAI 231R. 
		

		
			319 See section 6.3. 
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			Fig. 13.78. EASE 1132 analog computer, installed in the Beckman/Berkeley Computation Center, which opened on February 28, 1958 in Los Angeles (see [N. N. 1957/1]) 
		

		
		
			Fig. 13.79. EAI computation center (see [EAI 1964, p. iv]) 
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			In the 1970s, analog and hybrid computers were largely displaced by the upcoming mini- and microcomputers. Although these initially couldn’t compete with analog computers in terms of computational power, they quickly became cheaper to buy, operate, and maintain. In addition to this, stored-program digital computers could be run in a time-sharing mode, which gave multiple users concurrent access to a single machine. Changing from executing one program to another can be done in a matter of milliseconds on a digital computer, while it can take a substantial amount of time on a classic analog computer, with its central patch panel and 
		

		
			many, often manually set, coefficient potentiometers and function generators. 
		

		
			1 
		

		
			Another advantage of digital computers is their ability to trade solution time against problem complexity. As long as memory size is not a limiting factor, prob-lems of varying complexity can be solved with time typically increasing with prob-lem complexity. An analog computer on the other hand has to grow with the com-plexity of the problem to be solved. If there are not enough computing elements 
		

		
			for a given problem, the problem cannot be solved on a purely analog computer. 
		

		
			2 
		

		
			Eventually, analog computers were relegated to museum pieces and the very 
		

		
			idea of analog computing vanished from curricula in schools and universities. 
		

		
			3 
		

		
			The idea of setting up an (electronic) model to solve a problem by a measurement process applied to an electronic circuit became obsolete, despite its advantages in terms of computational speed and energy efficiency over today’s dominant algo-rithmic approach. 
		

		
			Digital computers have become many orders of magnitude faster and smaller since the 1970s, but this progress with respect to computational power, integration density, and energy efficiency is slowing down considerably as physical limits are being reached. Integration densities are eventually limited by the size of atoms, maximum clock frequencies are limited by energy consumption, which grows super-linearly with clock frequency, and the speedup obtained with massively parallel digital computers is described by Amdahl’s law as an asymptotic process. Addi-tionally, the overall energy consumption of today’s information and communica-tion sector (ICT ) continues to soar, with computationally-intensive applications, 
		

		
			1 The tedious reconfiguration process on classic analog computers was a major contributor to their eventual demise, see [Tisdale 1981, p. 1]. 
		

		
			2 If there are enough elements, the solution time on an analog computer is basically indepen-dent from problem size! 
		

		
			3 This change in technology and computational paradigm is a near-perfect example for a paradigm shift as described by Thomas Samuel Kuhn (07/18/1922–06/17/1996) in his sem-inal work [Kuhn 1996]. 
		

		
			4 Gene Myron Amdahl, 11/16/1922–11/10/2015 
		

		
			https://doi.org/10.1515/9783110787740-014 
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			such as artificial intelligence, being the main contributors. Modern digital pro-cessors also require a multi-level cache structure to alleviate the exceedingly long access times to main memory. This, together with the requirement for ever in-creasingly complex control circuitry, results in only a comparatively small portion of the overall transistor functions on a digital processor being involved in actual computations. 
		

		
			Consequently, analog computing will experience a renaissance and will return to stay, as it perfectly complements digital computers in the form of analog co-processing, effectively creating modern hybrid computers. The main advantages offered by developing and employing modern, highly integrated analog computers are 
		

		
			– their unmatched degree of parallelism and thus high computational power, 
		

		
			6 
		

		
			– their high energy efficiency, 
		

		
			7 
		

		
			– no algorithmic (mainly sequential) control whatsoever, 
		

		
			8 
		

		
			– no main memory, eliminating slow instruction and data fetches. 
		

		
			Today’s digital (namely algorithmic) monoculture must be extended by different computational paradigms to deliver the new levels of computational power re-quired to solve current important problems in all areas of science and technology. Analog computing will be one of these paradigms. 
		

		
			In 1975 Wolfgang Giloi predicted that “certainly [ . . . ] the analog method of hardware parallel processing ” will be preserved. Lee Albert Rubel was even more optimistic, as the following quote from a personal note to Jonathan W. Mills of the Indiana University shows: 
		

		
			5 See [Lange et al. 2020]. 
		

		
			6 In some cases, even direct analogies may be used to great advantage. Some simple yet impressive examples of such problems can be found in [Dewdney 1988/1], [Dewdney 1988/2], and [Hoffman 1979]. 
		

		
			7 See [Guo et al. 2016]. Cf. [Köppel et al. 2021] for this and the preceding topic. 
		

		
			8 There are additional advantages such as the fact that analog computers do not suffer from many of the effects caused by a binary floating point number representation and numerical integration schemes (see [Tisdale 1981, p. 2]). Additionally, programming an analog computer is a much more natural process than developing a numerical algorithm for the solution of a problem. [Tisdale 1981, p. 3] notes aptly: “Digital languages [. . . ] obstruct the user’s contact with the physical analogy. In other words, the digital programmer becomes preoccupied with the programming task and unfortunately loses sight of the analogy he hopes to create. Hybrid techniques go hand-in-hand with Laplace and Fourier expressions. The analogy is not only established, but the engineer’s knowledge and skill grows quickly, giving rise to innovations and breakthroughs. ” 
		

		
			9 12/01/1928–03/25/1995 
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			“The future of analog computing is unlimited. As a visionary, I see it eventually displacing digital computing, especially, in the beginning, in partial differential equations and as a model in neurobiology. It will take some decades for this to be done. In the meantime, it is a very rich and challenging field of investigation, although (or maybe because) it is not in the current fashion. ” 
		

		
			[Guzdial et al. 2013] are also quite enthusiastic (p. 12): 
		

		
			“For exascale computing, reliability, resilience, numercial stability and confidence can be problematic when input uncertainties can propagate, and single and multiple bit upsets can disturb numerical representations. [. . . ] Could analog computing play a role? Please note that I am not advocating a return to slide rules or pneumatic computing systems. Rather, I am suggesting we step back and remember that the evolution of tech-nologies brings new opportunities to revisit old assumptions. Hybrid computing may be one possible way to address the challenges we face on the intersecting frontiers of device physics, computer architecture, and software. ” 
		

		
			It should be noted that parallel DDAs based on FPGAs (Field Programmable Gate Array s) will probably also find widespread application in the future as they, too, exhibit the perfect parallelism of analog computers, thereby outperforming classic 
		

		
			digital computers. 
		

		
			10 
		

		
			Hybrid value representation is another interesting development for modern analog computers, which could solve the problem of problem scaling, thereby 
		

		
			simplifying programming considerably. 
		

		
			11 
		

		
			14.1 Challenges 
		

		
			There are some challenges which must be overcome for analog computing to be-
		

		
			come a ubiquitous computational paradigm for the 21 
		

		
			st 
		

		
			century. The first to men-
		

		
			tion is the need for automatic reconfigurability. The classic patch panel is a thing of the past and must be replaced by electronic switches under the control of an attached digital computer. 
		

		
			10 See [Menzel et al. 2021]. [Nalley 1969] suggested a small DDA as a co-processor to speed up Z -transformations in 1969. [Hyatt et al. 1968] described an electrically alterable DDA , and [Elshoff et al. 1970] developed a DDA working on binary floating point arithmetic. [McGhee et al. 1970] describes a DDA working on very long integers, an attempt to minimize the computational problems caused by floating point numbers. Practical implementations of DDAs on FPGAs are described in [Land]. 
		

		
			11 See [O’Grady 1966], [Skramstad 1959], and [Wait 1963]. 
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			This idea is by no means new as the Rockefeller differential analyser shows. 
		

		
			12 
		

		
			Another early attempt to replace the cumbersome patch panel was the punch card 
		

		
			programming technique used in the Dynamic System Synthesizer. 
		

		
			13 
		

		
			In the late 1960s, NASA initiated a joint project with EAI to develop a re-configurable analog computer because the time required for reconfiguration of the large analog/hybrid simulators used in aerospace engineering became increasingly prohibitive for many applications. The naïve approach of using a rectangular 
		

		
			matrix consisting of n × m (n, m ∈ N ) switches 
		

		
			15 
		

		
			is of course not feasible due to 
		

		
			the sheer number of switches required even for a medium-scale analog computer. Consequently, a more sophisticated configuration topology will be required for this scheme to be feasible. 
		

		
			[Hannauer 1968] suggested a system consisting of three layers of switching matrices (called blocks in this work): A layer of input blocks, followed by middle blocks, which in turn feed a layer of output blocks. Using such an arrangement, the number of required switched can be reduced significantly albeit at the cost of 
		

		
			increased setup complexity. 
		

		
			16 
		

		
			Based on this idea, a switching matrix extension for an EAI 680 analog com-puter was developed to demonstrate the feasibility of this proposed topology. This eventually led to the development of the EAI SIMSTAR system, which was an-
		

		
			nounced in 1983 
		

		
			18 
		

		
			and is described in detail in [Landauer 1983] and [Emblay ]. 
		

		
			Another interesting automatically reconfigurable (“ electronically patched ”) analog computer was the US Army Material Command Advanced Hybrid Com-puter System (AHCS ), which could be accessed through distributed terminals connected to two digital computers, which were in turn tightly coupled with a central analog computer. The switching matrices required more than 10 switches 
		

		
			and were connected to an Applied Dynamics AD/FOUR analog computer. 
		

		
			19 
		

		
			Modern reconfigurable analog computers will certainly employ multi-stage switching matrices, as full n × m switching matrices are still prohibitively complex, even for integrated circuits. 
		

		
			Another challenge is the creation of a suitable, flexible, and versatile soft-ware ecosystem for modern hybrid computers. Programming analog computers is so fundamentally different from today’s prevailing algorithmic approach that a 
		

		
			12 See section 2.8. 
		

		
			13 See section 13.15.6. 
		

		
			14 See [Hannauer 1968]. 
		

		
			15 n and m denote the number of inputs and outputs of computing elements of the underlying analog computer. 
		

		
			16 This setup resembles a Clos network, see [Clos 1953] and [Benes 1965]. 
		

		
			17 See [EAI 1986, pp. 9 ff.]. 
		

		
			18 See [EAI 1986, p. 51 ff]. 
		

		
			19 See [Howe et al. 1970], [Howe et al. 1975], and [Gracon et al. 1970]. 
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			software layer will be required to abstract from the actual model-based program-ming approach. Ideally, a compiler will accept the problem equations specified in some domain specific language (DSL) and automatically generate the required configuration bit stream for the switching matrices of the analog co-processor. 
		

		
			Real hybrid computer operation will require additional software support to fa-cilitate the tight coupling between the digital and analog computer. An interesting problem here are the long interrupt latencies exhibited of modern operating sys-tems, which can easily reach > 10µs, sometimes exceeding typical solution times on the analog computer. The problem equations could either be automatically scaled by the compiler mentioned above or in an iterative way on a hybrid com-puter. The analog co-processor could issue an interrupt when it detects an overload condition, which would then cause the digital computer to (partially) rescale the problem and so forth. 
		

		
			14.2 Applications 
		

		
			Applications for modern reconfigurable analog computers implemented as inte-grated circuits are abundant. As a co-processor, such a system could either directly speed up computations, which would otherwise require excessive amounts of CPU time, or it could generate approximate solutions, which could then be increased 
		

		
			in precision by numerical algorithms executed on the digital computer. 
		

		
			21 
		

		
			Modern highly integrated analog computers will also considerably reduce the energy consumed in solving certain problems. An example for this can be found in [Cowan et al. 2009, pp. 13 f.] where different approaches to solving a particular stochastic differential equation are compared with respect to the amount of energy consumed. The traditional algorithmic approach required about 1.2–40 J of energy when run on a typical microprocessor. The same computation running on a DSP (Digital Signal Processor ) required only 0.04–0.4 J. Using a VLSI analog processor developed by Cowan, the same task could be performed with only 0.008 J – quite 
		

		
			a substantial saving. 
		

		
			22 
		

		
			Ther high energy efficiency will make analog co-processors suitable for med-ical applications where energy is at a premium. The idea of medical implants 
		

		
			20 See [Herzog et al. 2018]. 
		

		
			21 See [Cowan 2005, pp. 182 ff.]. A similar approach is described by [ Karplus et al. 1972]. [Huang et al. 2016] and [Huang et al. 2017] focus on the application of analog computers as linear algebra accelerators for high performance computing (HPC ) in general. An interesting memristor based analog co-coprocessor for HPC is described in [ Athreyas et al. 2018]. See also [Kolms et al. 2020]. 
		

		
			22 Although these figures are now outdated they serve as a good example of possible energy savings. A more recent treatment can be found in [Köppel et al. 2021]. 
		

	
		
			362 
		

		
			14 Future and opportunities 
		

		
		
			Fig. 14.1. ZRNA FPAA board (see zrna.org, retrieved 09/04/2022) 
		

		
			using energy harvesting instead of bulky accumulators is intriguing and in the future might affect many lives for the better. The same reasoning makes ana-log computers interesting for mobile devices and edge computing by performing highly energy efficient signal pre- and post-processing. There are already FPAAs (Field Programmable Analog Arrays ) on the market which are aimed at such ap-plications. Figure 14.1 shows a board featuring an Anadigm ® FPAA, which can 
		

		
			be programmed by a comprehensive API (Application Programming Interface ). 
		

		
			25 
		

		
			The ability of analog computers to adapt quite seamlessly to the physical world 
		

		
			is an additional benefit in many applications. 
		

		
			26 
		

		
			Another major application area for analog computer will be machine learning and artificial intelligence (AI ) in general. There are already several companies working on in memory computing, analog voice recognition, training of artificial 
		

		
			neural networks, etc. 
		

		
			28 
		

		
			14.3 Recent work 
		

		
			Beginning in the early 2000s, Mills and co-workers developed analog co-processors, to be used with traditional digital computers, based on direct analo-
		

		
			23 See [Bai et al. 2015]. 
		

		
			24 See [Basu et al. 2010] for the description of a floating-gate based FPAA. 
		

		
			25 See https://zrna.org, retrieved 09/04/2022. These FPAAs can also be used as analog analog arithmetic circuits as shown in [Moreno et al. 2020] and [Beil 2021]. 
		

		
			26 An example for a reconfigurable analog system for low-power signal processing is described in [Schlottmann et al. 2012]. 
		

		
			27 See [Demler 2018]. 
		

		
			28 [Channamadhavuni et al. 2021] describes analog AI accelerators. A long short-term memory network design for analog computing is described in detail in [Zhao et al. 2019]. [Shrestha et al. 2022] contains a comprehensive survey on neuromorphic computing includ-ing analog computing approaches. 
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			Fig. 14.2. VLSI analog computer developed by Glenn Edward Russel Cowan (reprinted with permission) 
		

		
			gies, as described by Lee Albert Rubel. These Extended Analog Computers (EAC s) are similar in their structure to the electrolytic tanks mentioned in section 1.3 but use much more modern materials, such as polymer foils. Co-processors like these can speed up the solution of problems described by partial differential equations significantly. 
		

		
			In 2005 Glenn Edward Russel Cowan described a reconfigurable VLSI analog computer targeted as a mathematical co-processor for an attached digital computer, a die-photograph of which is shown in figure 14.2. An application for this particular chip, featuring 416 analog functional blocks, is described in 
		

		
			[Freedman 2011]. Cowan writes: 
		

		
			33 
		

		
			“This chip is controlled and programmed by a PC via a data acquisition card. This ar-rangement has been used to solve differential equations with acceptable accuracy, as much as 400× fast than a modern workstation. The utility of a VLSI analog computer has been demonstrated by solving stochastic differential equations, partial differential equations, and ordinary differential equations.” 
		

		
			Cowan’s VLSI analog computer was an important step towards building modern analog computers for the 21 century, but it was limited in its capabilities as it only contained summers, integrators, multipliers, and coefficient, but had no provisions for non-linear functions such as sin(. . . ), etc. The on-chip computing 
		

		
			29 12/01/1928–03/25/1995 
		

		
			30 See [Mills/1], [Mills et al. 2006], [Mills 1995], and [Mills/2] for more information. 31 See [Cowan 2005] and [Cowan et al. 2006]. 
		

		
			32 See http://users.encs.concordia.ca/$\sim$gcowan/phdresearch.html, retrieved 03/03/2013. 
		

		
			33 See [Cowan 2005]. 
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			elements were also uncalibrated, limiting the precision of solutions obtained using this chip. In 2016 Ning Guo unveiled an improved VLSI analog computer. This not only surpasses its predecessor with respect to computational power, but it also includes function generators, can be programmed using a Python library, and can be automatically calibrated prior to a computation run, increasing the achievable computational precision. 
		

		
			Maybe no technology of the past has such a great potential for future appli-cations as the paradigm of analog computing. Quoting the inscription of James Earl Fraser’s statue “Heritage ” at the Federal Triangle, Constitution Ave. & 9 , Washington, DC: 
		

		
			“The Heritage of the Past is the Seed that Brings Forth the Harvest of the 
		

		
			Future.” 
		

		
			34 See [Guo 2017]. 
		

		
			35 11/04/1876–10/11/1953 
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